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2 Brief description

One of the most important metrics in general relativity is the Kerr-Newman
solution that describes the gravitational and electromagnetic fields of a ro-
tating charged mass. For astrophysical purposes, however, it is necessary
to take into account the effects due to the moment of inertia of the object.
To attack this problem we have derived exact solutions of Einstein-Maxwell
equations which posses an infinite set of gravitational and electromagnetic
multipole moments. Several analysis were performed that investigate the
physical effects generated by a rotating deformed mass distribution in which
the angular momentum and the quadrupole determine the dominant multi-
pole moments.

Tidal indicators are commonly associated with the electric and magnetic
parts of the Riemann tensor (and its covariant derivatives) with respect to a
given family of observers in a given spacetime. Recently, observer-dependent
tidal effects have been extensively investigated with respect to a variety of
special observers in the equatorial plane of the Kerr spacetime. This anal-
ysis was extended by considering a more general background solution to
include the case of matter which is also endowed with an arbitrary mass
quadrupole moment. Relations with curvature invariants and BelRobinson
tensor, i.e. observer-dependent super-energy density and super-Poynting
vector, are also investigated.

In an additional study, the neutrino oscillations in the field of a rotating
deformed mass were investigated. The phase shift is evaluated in the case
of weak field limit, slow rotation and small deformation. To this aim the
HartleThorne metric is used, which is an approximate solution of the vacuum
Einstein equations accurate to second order in the rotation parameter and to
first order in the mass quadrupole moment. Implications on atmospheric,
solar and astrophysical neutrinos are discussed.

We also study some exact and approximate solutions of Einstein’s equa-
tions that can be used to describe the gravitational field of astrophysical com-
pact objects in the limiting case of slow rotation and slight deformation. We
show that none of the standard models obtained by using Fock’s method can
be used as an interior source for the approximate exterior Kerr solution. We
then use Fock’s method to derive a generalized interior solution, and also
an exterior solution that turns out to be equivalent to the exterior Hartle-
Thorne approximate solution that, in turn, is equivalent to an approximate
limiting case of the exact Quevedo-Mashhoon solution. As a result we ob-
tain an analytic approximate solution that describes the interior and exterior
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2 Brief description

gravitational field of a slowly rotating and slightly deformed astrophysical
object.

As for exact solutions of Einstein’s equations, we show that the Zipoy-
Voorhees line element represents the simplest metric (q−metric) which de-
scribes the exterior field of a static mass distribution with quadrupole q. We
analyze the main properties of the q−metric and propose to use it as the start-
ing point to search for exterior and interior stationary exact solutions.

In an additional study, we analyze a relativistic model describing a thin
disk surrounded by a halo in presence of an electromagnetic field. The model
is obtained by solving the Einstein-Maxwell equations on a particular confor-
mastatic spacetime background and by using the distributional approach for
the energy-momentum tensor. A class of solutions is obtained in which the
gravitational and electromagnetic potentials are completely determined by a
harmonic function only. A particular solution is given that is asymptotically
flat and singularity-free, and satisfies all the energy conditions.
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3 Introduction

It is hard to overemphasize the importance of the Kerr geometry not only
for general relativity itself, but also for the very fundamentals of physics.
It assumes this position as being the most physically relevant rotating gen-
eralization of the static Schwarzschild geometry. Its charged counterpart,
the Kerr-Newman solution, representing the exterior gravitational and elec-
tromagnetic fields of a charged rotating object, is an exact solution of the
Einstein-Maxwell equations.

Its line element in Boyer–Lindquist coordinates can be written as

ds2 =
r2 − 2Mr + a2 + Q2

r2 + a2 cos2 θ
(dt − a sin2 θdϕ)2

− sin2 θ

r2 + a2 cos2 θ
[(r2 + a2)dϕ − adt]2

− r2 + a2 cos2 θ

r2 − 2Mr + a2 + Q2
dr2 − (r2 + a2 cos2 θ)dθ2 , (3.0.1)

where M is the total mass of the object, a = J/M is the specific angular mo-
mentum, and Q is the electric charge. In this particular coordinate system,
the metric functions do not depend on the coordinates t and φ, indicating the
existence of two Killing vector fields ξ I = ∂t and ξ I I = ∂ϕ which represent
the properties of stationarity and axial symmetry, respectively.

An important characteristic of this solution is that the source of gravity is
surrounded by two horizons situated at a distance

r± = M ±
√

M2 − a2 − Q2 (3.0.2)

from the origin of coordinates. Inside the interior horizon, r−, a ring singular-
ity is present which, however, cannot be observed by any observer situated
outside the exterior horizon. If the condition M2 < a2 + Q2 is satisfied, no
horizons are present and the Kerr–Newman spacetime represents the exterior
field of a naked singularity.

Despite of its fundamental importance in general relativity, and its theo-
retical and mathematical interest, this solution has not been especially useful
for describing astrophysical phenomena, first of all, because observed astro-
physical objects do not possess an appreciable net electric charge. Further-
more, the limiting Kerr metric takes into account the mass and the rotation,
but does not consider the moment of inertia of the object. For astrophysi-
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3 Introduction

cal applications it is, therefore, necessary to use more general solutions with
higher multipole moments which are due not only to the rotation of the body
but also to its shape. This means that even in the limiting case of a static
spacetime, a solution is needed that takes into account possible deviations
from spherically symmetry.
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4 The general static vacuum

solution

In general relativity, stationary axisymmetric solutions of Einstein’s equa-
tions [1] play a crucial role for the description of the gravitational field of
astrophysical objects. In particular, the black hole solutions and their gener-
alizations that include Maxwell fields are contained within this class.

This type of exact solutions has been the subject of intensive research dur-
ing the past few decades. In particular, the number of know exact solutions
drastically increased after Ernst [2] discovered an elegant representation of
the field equations that made it possible to search for their symmetries. These
studies lead finally to the development of solution generating techniques [1]
which allow us to find new solutions, starting from a given seed solution. In
particular, solutions with an arbitrary number of multipole moments for the
mass and angular momentum were derived in [3] and used to describe the
gravitational field of rotating axially symmetric distributions of mass.

The first analysis of stationary axially symmetric gravitational fields was
carried out by Weyl [4] in 1917, soon after the formulation of general rela-
tivity. In particular, Weyl discovered that in the static limit the main part of
the vacuum field equations reduces to a single linear differential equation.
The corresponding general solution can be written in cylindrical coordinates
as an infinite sum with arbitrary constant coefficients. A particular choice of
the coefficients leads to the subset of asymptotically flat solutions which is
the most interesting from a physical point of view. In this section we review
the main properties of stationary axisymmetric gravitational fields. In par-
ticular, we show explicitly that the main field equations in vacuum can be
represented as the equations of a nonlinear sigma model in which the base
space is the 4-dimensional spacetime and the target space is a 2-dimensional
conformally Euclidean space.

4.1 Line element and field equations

Although there exist in the literature many suitable coordinate systems, sta-
tionary axisymmetric gravitational fields are usually described in cylindric
coordinates (t, ρ, z, ϕ). Stationarity implies that t can be chosen as the time
coordinate and the metric does not depend on time, i.e. ∂gµν/∂t = 0. Con-

sequently, the corresponding timelike Killing vector has the components δ
µ
t .
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4 The general static vacuum solution

A second Killing vector field is associated to the axial symmetry with respect
to the axis ρ = 0. Then, choosing ϕ as the azimuthal angle, the metric satis-
fies the conditions ∂gµν/∂ϕ = 0, and the components of the corresponding

spacelike Killing vector are δ
µ
ϕ.

Using further the properties of stationarity and axial symmetry, together
with the vacuum field equations, for a general metric of the form gµν =
gµν(ρ, z), it is possible to show that the most general line element for this type
of gravitational fields can be written in the Weyl-Lewis-Papapetrou form as
[4, 5, 6]

ds2 = f (dt − ωdϕ)2 − f−1
[
e2γ(dρ2 + dz2) + ρ2dϕ2

]
, (4.1.1)

where f , ω and γ are functions of ρ and z, only. After some rearrangements
which include the introduction of a new function Ω = Ω(ρ, z) by means of

ρ∂ρΩ = f 2∂zω , ρ∂zΩ = − f 2∂ρω , (4.1.2)

the vacuum field equations Rµν = 0 can be shown to be equivalent to the
following set of partial differential equations

1

ρ
∂ρ(ρ∂ρ f ) + ∂2

z f +
1

f
[(∂ρΩ)2 + (∂zΩ)2 − (∂ρ f )2 − (∂z f )2] = 0 , (4.1.3)

1

ρ
∂ρ(ρ∂ρΩ) + ∂2

zΩ − 2

f

(
∂ρ f ∂ρΩ + ∂z f ∂zΩ

)
= 0 , (4.1.4)

∂ργ =
ρ

4 f 2

[
(∂ρ f )2 + (∂ρΩ)2 − (∂z f )2 − (∂zΩ)2

]
, (4.1.5)

∂zγ =
ρ

2 f 2

(
∂ρ f ∂z f + ∂ρΩ ∂zΩ

)
. (4.1.6)

It is clear that the field equations for γ can be integrated by quadratures,
once f and Ω are known. For this reason, the equations (4.1.3) and (4.1.4)
for f and Ω are usually considered as the main field equations for stationary
axisymmetric vacuum gravitational fields. In the following subsections we
will focus on the analysis of the main field equations, only. It is interesting
to mention that this set of equations can be geometrically interpreted in the
context of nonlinear sigma models [7].

Let us consider the special case of static axisymmetric fields. This corre-
sponds to metrics which, apart from being axially symmetric and indepen-
dent of the time coordinate, are invariant with respect to the transformation
ϕ → −ϕ (i.e. rotations with respect to the axis of symmetry are not allowed).
Consequently, the corresponding line element is given by (4.1.1) with ω = 0,
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4.2 Static solution

and the field equations can be written as

∂2
ρψ +

1

ρ
∂ρψ + ∂2

zψ = 0 , f = exp(2ψ) , (4.1.7)

∂ργ = ρ
[
(∂ρψ)2 − (∂zψ)2

]
, ∂zγ = 2ρ∂ρψ ∂zψ . (4.1.8)

We see that the main field equation (4.1.7) corresponds to the linear Laplace
equation for the metric function ψ.

4.2 Static solution

The general solution of Laplace’s equation is known and, if we demand addi-
tionally asymptotic flatness, we obtain the Weyl solution which can be writ-
ten as [4, 1]

ψ =
∞

∑
n=0

an

(ρ2 + z2)
n+1

2

Pn(cos θ) , cos θ =
z√

ρ2 + z2
, (4.2.1)

where an (n = 0, 1, ...) are arbitrary constants, and Pn(cos θ) represents the
Legendre polynomials of degree n. The expression for the metric function γ
can be calculated by quadratures by using the set of first order differential
equations (4.1.8). Then

γ = −
∞

∑
n,m=0

anam(n + 1)(m + 1)

(n + m + 2)(ρ2 + z2)
n+m+2

2

(PnPm − Pn+1Pm+1) . (4.2.2)

Since this is the most general static, axisymmetric, asymptotically flat vac-
uum solution, it must contain all known solution of this class. In particular,
one of the most interesting special solutions which is Schwarzschild’s spher-
ically symmetric black hole spacetime must be contained in this class. To see
this, we must choose the constants an in such a way that the infinite sum
(4.2.1) converges to the Schwarzschild solution in cylindric coordinates. But,
or course, this representation is not the most appropriate to analyze the inter-
esting physical properties of Schwarzchild’s metric.

In fact, it turns out that to investigate the properties of solutions with mul-
tipole moments it is more convenient to use prolate spheroidal coordinates
(t, x, y, ϕ) in which the line element can be written as

ds2 = f dt2 − σ2

f

[
e2γ(x2 − y2)

(
dx2

x2 − 1
+

dy2

1 − y2

)
+ (x2 − 1)(1 − y2)dϕ2

]
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4 The general static vacuum solution

where

x =
r+ + r−

2σ
, (x2 ≥ 1), y =

r+ − r−
2σ

, (y2 ≤ 1) (4.2.3)

r2
± = ρ2 + (z ± σ)2 , σ = const , (4.2.4)

and the metric functions are f , ω, and γ depend on x and y, only. In this
coordinate system, the general static solution which is also asymptotically
flat can be expressed as

f = exp(2ψ) , ψ =
∞

∑
n=0

(−1)n+1qnPn(y)Qn(x) , qn = const

where Pn(y) are the Legendre polynomials, and Qn(x) are the Legendre func-
tions of second kind. In particular,

P0 = 1, P1 = y, P2 =
1

2
(3y2 − 1) , ...

Q0 =
1

2
ln

x + 1

x − 1
, Q1 =

1

2
x ln

x + 1

x − 1
− 1 ,

Q2 =
1

2
(3x2 − 1) ln

x + 1

x − 1
− 3

2
x , ...

The corresponding function γ can be calculated by quadratures and its gen-
eral expression has been explicitly derived in [8]. The most important special
cases contained in this general solution are the Schwarzschild metric

ψ = −q0P0(y)Q0(x) , γ =
1

2
ln

x2 − 1

x2 − y2
,

and the Erez-Rosen metric [9]

ψ = −q0P0(y)Q0(x)− q2P2(y)Q2(x) , γ =
1

2
ln

x2 − 1

x2 − y2
+ ....

In the last case, the constant parameter q2 turns out to determine the quadrupole
moment. In general, the constants qn represent an infinite set of parameters
that determines an infinite set of mass multipole moments.
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5 Stationary generalization

The solution generating techniques [12] can be applied, in particular, to any
static seed solution in order to obtain the corresponding stationary general-
ization. One of the most powerful techniques is the inverse method (ISM)
developed by Belinski and Zakharov [13]. We used a particular case of the
ISM, which is known as the Hoenselaers–Kinnersley-Xanthopoulos (HKX)
transformation to derive the stationary generalization of the general static
solution in prolate spheroidal coordinates.

5.1 Ernst representation

In the general stationary case (ω 6= 0) with line element

ds2 = f (dt − ωdϕ)2

− σ2

f

[
e2γ(x2 − y2)

(
dx2

x2 − 1
+

dy2

1 − y2

)
+ (x2 − 1)(1 − y2)dϕ2

]

it is useful to introduce the the Ernst potentials

E = f + iΩ , ξ =
1 − E

1 + E
,

where the function Ω is now determined by the equations

σ(x2 − 1)Ωx = f 2ωy , σ(1 − y2)Ωy = − f 2ωx .

Then, the main field equations can be represented in a compact and symmet-
ric form:

(ξξ∗ − 1)
{
[(x2 − 1)ξx]x + [(1 − y2)ξy]y

}
= 2ξ∗[(x2 − 1)ξ2

x + (1 − y2)ξ2
y] .

This equation is invariant with respect to the transformation x ↔ y. Then,
since the particular solution

ξ =
1

x
→ Ω = 0 → ω = 0 → γ =

1

2
ln

x2 − 1

x2 − y2
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5 Stationary generalization

represents the Schwarzschild spacetime, the choice ξ−1 = y is also an exact
solution. Furthermore, if we take the linear combination ξ−1 = c1x + c2y and
introduce it into the field equation, we obtain the new solution

ξ−1 =
σ

M
x + i

a

M
y , σ =

√
M2 − a2 ,

which corresponds to the Kerr metric in prolate spheroidal coordinates.
In the case of the Einstein-Maxwell theory, the main field equations can be

expressed as

(ξξ∗ − FF∗ − 1)∇2ξ = 2(ξ∗∇ξ − F∗∇F)∇ξ ,

(ξξ∗ − FF∗ − 1)∇2F = 2(ξ∗∇ξ − F∗∇F)∇F

where ∇ represents the gradient operator in prolate spheroidal coordinates.
Moreover, the gravitational potential ξ and the electromagnetic F Ernst po-
tential are defined as

ξ =
1 − f − iΩ

1 + f + iΩ
, F = 2

Φ

1 + f + iΩ
.

The potential Φ can be shown to be determined uniquely by the electromag-
netic potentials At and Aϕ One can show that if ξ0 is a vacuum solution, then
the new potential

ξ = ξ0

√
1 − e2

represents a solution of the Einstein-Maxwell equations with effective elec-
tric charge e. This transformation is known in the literature as the Harrison
transformation [10]. Accordingly, the Kerr–Newman solution in this repre-
sentation acquires the simple form

ξ =

√
1 − e2

σ
M x + i a

M y
, e =

Q

M
, σ =

√
M2 − a2 − Q2 .

In this way, it is very easy to generalize any vacuum solution to include the
case of electric charge. More general transformations of this type can be used
in order to generate solutions with any desired set of gravitational and elec-
tromagnetic multipole moments [11].

5.2 Representation as a nonlinear sigma model

Consider two (pseudo)-Riemannian manifolds (M, γ) and (N, G) of dimen-
sion m and n, respectively. Let M be coordinatized by xa, and N by Xµ, so
that the metrics on M and N can be, in general, smooth functions of the cor-
responding coordinates, i.e., γ = γ(x) and G = G(X). A harmonic map is a
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5.2 Representation as a nonlinear sigma model

smooth map X : M → N, or in coordinates X : x 7−→ X so that X becomes
a function of x, and the X’s satisfy the motion equations following from the
action [14]

S =
∫

dmx
√
|γ| γab(x) ∂aXµ ∂bXν Gµν(X) , (5.2.1)

which sometimes is called the “energy” of the harmonic map X. The straight-
forward variation of S with respect to Xµ leads to the motion equations

1√
|γ|

∂b

(√
|γ|γab∂aXµ

)
+ Γ

µ
νλ γab ∂aXν ∂bXλ = 0 , (5.2.2)

where Γ
µ
νλ are the Christoffel symbols associated to the metric Gµν of the

target space N. If Gµν is a flat metric, one can choose Cartesian-like coor-
dinates such that Gµν = ηµν = diag(±1, ...,±1), the motion equations be-
come linear, and the corresponding sigma model is linear. This is exactly
the case of a bosonic string on a flat background in which the base space is
the 2-dimensional string world-sheet. In this case the action (5.2.1) is usually
referred to as the Polyakov action [16].

Consider now the case in which the base space M is a stationary axisym-
metric spacetime. Then, γab, a, b = 0, ..., 3, can be chosen as the Weyl-Lewis-
Papapetrou metric (4.1.1), i.e.

γab =




f 0 0 − f ω

0 − f−1e2k 0 0

0 0 − f−1e2k 0
− f ω 0 0 f ω2 − ρ2 f−1


 . (5.2.3)

Let the target space N be 2-dimensional with metric Gµν = (1/2) f−2δµν,
µ, ν = 1, 2, and let the coordinates on N be Xµ = ( f , Ω). Then, it is straight-
forward to show that the action (5.2.1) becomes

S =
∫

L dtdϕdρdz , L =
ρ

2 f 2

[
(∂ρ f )2 + (∂z f )2 + (∂ρΩ)2 + (∂zΩ)2

]
,

(5.2.4)
and the corresponding motion equations (5.2.2) are identical to the main field
equations (4.1.3) and (4.1.4).

Notice that the field equations can also be obtained from (5.2.4) by a direct
variation with respect to f and Ω. This interesting result was obtained orig-
inally by Ernst [2], and is the starting point of what today is known as the
Ernst representation of the field equations.

The above result shows that stationary axisymmetric gravitational fields
can be described as a (4 → 2)−nonlinear harmonic map, where the base
space is the spacetime of the gravitational field and the target space corre-
sponds to a 2-dimensional conformally Euclidean space. A further analy-
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5 Stationary generalization

sis of the target space shows that it can be interpreted as the quotient space
SL(2, R)/SO(2) [15], and the Lagrangian (5.2.4) can be written explicitly [17]
in terms of the generators of the Lie group SL(2, R). Harmonic maps in which
the target space is a quotient space are usually known as nonlinear sigma
models [14].

The form of the Lagrangian (5.2.4) with two gravitational field variables,
f and Ω, depending on two coordinates, ρ and z, suggests a representation
as a harmonic map with a 2-dimensional base space. In string theory, this
is an important fact that allows one to use the conformal invariance of the
base space metric to find an adequate representation for the set of classical
solutions. This, in turn, facilitates the application of the canonical quantiza-
tion procedure. Unfortunately, this is not possible for the Lagrangian (5.2.4).
Indeed, if we consider γab as a 2-dimensional metric that depends on the pa-
rameters ρ and z, the diagonal form of the Lagrangian (5.2.4) implies that√
|γ|γab = δab. Clearly, this choice is not compatible with the factor ρ in front

of the Lagrangian. Therefore, the reduced gravitational Lagrangian (5.2.4)
cannot be interpreted as corresponding to a (2 → n)-harmonic map. Never-
theless, we will show in the next section that a modification of the definition
of harmonic maps allows us to “absorb” the unpleasant factor ρ in the met-
ric of the target space, and to use all the advantages of a 2-dimensional base
space.

Notice that the representation of stationary fields as a nonlinear sigma
model becomes degenerate in the limiting case of static fields. Indeed, the
underlying geometric structure of the SL(2, R)/SO(2) nonlinear sigma mod-
els requires that the target space be 2-dimensional, a condition which is not
satisfied by static fields. We will see below that by using a dimensional exten-
sion of generalized sigma models, it will be possible to treat the special static
case, without affecting the underlying geometric structure.

The analysis performed in this section for stationary axisymmetric fields
can be generalized to include any gravitational field containing two com-
muting Killing vector fields [1]. This is due to the fact that for this class of
gravitational fields it is always possible to find the corresponding Ernst rep-
resentation in which the Lagrangian contains only two gravitational variables
which depend on only two spacetime coordinates.

5.3 Representation as a generalized harmonic map

Consider two (pseudo-)Riemannian manifolds (M, γ) and (N, G) of dimen-
sion m and n, respectively. Let xa and Xµ be coordinates on M and N, re-
spectively. This coordinatization implies that in general the metrics γ and
G become functions of the corresponding coordinates. Let us assume that
not only γ but also G can explicitly depend on the coordinates xa, i.e. let
γ = γ(x) and G = G(X, x). This simple assumption is the main aspect of our
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generalization which, as we will see, lead to new and nontrivial results.

A smooth map X : M → N will be called an (m → n)−generalized har-
monic map if it satisfies the Euler-Lagrange equations

1√
|γ|

∂b

(√
|γ|γab∂aXµ

)
+ Γ

µ
νλ γab ∂aXν∂bXλ + Gµλγab ∂aXν ∂bGλν = 0 ,

(5.3.1)
which follow from the variation of the generalized action

S =
∫

dmx
√
|γ| γab(x) ∂a Xµ∂bXνGµν(X, x) , (5.3.2)

with respect to the fields Xµ. Here the Christoffel symbols, determined by
the metric Gµν, are calculated in the standard manner, without considering
the explicit dependence on x. Notice that the new ingredient in this general-
ized definition of harmonic maps, i.e., the term Gµν(X, x) in the Lagrangian
density implies that we are taking into account the “interaction” between the
base space M and the target space N. This interaction leads to an extra term
in the motion equations, as can be seen in (5.3.1). It turns out that this inter-
action is the result of the effective presence of the gravitational field.

Notice that the limiting case of generalized linear harmonic maps is much
more complicated than in the standard case. Indeed, for the motion equations
(5.3.1) to become linear it is necessary that the conditions

γab(Γ
µ
νλ ∂bXλ + Gµλ ∂bGλν)∂aXν = 0 , (5.3.3)

be satisfied. One could search for a solution in which each term vanishes sep-
arately. The choice of a (pseudo-)Euclidean target metric Gµν = ηµν, which

would imply Γ
µ
νλ = 0, is not allowed, because it would contradict the as-

sumption ∂bGµν 6= 0. Nevertheless, a flat background metric in curvilinear

coordinates could be chosen such that the assumption Gµλ∂bGµν = 0 is ful-

filled, but in this case Γ
µ
νλ 6= 0 and (5.3.3) cannot be satisfied. In the general

case of a curved target metric, conditions (5.3.3) represent a system of m first
order nonlinear partial differential equations for Gµν. Solutions to this system
would represent linear generalized harmonic maps. The complexity of this
system suggests that this special type of maps is not common.

As we mentioned before, the generalized action (5.3.2) includes an inter-
action between the base space N and the target space M, reflected on the
fact that Gµν depends explicitly on the coordinates of the base space. Clearly,
this interaction must affect the conservation laws of the physical systems we
attempt to describe by means of generalized harmonic maps. To see this ex-
plicitly we calculate the covariant derivative of the generalized Lagrangian
density

L =
√
|γ| γab(x) ∂a Xµ∂bXνGµν(X, x) , (5.3.4)
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and replace in the result the corresponding motion equations (5.3.1). Then,
the final result can be written as

∇bT̃ b
a = − ∂L

∂xa
(5.3.5)

where T̃ b
a represents the canonical energy-momentum tensor

T̃ b
a =

∂L

∂(∂bXµ)
(∂aXµ)− δb

aL = 2
√

γGµν

(
γbc∂aXµ ∂cXν − 1

2
δb

aγcd∂cXµ ∂dXν

)
.

(5.3.6)
The standard conservation law is recovered only when the Lagrangian does
not depend explicitly on the coordinates of the base space. Even if we choose
a flat base space γab = ηab, the explicit dependence of the metric of the target
space Gµν(X, x) on x generates a term that violates the standard conservation
law. This term is due to the interaction between the base space and the target
space which, consequently, is one of the main characteristics of the general-
ized harmonic maps introduced in this work.

An alternative and more general definition of the energy-momentum ten-
sor is by means of the variation of the Lagrangian density with respect to the
metric of the base space, i.e.

Tab =
δL

δγab
. (5.3.7)

A straightforward computation shows that for the action under consideration

here we have that T̃ab = 2Tab so that the generalized conservation law (5.3.5)
can be written as

∇bT b
a +

1

2

∂L

∂xa
= 0 . (5.3.8)

For a given metric on the base space, this represents in general a system of m
differential equations for the “fields” Xµ which must be satisfied “on-shell”.

If the base space is 2-dimensional, we can use a reparametrization of x to
choose a conformally flat metric, and the invariance of the Lagrangian den-
sity under arbitrary Weyl transformations to show that the energy-momentum
tensor is traceless, T a

a = 0.

In Section 5.1 we described stationary, axially symmetric, gravitational fields
as a (4 → 2)−nonlinear sigma model. There it was pointed out the conve-
nience of having a 2-dimensional base space in analogy with string theory.
Now we will show that this can be done by using the generalized harmonic
maps defined above.

Consider a (2 → 2)−generalized harmonic map. Let xa = (ρ, z) be the
coordinates on the base space M, and Xµ = ( f , Ω) the coordinates on the
target space N. In the base space we choose a flat metric and in the target

1050



5.3 Representation as a generalized harmonic map

space a conformally flat metric, i.e.

γab = δab and Gµν =
ρ

2 f 2
δµν (a, b = 1, 2; µ, ν = 1, 2). (5.3.9)

A straightforward computation shows that the generalized Lagrangian (5.3.4)
coincides with the Lagrangian (5.2.4) for stationary axisymetric fields, and
that the equations of motion (5.3.1) generate the main field equations (4.1.3)
and (4.1.4).

For the sake of completeness we calculate the components of the energy-
momentum tensor Tab = δL/δγab. Then

Tρρ = −Tzz =
ρ

4 f 2

[
(∂ρ f )2 + (∂ρΩ)2 − (∂z f )2 − (∂zΩ)2

]
, (5.3.10)

Tρz =
ρ

2 f 2

(
∂ρ f ∂z f + ∂ρΩ ∂zΩ

)
. (5.3.11)

This tensor is traceless due to the fact that the base space is 2-dimensional. It
satisfies the generalized conservation law (5.3.8) on-shell:

dTρρ

dρ
+

dTρz

dz
+

1

2

∂L

∂ρ
= 0 , (5.3.12)

dTρz

dρ
− dTρρ

dz
= 0 . (5.3.13)

Incidentally, the last equation coincides with the integrability condition for
the metric function k, which is identically satisfied by virtue of the main field
equations. In fact, as can be seen from Eqs.(4.1.5,4.1.6) and (5.3.10,5.3.11),
the components of the energy-momentum tensor satisfy the relationships
Tρρ = ∂ρk and Tρz = ∂zk, so that the conservation law (5.3.13) becomes an
identity. Although we have eliminated from the starting Lagrangian (5.2.4)
the variable k by applying a Legendre transformation on the Einstein-Hilbert
Lagrangian (see [17] for details) for this type of gravitational fields, the for-
malism of generalized harmonic maps seems to retain the information about
k at the level of the generalized conservation law.

The above results show that stationary axisymmetric spacetimes can be
represented as a (2 → 2)−generalized harmonic map with metrics given as
in (5.3.9). It is also possible to interpret the generalized harmonic map given
above as a generalized string model. Although the metric of the base space
M is Euclidean, we can apply a Wick rotation τ = iρ to obtain a Minkowski-
like structure on M. Then, M represents the world-sheet of a bosonic string
in which τ is measures the time and z is the parameter along the string. The
string is “embedded” in the target space N whose metric is conformally flat
and explicitly depends on the time parameter τ. We will see in the next sec-
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tion that this embedding becomes more plausible when the target space is
subject to a dimensional extension. In the present example, it is necessary to
apply a Wick rotation in order to interpret the base space as a string world-
sheet. This is due to the fact that both coordinates ρ and z are spatial coordi-
nates. However, this can be avoided by considering other classes of gravita-
tional fields with timelike Killing vector fields; examples will be given below.

The most studied solutions belonging to the class of stationary axisymmet-
ric fields are the asymptotically flat solutions. Asymptotic flatness imposes
conditions on the metric functions which in the cylindrical coordinates used
here can be formulated in the form

lim
xa→∞

f = 1 + O

(
1

xa

)
, lim

xa→∞
ω = c1 + O

(
1

xa

)
, lim

xa→∞
Ω = O

(
1

xa

)

(5.3.14)
where c1 is an arbitrary real constant which can be set to zero by appropri-
ately choosing the angular coordinate ϕ. If we choose the domain of the
spatial coordinates as ρ ∈ [0, ∞) and z ∈ (−∞,+∞), from the asymptotic
flatness conditions it follows that the coordinates of the target space N satisfy
the boundary conditions

Ẋµ(ρ,−∞) = 0 = Ẋµ(ρ, ∞) , X′µ(ρ,−∞) = 0 = X′µ(ρ, ∞) (5.3.15)

where the dot stands for a derivative with respect to ρ and the prime rep-
resents derivation with respect to z. These relationships are known in string
theory [16] as the Dirichlet and Neumann boundary conditions for open strings,
respectively, with the extreme points situated at infinity. We thus conclude
that if we assume ρ as a “time” parameter for stationary axisymmetric grav-
itational fields, an asymptotically flat solution corresponds to an open string
with endpoints attached to D−branes situated at plus and minus infinity in
the z−direction.

5.4 Dimensional extension

In order to further analyze the analogy between gravitational fields and bosonic
string models, we perform an arbitrary dimensional extension of the target
space N, and study the conditions under which this dimensional extension
does not affect the field equations of the gravitational field. Consider an
(m → D)−generalized harmonic map. As before we denote by {xa} the
coordinates on M. Let {Xµ, Xα} with µ = 1, 2 and α = 3, 4, ..., D be the
coordinates on N. The metric structure on M is again γ = γ(x), whereas
the metric on N can in general depend on all coordinates of M and N, i.e.
G = G(Xµ, Xα, xa). The general structure of the corresponding field equa-
tions is as given in (5.3.1). They can be divided into one set of equations for
Xµ and one set of equations for Xα. According to the results of the last sec-
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tion, the class of gravitational fields under consideration can be represented
as a (2 → 2)−generalized harmonic map so that we can assume that the
main gravitational variables are contained in the coordinates Xµ of the target
space. Then, the gravitational sector of the target space will be contained in
the components Gµν (µ, ν = 1, 2) of the metric, whereas the components Gαβ

(α, β = 3, 4, ..., D) represent the sector of the dimensional extension.

Clearly, the set of differential equations for Xµ also contains the variables
Xα and its derivatives ∂aXα. For the gravitational field equations to remain
unaffected by this dimensional extension we demand the vanishing of all the
terms containing Xα and its derivatives in the equations for Xµ. It is easy to
show that this can be achieved by imposing the conditions

Gµα = 0 ,
∂Gµν

∂Xα
= 0 ,

∂Gαβ

∂Xµ = 0 . (5.4.1)

That is to say that the gravitational sector must remain completely invariant
under a dimensional extension, and the additional sector cannot depend on
the gravitational variables, i.e., Gαβ = Gαβ(Xγ, xa), γ = 3, 4, ..., D. Further-
more, the variables Xα must satisfy the differential equations

1√
|γ|

∂b

(√
|γ|γab∂aXα

)
+ Γα

βγ γab ∂aXβ∂bXγ + Gαβγab ∂aXγ ∂bGβγ = 0 .

(5.4.2)
This shows that any given (2 → 2)−generalized map can be extended, with-
out affecting the field equations, to a (2 → D)−generalized harmonic map.

It is worth mentioning that the fact that the target space N becomes split in
two separate parts implies that the energy-momentum tensor Tab = δL/δγab

separates into one part belonging to the gravitational sector and a second one
following from the dimensional extension, i.e. Tab = Tab(Xµ, x) + Tab(Xα, x).
The generalized conservation law as given in (5.3.8) is satisfied by the sum of
both parts.

Consider the example of stationary axisymmetric fields given the metrics
(5.3.9). Taking into account the conditions (5.4.1), after a dimensional exten-
sion the metric of the target space becomes

G =




ρ
2 f 2 0 0 · · · 0

0
ρ

2 f 2 0 · · · 0

0 0 G33(Xα, x) · · · G3D(Xα, x)
. . · · · · · · · · ·
0 0 GD3(Xα, x) · · · GDD(Xα, x)




. (5.4.3)

Clearly, to avoid that this metric becomes degenerate we must demand that
det(Gαβ) 6= 0, a condition that can be satisfied in view of the arbitrariness
of the components of the metric. With the extended metric, the Lagrangian
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density gets an additional term

L =
ρ

2 f 2

[
(∂ρ f )2 + (∂z f )2 + (∂ρΩ)2 + (∂zΩ)2

]
+
(

∂ρXα∂ρXβ + ∂zXα∂zXβ
)

Gαβ ,

(5.4.4)
which nevertheless does not affect the field equations for the gravitational
variables f and Ω. On the other hand, the new fields must be solutions of the
extra field equations

(
∂2

ρ + ∂2
z

)
Xα +Γα

βγ

(
∂ρXβ∂ρXγ + ∂zXβ∂zXγ

)
+Gαγ

(
∂ρXβ∂ρGβγ + ∂zXβ∂zGβγ

)
= 0 .

(5.4.5)

An interesting special case of the dimensional extension is the one in which
the extended sector is Minkowskian, i.e. for the choice Gαβ = ηαβ with addi-
tional fields Xα given as arbitrary harmonic functions. This choice opens the
possibility of introducing a “time” coordinate as one of the additional dimen-
sions, an issue that could be helpful when dealing with the interpretation of
gravitational fields in this new representation.

The dimensional extension finds an interesting application in the case of
static axisymmetric gravitational fields. As mentioned in Section 4.1, these
fields are obtained from the general stationary fields in the limiting case Ω =
0 (or equivalently, ω = 0). If we consider the representation as an SL(2, R)/SO(2)
nonlinear sigma model or as a (2 → 2)−generalized harmonic map, we see
immediately that the limit Ω = 0 is not allowed because the target space
becomes 1-dimensional and the underlying metric is undefined. To avoid
this degeneracy, we first apply a dimensional extension and only then calcu-
late the limiting case Ω = 0. In the most simple case of an extension with
Gαβ = δαβ, the resulting (2 → 2)−generalized map is described by the met-
rics γab = δab and

G =

(
ρ

2 f 2 0

0 1

)
(5.4.6)

where the additional dimension is coordinatized by an arbitrary harmonic
function which does not affect the field equations of the only remaining grav-
itational variable f . This scheme represents an alternative method for explor-
ing static fields on nondegenerate target spaces. Clearly, this scheme can be
applied to the case of gravitational fields possessing two hypersurface or-
thogonal Killing vector fields.

Our results show that a stationary axisymmetric field can be represented as
a string “living” in a D-dimensional target space N. The string world-sheet is
parametrized by the coordinates ρ and z. The gravitational sector of the tar-
get space depends explicitly on the metric functions f and Ω and on the pa-
rameter ρ of the string world-sheet. The sector corresponding to the dimen-
sional extension can be chosen as a (D − 2)−dimensional Minkowski space-
time with time parameter τ. Then, the string world-sheet is a 2-dimensional
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flat hypersurface which is “frozen” along the time τ.

5.5 The general solution

If we take as seed metric the general static solution, the application of two
HXK transformations generates a stationary solution with an infinite number
of gravitoelectric and gravitomagnetic multipole moments. The HKX method
is applied at the level of the Ernst potential from which the metric functions
can be calculated by using the definition of the Ernst potential E and the
field equations for γ. The resulting expressions in the general case are quite
cumbersome. We quote here only the special case in which only an arbitrary
quadrupole parameter is present. In this case, the result can be written as

f =
R

L
e−2qP2Q2 ,

ω = −2a − 2σ
M

R
e2qP2Q2 ,

e2γ =
1

4

(
1 +

M

σ

)2 R

x2 − y2
e2γ̂ , (5.5.1)

where

R = a+a− + b+b− , L = a2
+ + b2

+ ,

M = αx(1 − y2)(e2qδ+ + e2qδ−)a+ + y(x2 − 1)(1 − α2e2q(δ++δ−))b+ ,

γ̂ =
1

2
(1 + q)2 ln

x2 − 1

x2 − y2
+ 2q(1 − P2)Q1 + q2(1 − P2)

[
(1 + P2)(Q

2
1 − Q2

2)

+
1

2
(x2 − 1)(2Q2

2 − 3xQ1Q2 + 3Q0Q2 − Q′
2)

]
. (5.5.2)

Here Pl(y) and Ql(x) are Legendre polynomials of the first and second kind
respectively. Furthermore

a± = x(1 − α2e2q(δ++δ−))± (1 + α2e2q(δ++δ−)) ,

b± = αy(e2qδ+ + e2qδ−)∓ α(e2qδ+ − e2qδ−) ,

δ± =
1

2
ln

(x ± y)2

x2 − 1
+

3

2
(1 − y2 ∓ xy) +

3

4
[x(1 − y2)∓ y(x2 − 1)] ln

x − 1

x + 1
,

the quantity α being a constant

α =
σ − M

a
, σ =

√
M2 − a2 . (5.5.3)

The physical significance of the parameters entering this metric can be clar-
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ified by calculating the Geroch-Hansen [18, 19] multipole moments

M2k+1 = J2k = 0 , k = 0, 1, 2, ... (5.5.4)

M0 = M , M2 = −Ma2 +
2

15
qM3

(
1 − a2

M2

)3/2

, ... (5.5.5)

J1 = Ma , J3 = −Ma3 +
4

15
qM3a

(
1 − a2

M2

)3/2

, .... (5.5.6)

The vanishing of the odd gravitoelectric (Mn) and even gravitomagnetic (Jn)
multipole moments is a consequence of the symmetry with respect to the
equatorial plane. From the above expressions we see that M is the total mass
of the body, a represents the specific angular momentum, and q is related to
the deviation from spherical symmetry. All higher multipole moments can
be shown to depend only on the parameters M, a, and q.

We analyzed the geometric and physical properties of the above solution.
The special cases contained in the general solution suggest that it can be used
to describe the exterior asymptotically flat gravitational field of rotating body
with arbitrary quadrupole moment. This is confirmed by the analysis of the
motion of particles on the equatorial plane. The quadrupole moment turns
out to drastically change the geometric structure of spacetime as well as the
motion of particles, especially near the gravitational source.

We investigated in detail the properties of the Quevedo-Mashhoon (QM)
spacetime which is a generalization of Kerr spacetime, including an arbitrary
quadrupole. Our results show [20] that a deviation from spherical symme-
try, corresponding to a non-zero electric quadrupole, completely changes the
structure of spacetime. A similar behavior has been found in the case of the
Erez-Rosen spacetime. In fact, a naked singularity appears that affects the
ergosphere and introduces regions where closed timelike curves are allowed.
Whereas in the Kerr spacetime the ergosphere corresponds to the boundary
of a simply-connected region of spacetime, in the present case the ergosphere
is distorted by the presence of the quadrupole and can even become trans-
formed into non simply-connected regions. All these changes occur near the
naked singularity which is situated at x = 1, a value that corresponds to the

radial distance r = M +
√

M2 − a2 in Boyer-Lindquist coordinates. In the
limiting case a/M > 1, the multipole moments and the metric become com-
plex, indicating that the physical description breaks down. Consequently,
the extreme Kerr black hole represents the limit of applicability of the QM
spacetime.

Since standard astrophysical objects satisfy the condition a/M < 1, we
can conclude that the QM metric can be used to describe their exterior grav-
itational field. Two alternative situations are possible. If the characteristic

radius of the body is greater than the critical distance M +
√

M2 − a2, i.e.
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x > 1, the exterior solution must be matched with an interior solution in or-
der to describe the entire spacetime. If, however, the characteristic radius of

the body is smaller than the critical distance M +
√

M2 − a2, the QM metric
describes the field of a naked singularity.

The presence of a quadrupole and higher multipole moments leads to in-
teresting consequences in the motion of test particles. In several works to
be presented below, the For instance, repulsive effects can take place in a
region very closed to the naked singularity. In that region stable circular or-
bits can exist. The limiting case of static particle is also allowed. Due to the
complexity of the above solution, the investigation of naked singularities can
be performed only numerically. To illustrate the effects of repulsive grav-
ity analytically, we used the simplest possible case which corresponds to the
Reissner-Nordströn spacetime.
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of a rotating deformed mass

6.1 Introduction

Relativistic tidal problems have been extensively studied in the literature in a
variety of contexts. Tidal effects are responsible for deformations or even dis-
ruption of astrophysical objects (like ordinary stars but also compact objects
like neutron stars) placed in strong gravitational fields. For instance, they
play a central role in the merging of compact object binaries, which can be
accurately modeled only by numerical simulations in full general relativity,
solving the coupled Einstein-hydrodynamics equations needed to evolve rel-
ativistic, self-gravitating fluids [22, 23, 24]. Such tidal disruption events are
expected to happen very frequently in the Universe, leading then to a pos-
sible detection of the associated emission of gravitational waves in the near
future by ground-based detectors [25]. To this end, different analytical and
semi-analytical approaches have been developed to properly describe at least
part of the coalescence process and to study the associated gravitational wave
signals [26, 27, 28]. These approaches usually require either Post-Newtonian
techniques or first order perturbation theory. In fact, in this limit the mo-
tion of each individual compact object in the binary system can be treated as
the motion of an extended body in a given gravitational field due to its com-
panion under the assumption that it causes only a small perturbation on the
background [29]. Finally, one can also be interested in studying the tidal dis-
ruption limit of ordinary stars and compact objects in the field of a black hole
(see, e.g., Ref. [30] and references therein). Tidal problems of this kind can
be treated within the so-called tidal approximation, i.e., by assuming that the
mass of the star is much smaller than the black hole mass and that the stellar
radius is smaller than the orbital radius, so that backreaction effects on the
background field can be neglected. Therefore, the star is usually described
as a self-gravitating Newtonian fluid and its center of mass is assumed to
move around the black hole along a timelike geodesic path. The tidal field
due to the black hole is then computed from the Riemann tensor in terms of
the geodesic deviation equation.

The role of the observer in relativistic tidal problems has never received
enough attention in the literature. Nevertheless, it is crucial in interpreting
the results. In fact, if tidal forces are due to curvature, the latter is experienced
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by observers through the electric and magnetic parts of the Riemann tensor,
which is the only true 4-dimensional invariant quantity. In contrast, its elec-
tric and magnetic parts depend by definition on the choice of the observers
who perform the measurement. In a recent paper [31] we have addressed
such an issue by providing all necessary tools to relate the measurement of
tidal effects by different families of observers. We have considered two “tidal
indicators” defined as the trace of the square of the electric and magnetic
parts of the Riemann tensor, respectively. They are both curvature and ob-
server dependent and we have investigated their properties by considering a
number of special observer families in the equatorial plane of the Kerr space-
time. As an interesting feature we have shown that the electric-type indicator
cannot be made as vanishing with respect to any such observers, whereas the
family of Carter’s observers is the only one which measures zero tidal mag-
netic indicator. We have argued that the explanation for this effect relies on
the absence of a quadrupole moment independent on the rotational param-
eter for the Kerr solution. To answer this question, as well as to extend the
previous analysis to a more general context, we consider here a solution of
the vacuum Einstein field equations due to Quevedo and Mashhoon [8, 32],
which generalizes the Kerr spacetime to include the case of matter with ar-
bitrary mass quadrupole moment and is specified by three parameters, the
mass M, the angular momentum per unit mass a and the quadrupole param-
eter q. It is its genuine quadrupole moment content which makes this solution
of particular interest here. We will thus investigate how the shape deforma-
tion of the rotating source affects the properties of tidal indicators with re-
spect to special family of observers, including static observers, ZAMOs (i.e.,
zero angular momentum observers) and geodesic observers.

Hereafter latin indices run from 1 to 3 whereas greek indices run from 0 to
3 and geometrical units are assumed. The metric signature is chosen as +2.

6.2 The gravitational field of a rotating deformed

mass

The exterior gravitational field of a rotating deformed mass can be described
by the Quevedo-Mashhoon (hereafter QM) solution [8, 32]. This is a station-
ary axisymmetric solution of the vacuum Einstein’s equations belonging to
the class of Weyl-Lewis-Papapetrou [33, 34, 35] and is characterized, in gen-
eral, by the presence of a naked singularity. Although the general solution is
characterized by an infinite set of gravitoelectric and gravitomagnetic mul-
tipoles, we consider here the special solution discussed in Ref. [36] that in-
volves only three parameters: the mass M, the angular momentum per unit
mass a and the mass quadrupole parameter q of the source.

The corresponding line element in prolate spheroidal coordinates (t, x, y, φ)
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6.2 The gravitational field of a rotating deformed mass

with x ≥ 1, −1 ≤ y ≤ 1 is given by [1]

ds2 = − f (dt − ωdφ)2 (6.2.1)

+
σ2

f

{
e2γ
(

x2 − y2
)( dx2

x2 − 1
+

dy2

1 − y2

)
+ (x2 − 1)(1 − y2)dφ2

}
,

where f , ω and γ are functions of x and y only and σ is a constant. They have
the form

f =
R

L
e−2qP2Q2 , ω = −2a − 2σ

M

R
e2qP2Q2 ,

e2γ =
1

4

(
1 +

M

σ

)2 R

x2 − 1
e2γ̂ , (6.2.2)

where

R = a+a− + b+b− , L = a2
+ + b2

+ ,

M = αx(1 − y2)(e2qδ+ + e2qδ−)a+ + y(x2 − 1)(1 − α2e2q(δ++δ−))b+ ,

γ̂ =
1

2
(1 + q)2 ln

x2 − 1

x2 − y2
+ 2q(1 − P2)Q1 + q2(1 − P2)

[
(1 + P2)(Q

2
1 − Q2

2)

+
1

2
(x2 − 1)(2Q2

2 − 3xQ1Q2 + 3Q0Q2 − Q′
2)

]
. (6.2.3)

Here Pl(y) and Ql(x) are Legendre polynomials of the first and second kind
respectively. Furthermore

a± = x(1 − α2e2q(δ++δ−))± (1 + α2e2q(δ++δ−)) ,

b± = αy(e2qδ+ + e2qδ−)∓ α(e2qδ+ − e2qδ−) , (6.2.4)

δ± =
1

2
ln

(x ± y)2

x2 − 1
+

3

2
(1 − y2 ∓ xy) +

3

4
[x(1 − y2)∓ y(x2 − 1)] ln

x − 1

x + 1
,

the quantity α being a constant

α =
σ − M

a
, σ =

√
M2 − a2 . (6.2.5)

We limit our analysis here to the case σ > 0, i.e. M > a. In the case σ = 0 the
solution reduces to the extreme Kerr spacetime irrespective of the value of q
[32].

The Geroch-Hansen [18, 19] moments are given by

M2k+1 = J2k = 0 , k = 0, 1, 2, ... (6.2.6)
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M0 = M , M2 = −Ma2 +
2

15
qM3

(
1 − a2

M2

)3/2

, ... (6.2.7)

J1 = Ma , J3 = −Ma3 +
4

15
qM3a

(
1 − a2

M2

)3/2

, .... (6.2.8)

The vanishing of the odd gravitoelectric (Mn) and even gravitomagnetic (Jn)
multipole moments is a consequence of the reflection symmetry of the so-
lution about the hyperplane y = 0, which we will refer to as “symmetry”
(or equivalently “equatorial”) plane hereafter. From the above expressions
we see that M is the total mass of the body, a represents the specific angular
momentum, and q is related to the deviation from spherical symmetry. All
higher multipole moments can be shown to depend only on the parameters
M, a, and q [36].

Some geometric and physical properties of the QM solution have been an-
alyzed in Ref. [37]. It turns out that the whole geometric structure of the QM
spacetime is drastically changed in comparison with Kerr spacetime, leading
to a number of previously unexplored physical effects strongly modifying the
features of particle motion, especially near the gravitational source. In fact,
the QM solution is characterized by a naked singularity at x = 1, whose ex-
istence critically depends on the value of the quadrupole parameter q. In the
case q = 0 (Kerr solution) x = 1 represents instead an event horizon.

6.2.1 Limiting cases

The QM solution reduces to the Kerr spacetime in the limiting case q → 0,
to the Erez-Rosen spacetime when a → 0 and to the Schwarzschild solu-
tion when both parameters vanish. Furthermore, it has been shown in Ref.
[37] that the general form of the QM solution is equivalent, up to a coor-
dinate transformation, to the exterior vacuum Hartle-Thorne solution once
linearized to first order in the quadrupole parameter and to second order in
the rotation parameter. The limiting cases contained in the general solution
thus suggest that it can be used to describe the exterior asymptotically flat
gravitational field of a rotating body with arbitrary quadrupole moment.

Kerr solution

For vanishing quadrupole parameter we recover the Kerr solution, with func-
tions [1]

fK =
c2x2 + d2y2 − 1

(cx + 1)2 + d2y2
, ωK = 2a

(cx + 1)(1 − y2)

c2x2 + d2y2 − 1
,

γK =
1

2
ln

(
c2x2 + d2y2 − 1

c2(x2 − y2)

)
, (6.2.9)
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where
c =

σ

M
, d =

a

M
, c2 + d2 = 1 , (6.2.10)

so that α = (σ − M)/a = (c − 1)/d. Transition of this form of Kerr met-
ric to the more familiar one associated with Boyer-Lindquist coordinates is
accomplished by the map

t = t , x =
r − M

σ
, y = cos θ , φ = φ , (6.2.11)

so that x = 1 corresponds to the outer horizon r = r+ = M + σ.

Erez-Rosen solution

Similarly, for vanishing rotation parameter we recover the Erez-Rosen solu-
tion [38, 39, 40]. It is a solution of the static Weyl class of solutions (i.e. ω ≡ 0)
with functions

fER =
x − 1

x + 1
e−2qP2Q2 , γER = γ̂ , (6.2.12)

which reduce to the Schwarzschild solution

fS =
x − 1

x + 1
, γS =

1

2
ln

(
x2 − 1

x2 − y2

)
(6.2.13)

when q = 0 too.

Hartle-Thorne solution

The Hartle-Thorne solution is associated with the exterior field of a slowly
rotating slightly deformed object [97]. It is an approximate solution of the
vacuum Einstein equations accurate to second order in the rotation parameter
a/M and to first order in the quadrupole parameter q, generalizing the Lense-
Thirring spacetime [41]. The corresponding metric functions are given by

fHT ≃ x − 1

x + 1

[
1 − q

(
2P2Q2 − ln

x − 1

x + 1

)]
− x2 + x − 2y2

(x + 1)3

( a

M

)2
,

ωHT ≃ 2M
1 − y2

x − 1

( a

M

)
,

γHT ≃ 1

2
ln

(
x2 − 1

x2 − y2

)
+ 2q(1 − P2)Q1 −

1

2

1 − y2

x2 − 1

( a

M

)2
, (6.2.14)

where terms of the order of q(a/M) have also been neglected.
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6.3 Circular orbits on the symmetry plane

Let us introduce the ZAMO family of fiducial observers, with four velocity

n = N−1(∂t − Nφ∂φ) , (6.3.1)

where N = (−gtt)−1/2 and Nφ = gtφ/gφφ are the lapse and shift functions
respectively. A suitable orthonormal frame adapted to ZAMOs is given by

et̂ = n, ex̂ =
1√
gxx

∂x, eŷ =
1√
gyy

∂y, eφ̂ =
1√
gφφ

∂φ, (6.3.2)

with dual

ω t̂ = Ndt , ωx̂ =
√

gxxdx , ωŷ =
√

gyydy , ωφ̂ =
√

gφφ(dφ + Nφdt) .
(6.3.3)

The 4-velocity U of uniformly rotating circular orbits can be parametrized
either by the (constant) angular velocity with respect to infinity ζ or, equiva-
lently, by the (constant) linear velocity ν with respect to ZAMOs

U = Γ[∂t + ζ∂φ] = γ[et̂ + νeφ̂], γ = (1 − ν2)−1/2 , (6.3.4)

where Γ is a normalization factor which assures that UαUα = −1 given by

Γ =
[

N2 − gφφ(ζ + Nφ)2
]−1/2

=
γ

N
(6.3.5)

and

ζ = −Nφ +
N√
gφφ

ν. (6.3.6)

We limit our analysis to the motion on the symmetry plane (y = 0) of the
solution (6.2.1)–(6.2.5), where there exists a large variety of special circular
orbits [42, 43, 44, 45].

The prolate spheroidal coordinates in which the metric (6.2.1) is written
are adapted to the Killing symmetries of the spacetime itself and automat-
ically select the family of static or “threading” observers, i.e. those at rest
with respect to the coordinates, following the time coordinate lines. Thread-
ing observers have zero angular velocity, whereas their relative velocity with
respect to ZAMOs is

ζ(thd) = 0 , ν(thd) =
f ω

σ
√

x2 − 1
. (6.3.7)
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ZAMOs are instead characterized by

ζ(zamo) = − f 2ω

σ2(x2 − 1)− f 2ω2
, ν(zamo) = 0 . (6.3.8)

Co-rotating (+) and counter-rotating (−) timelike circular geodesics are
characterized by the following linear velocities

ν(geo)± ≡ ν± =
f C ±

[
f 2ω2 − σ2(x2 − 1)

]√
D√

x2 − 1σ{ fx[ f 2ω2 + σ2(x2 − 1)] + 2 f ( f 2ωωx − σ2x)}
,

(6.3.9)
where

C = −2σ2(x2 − 1)ω fx − f {ωx[ f 2ω2 + σ2(x2 − 1)]− 2σ2xω} ,

D = f 4ω2
x − σ2 fx[ fx(x2 − 1)− 2x f ] . (6.3.10)

All quantities in the previous expressions are meant to be evaluated at y = 0.
The corresponding timelike conditions |ν±| < 1 together with the reality con-
dition D ≥ 0 identify the allowed regions for the “radial” coordinate where
co/counter-rotating geodesics exist. We refer to Ref. [37] for a detailed dis-
cussion about the effect of the quadrupole moment on the causality condition.
There exists a finite range of values of q wherein timelike circular geodesics
are allowed: q1 < q < q3 for co-rotating and q2 < q < q3 for counter-rotating
circular geodesics. The critical values q1, q2 and q3 of the quadrupole param-
eter can be (numerically) determined from Eq. (6.3.9). For instance, for a
fixed distance parameter x = 4 from the source and the choice of the rotation
parameter a/M = 0.5 we find q1 ≈ −105.59, q2 ≈ −36.29 and q3 ≈ 87.68.

6.4 Tidal indicators

We investigate here tidal forces, commonly associated with the Riemann ten-
sor and more specifically with its electric and magnetic parts with respect to
a generic timelike congruence. Let us denote by u the corresponding unit
tangent vector.

The electric and magnetic parts of the Weyl tensor Cαβγδ with respect to a
generic timelike congruence with unit tangent vector u are defined as [46]

E(u)αβ = Cαµβνuµuν , H(u)αβ = −C∗
αµβνuµuν . (6.4.1)

These spatial fields are both symmetric and tracefree. The electric part is as-
sociated with tidal gravity, whereas the magnetic part describes differential
dragging of inertial frames. Some tools for visualizing the spacetime curva-
ture through the electric and magnetic parts of the Weyl tensor have been
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recently introduced in Ref. [47], where the nonlinear dynamics of curved
spacetime in merging black hole binaries has been investigated by using nu-
merical simulations. We recall that in a vacuum spacetime, which is just the
case we are considering, the Weyl and Riemann tensors coincide.

The simplest way to built up scalar quantities through the electric and mag-
netic parts of the Riemann tensor which are representative of them and serve
as “tidal indicators” in the study of tidal effects is to take the trace of their
square. One can then consider the following electric and magnetic tidal indi-
cators [31]

TE(u) = Tr[E(u)2] , TH(u) = Tr[H(u)2] . (6.4.2)

They are related to the curvature tensor as well as to the particle/observer un-
dergoing tidal deformations. One could also consider other more involved
tidal invariants constructed from the covariant derivative of the curvature
tensor. Such invariants have received some attention in the recent literature
in order to investigate both geometrical and topological properties of certain
classes of static as well as stationary spacetimes (see, e.g., Refs. [48, 49, 50]).
However, in the context of tidal problems differential invariants are of in-
terest only when using Fermi coordinate tidal potential, as discussed in Ref.
[30]. We will not address this problem in the present paper.

Let u = n be the unit tangent vector to the ZAMO family of observer
given by Eq. (6.3.1) with adapted frame (6.3.2). The relevant nonvanishing
frame components of the electric and magnetic parts of the Riemann tensor
are given by E(n)11, E(n)33 and H(n)12 with

E(n)11 + E(n)22 = −E(n)33 . (6.4.3)

They are listed in Appendix A. The tidal indicators (6.4.2) then turn out to be
given by

TE(n) = 2{[E(n)11]
2 + [E(n)22]

2 + E(n)11E(n)22} ,

TH(n) = 2[H(n)12]
2 . (6.4.4)

Let now U be tangent to a uniformly rotating timelike circular orbit on the
symmetry plane. We find 1

TE(U) = γ4
{
TE(n)(ν

4 + 1)− 4H(n)12(E(n)11 − E(n)22)ν(ν
2 + 1)

−2ν2([E(n)11]
2 + [E(n)22]

2 + 4E(n)11E(n)22 − 4[H(n)12]
2)
}

,

TH(U) = TH(n)γ
4(ν − ν∗)2(ν − ν̄∗)2 , (6.4.5)

1These relations were first derived in Ref. [31]. Note that the last line of Eq. (4.5) there was
misprinted by an overall minus sign, corrected here. Such a misprint also affected the
equivalent form (4.6), which was but never used.
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where

ν∗ = W −
√

W2 − 1 , W =
E(n)11 − E(n)22

2H(n)12
, (6.4.6)

and we have used the notation ν̄∗ = 1/ν∗. After expliciting the Lorentz factor
γ4 = 1/(1 − ν2)2 and rearranging terms we can derive from Eq. (6.4.5) the
following relation

TE(U) = TE(n)− TH(n) + TH(U) . (6.4.7)

This is actually an invariance relation also involving the curvature invariants.
In fact, it is possible to show that

TE(U)− TH(U) =
K

8
= TE(n)− TH(n) , (6.4.8)

where K is the Kretschmann invariant of the spacetime (evaluated on the
equatorial plane y = 0, see Appendix A), i.e.,

K = CαβγδCαβγδ
∣∣
y=0

. (6.4.9)

Its behavior as a function of the distance parameter is shown in Fig. 6.1(a) for
a fixed value of the rotation parameter and different values of the quadrupole
parameter. As a consequence, since K does not depend on ν, all along the
family of circular orbits parametrized by ν both tidal indicators have their
extremal values simultaneously, i.e.,

dTE(U)

dν
=

dTH(U)

dν
. (6.4.10)

6.4.1 Super-energy density and super-Poynting vector

Bel [51] and Robinson [52] first introduced the Bel-Robinson super-energy-
momentum tensor for the gravitational field in vacuum in terms of the Weyl
curvature tensor in analogy with electromagnetism (see also Refs. [53, 54])

Tαβ
γδ =

1

2
(CαρβσCγρδσ + ∗Cαρβσ

∗Cγρδσ) . (6.4.11)

The super-energy density and the super-Poynting vector associated with a
generic observer u are given by

E(g)(u) = Tαβγδuαuβuγuδ =
1

2
[TE(u) + TH(u)] ,

P(g)(u)α = Tαβγδuβuγuδ = [E(u)×u H(u)]α , (6.4.12)
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where
[E(u)×u H(u)]α = η(u)αβγE(u)β

δ H(u)δγ (6.4.13)

and the spatial unit-volume 3-form has been introduced, i.e.,

η(u)αβγ = uµηµαβγ . (6.4.14)

Bel showed that for Petrov types I and D, an observer always exists for
which the super-Poynting vector vanishes: this observer aligns the electric
and magnetic parts of the Weyl tensor in the sense that they are both di-
agonalized and therefore commute. For black hole spacetimes, the Carter’s
observer family plays this role at each spacetime point. The same property
is also shared by the observers ν∗ in this more general context. In fact, the
super-Poynting vector for a circularly rotating orbit U turns out to have a
single nonvanishing frame component along eφ̂ given by

P(g)(U)φ̂ =
γ4

2ν∗
TH(n)(ν − ν∗)(ν − ν̄∗)[(1 + ν2

∗)(1 + ν2)− 4νν∗] . (6.4.15)

Furthermore, the orbit associated with ν∗ is also characterized by the follow-
ing relation involving the super-energy density (which can be easily evalu-
ated from Eq. (6.4.5))

dE(g)(U)

dν
= −4γ2P(g)(U)φ̂ , (6.4.16)

or in terms of the rapidity parameter α such that ν = tanh α

dE(g)(U)

dα
= −4P(g)(U)φ̂ , (6.4.17)

so remembering the structure of Hamilton’s equations for conjugate vari-
ables. The observers ν∗ thus correspond to vanishing super-Poynting vector
and minimal super-energy density.

6.4.2 Discussion

Eq. (6.4.5) implies that TH(U) vanishes for ν = ν∗, regardless of the value
of the quadrupole parameter q. The family of observers identified by this
4-velocity plays the role of Carter’s family in such a generalized Kerr space-
time. In the Kerr case in Boyer-Lindquist coordinates Carter’s observer ve-
locity is given by

ν(car) =
a
√

∆

r2 + a2
. (6.4.18)
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The main property of Carter’s observers world lines is to be the unique time-
like world lines belonging to the intersection of the Killing two-plane (t, φ)
with the two-plane spanned by the two independent principal null directions
of the Kerr spacetime. In contrast, the QM solution is Petrov type I with four
independent principal null directions and hence the above property is lost.

Fig. 6.2 shows how the behavior of the generalized Carter’s observer veloc-
ity ν∗ as a function of the distance parameter modifies due to the presence of
the quadrupole. Carter’s observers are defined outside the outer event hori-
zon of the Kerr spacetime, corresponding to x = 1. For negative values of q,
the observer horizon associated with such generalized Carter’s observers is
located at a certain value x > 1, which increases as q becomes increasingly
negative. A similar situation occurs also for positive values of q, but addi-
tional allowed branches also appear in the inner region.

In contrast with the Kerr case where Carter’s observers are the only ones
which measure zero magnetic tidal indicator, this property is shared here also
by other observer families for special values of q. This is evident from Figs.
6.3 and 6.4, where the behaviors of the tidal indicators as functions of ν are
shown for a fixed value of the quadrupole and different values of the distance
parameter in comparison with the Kerr case (Fig. 6.3) and for a fixed value
of x and different values of q (Fig. 6.4). In fact, we see that TH(U) vanishes
many times for different values of ν corresponding either to different x with
fixed q, or to different q with fixed x.

Correspondingly the electric type tidal indicator takes its minimum value,
which can be further reduced by suitably choosing the quadrupole parame-
ter, but cannot be made vanishing. In fact, the invariant relation (6.4.8) im-
plies for instance that TE(U) is minimum when TH(U) = 0 and K is mim-
imum as well. Fig. 6.1(b) shows the behavior of K as a function of q for
different values of the distance parameter. K reaches an absolute minimum
only for positive values of q, which increase for increasing x. The behaviors
of the tidal indicators as measured by ZAMOs, static and geodesic observers
are shown in Figs. 6.3–6.5, respectively, as functions of the distance parame-
ter for different values of q. The behavior is Kerr-like for negative values of
q. For positive values of q instead the situation significantly modifies with
respect to the Kerr case, the magnetic tidal indicator vanishing many times
and correspondingly the electric tidal indicator showing a damped oscillat-
ing behavior.

6.4.3 Limit of slow rotation and small deformation

Let us consider the limiting case of the Hartle-Thorne metric written in terms
of the more familiar Boyer-Lindquist coordinates according to the transfor-
mation (6.2.11). Terms of the order a3, q2, aq and higher are then neglected
in all formulas listed below. The relevant nonvanishing ZAMO frame com-
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(a) (b)

Figure 6.1: The behavior of the Kretschmann invariant K evaluated on the
symmetry plane is shown as a function of the distance parameter for the
choice a/M = 0.5 and different values of q = [−5,−1, 0, 1, 5] in panel (a).
Panel (b) shows instead its behavior as a function of q for different values of
x = [1.5, 2, 2.5] Units on the vertical axis are chosen so that M = 1.

Figure 6.2: The behavior of the linear velocity ν∗ as a function of the distance
parameter is shown for the choice a/M = 0.5 and different values of the
quadrupole q = [−5,−1, 0, 1, 5]. The thick black solid curve refers to the Kerr
case (q = 0), i.e., to the Carter’s 4-velocity. Dashed vertical lines correspond
to observer horizons.
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(a) (b)

(c) (d)

Figure 6.3: The behaviors of the tidal indicators TE(U) and TH(U) as func-
tions of ν are shown in panels (a), (c) for q = 0 and (b), (d) for q = 5 re-
spectively for the choice a/M = 0.5 and different values of the coordinate
x = [1.2, 1.5, 2, 2.5, 3, 3.5]. For negative values of q the behaviors are very
similar to the Kerr case. For q increasingly negative the values of TE(U) at
the minimum of each curve increase, whereas the curves corresponding to
TH(U) shrink to the vertical axis. Units on the vertical axis are chosen so that
M = 1.
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(a) (b)

Figure 6.4: The behaviors of the tidal indicators TE(U) and TH(U) as func-
tions of ν are shown in panels (a) and (b) respectively for the choice a/M =
0.5, with a fixed value x = 2 of the distance parameter and different values
of q = [−10,−5, 0, 5, 10]. Units on the vertical axis are chosen so that M = 1.

(a) (b)

Figure 6.5: The behaviors of the tidal indicators TE(U) and TH(U) as mea-
sured by ZAMOs are shown as functions of the distance parameter for the
choice a/M = 0.5 and different values of q = [−1, 0, 1]. Dashed curves cor-
respond to the Kerr case (i.e., q = 0). Units on the vertical axis are chosen so
that M = 1.
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(a) (b)

Figure 6.6: The behaviors of the tidal indicators TE(U) and TH(U) as mea-
sured by static observers are shown as functions of the distance parameter for
the choice a/M = 0.5 and different values of q = [−1, 0, 1]. Dashed curves
correspond to the Kerr case (i.e., q = 0). Units on the vertical axis are chosen
so that M = 1.

ponents of the electric and magnetic parts of the Riemann tensor are given
by

E(n)11 = −2M

r3
− 3a2M

r5
N2 + q

[
6(r2 − 3Mr + 4M2)

Mr3
Q1 −

3r − 10M

r3
Q2

+
4M

r3
ln N

]
,

E(n)33 =
M

r3
+ q

[
3(7M3 − 9rM2 + 5r2M − r3)

Mr3(r − 2M)
Q1 +

3r2 − 11Mr + 7M2

r3(r − 2M)
Q2

−2M

r3
ln N

]
,

H(n)12 = −3aM

r4
N , (6.4.19)

where N =
√

1 − 2M/r and Q1 = Q1(r/M − 1) and Q2 = Q2(r/M − 1) are
Legendre functions. The Kretschmann invariant on the symmetry plane is

K =
48M2

r6

{
1 − q

[
6(r2 − 3Mr + 4M2)

M2
Q1 −

3r − 10M

M
Q2 + 4 ln N

]}
.

(6.4.20)
Generalized Carter’s observers have 4-velocity ν∗ = aN/r, whereas static
observers are characterized by ν(thd) = −2aM/r2N and geodesics observers
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(a) (b)

(c) (d)

Figure 6.7: The behaviors of the tidal indicators TE(U) and TH(U) as mea-
sured by geodesic observers are shown as functions of the distance parame-
ter for the choice a/M = 0.5 and different values of q = [−10,−1, 0, 1, 10].
Panels (a)–(b) and (c)–(d) correspond to the co-rotating and counter-rotating
case respectively. Dashed curves correspond to the Kerr case (i.e., q = 0).
Units on the vertical axis are chosen so that M = 1.
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by

ν(geo)± = ±
√

M

r

1

N

[
1 +

a2

2N2r4
(r2 + 2Mr − 12M2)

]
− 3aM

r2N

∓3

2
q
(r − M)2

N3
√

Mr3

[( r

M
− 1
)

Q1 − Q2

]
. (6.4.21)

We list below the expression for TH(U) corresponding to the different fam-
ilies of observers considered above:

TH(n) =
18a2M2

r8
N2 ,

TH(u(thd)) =
18a2M2

r8

1

N2
,

TH(u∗) = 0 ,

TH(u(geo)±) =
18M3

r5

N2

(r − 3M)2
∓ 36aM2 N2

r5

√
M

r

r − M

(r − 3M)3

+
18a2M2

r7

1

(r − 3M)4
(r3 + Mr2 − 13M2r + 15M3)

−q

[
72M3

r5

N2

(r − 3M)2
ln N

+
18M

r6

1

(r − 3M)3
(9r4 − 60Mr3 + 170M2r2 − 248M3r + 153M4)Q1

−18M2

r6

1

(r − 3M)3
(5r3 − 29Mr2 + 73M2r − 69M3)Q2

]
. (6.4.22)

Note that TH(n) and TH(u(thd)) do not depend on q, in this limit, in contrast
to the general case. This is a consequence of the series expansion in the pa-
rameters a/M and q, so that terms of the order of q(a/M) have also been
neglected.

Finally, in the weak field limit M/r ≪ 1 the previous expressions have the
following asymptotic forms (up to the order (M/r)10)

TH(n) ≃ 18a2M2

r8

(
1 − 2M

r

)
,

TH(u(thd)) ≃ 18a2M2

r8

(
1 +

2M

r

)
,

TH(u(geo)±) ≃ 18M3

r7

{
1 − 3q +

M

r

(
4 +

a2

M2
− 9q

)
+

M2

r2

(
15 + 13

a2

M2
− 214

5
q

)

∓2
a

M

√
M

r

(
1 +

6M

r
+ 29

M2

r2

)}
. (6.4.23)
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6.5 Multipole moments, tidal Love numbers and

Post-Newtonian theory

Although the merging of compact objects can be accurately modeled only by
numerical simulations in full general relativity, there is a variety of analyti-
cal and semi-analytical approaches which allow to properly describe at least
part of the coalescence process and to study the associated gravitational wave
signals (see, e.g., Refs. [26, 27, 28]). The effect of the tidal interaction on the
orbital motion and the gravitational wave signal is measured by a quantity
known as the tidal Love number of each companion.

In Newtonian gravity, where it has been introduced [55], the Love number
is a constant of proportionality between the external tidal field applied to the
body and the resulting multipole moment of its mass distribution. In a rel-
ativistic context instead Flanagan and Hinderer [26, 27] estimated the tidal
responses of a neutron star to the external tidal solicitation of its compan-
ion, showing that the Love number is potentially measurable in gravitational
wave signals from the early regime of the inspiral through Earth-based de-
tectors.

The relativistic theory of Love numbers has been developed by Binning-
ton and Poisson [56] and Damour and Nagar [57]. They classified tidal Love
numbers into two types: an electric-type Love number having a direct anal-
ogy with the Newtonian one, and a magnetic-type Love number with no ana-
logue in Newtonian gravity, already introduced in Post-Newtonian theory by
Damour, Soffel and Xu [58]. Damour and Lecian [59] also defined a third class
of Love numbers, i.e., the “shape” Love numbers, measuring the distortion
of the shape of the surface of a star by an external gravito-electric tidal field.
The relativistic Love numbers are defined within the context of linear pertur-
bation theory, in which an initially spherical body is perturbed slightly by an
applied tidal field. Tidal fields are assumed to change slowly with time, so
that only stationary perturbations are considered. Computing the Love num-
bers requires the construction of the metric also in the interior of the body
and its matching with the external metric at the perturbed boundary of the
matter distribution. Therefore, the internal problem depends on the choice of
the stellar model, i.e., on the selected equation of state, whereas the external
problem applies to a body of any kind.

Consider a massive body placed in a static, external tidal gravitational
field, which is characterized by the electric part of the associated Riemann
tensor. This tidal field will deform the body which will develop in response a
gravitational mass quadrupole moment (and higher moments). The compo-
nents of the tidal field, quadrupole moment and total mass of the body will
enter as coefficients the power series expansion of the spacetime metric in
the body local asymptotic rest frame [60, 27]. For an isolated body in a static
situation these moments are uniquely defined. They are just the coordinate-
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independent moments defined by Geroch and Hansen [18, 19] for stationary,
asymptotically flat spacetimes (see Eqs. (6.2.7)–(6.2.8)).

Tidal effects in relativistic binary system dynamics have been recently in-
vestigated in the framework of Post-Newtonian theory (see Ref. [61] and
references therein). They have computed tidal indicators of both electric and
magnetic types within the so called “effective one body approach” suitably
modified to include tidal effects in the formalism, so improving the analyti-
cal description of the late inspiral dynamics with respect to previous works
(see, e.g., Ref. [28]). In order to relate our results with the analysis done in
Ref. [61], consider, for instance, the electric-type tidal indicator. In the case of
geodesic orbits and in absence of rotation we find in the weak field limit the
following approximate expression (up to terms of the order (M/r)8)

TE(u(geo)±) ≃
6M2

r6

[
1 − 2q +

3M

r
(1 − q)

]
, (6.5.1)

which can then be rewritten passing to harmonic coordinates r = rh + M and
restoring the physical mass parameter [97], i.e., M = M(1 − q), as

TE(u(geo)±) ≃
6M2

r6
h

[
1 − 3M

rh

]
. (6.5.2)

The same quantity (termed Ja in Ref. [61], see Eq. (4.14) there) as above for
the binary system at 1 PN order reads as

TE(u(geo)±) ≃
6M2X2

2

r6
h

[
1 +

(X1 − 3)M

rh

]
, (6.5.3)

where evaluation is performed in the center of mass system using harmonic
coordinates and the mass of the two bodies are encoded in the parameters
X1 = m1/M and X2 = m2/M, with M = m1 + m2. In the limit X1 = 0
(X2 = 1) the two expressions coincide, as expected.

6.6 Concluding remarks

We have discussed the observer-dependent character of tidal effects associ-
ated with the electric and magnetic parts of the Riemann tensor with respect
to an arbitrary family of observers in a generic spacetime. Our considera-
tions have then been specialized to the Quevedo-Mashhoon solution describ-
ing the gravitational field of a rotating deformed mass and to the family of
stationary circularly rotating observers on the equatorial plane. This family
includes static, ZAMOs and geodesic observers and for each of them we have
evaluated certain tidal indicators built up through the electric and magnetic
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parts of the Riemann tensor. The main difference from the Kerr case exam-
ined in a previous paper is due to the presence of a genuine quadrupolar
structure of the background solution adopted here: the total quadrupole mo-
ment of the source is not depending on the rotation parameter only, but there
is also a further contribution due to the shape deformation directly related
to the mass through a new mass quadrupole parameter, q. The properties of
tidal indicators strongly depend on this new parameter. We have found that
there exists a family of circularly rotating orbits associated with ν = ν∗ along
which the magnetic tidal indicator vanishes identically as in the Kerr case,
playing the same role as Carter’s observers there. For special values of q this
property is also shared by other observer families, a novelty in comparison
with the Kerr case. However, still no observer family can be found for which
the electric tidal indicator vanishes, a fact that can be explained in terms of
curvature invariants. The tidal electric indicator can be but extremized sev-
eral times close to the source, showing also a damped oscillating behavior.

We have also investigated the relation between tidal indicators and Bel-
Robinson tensor, i.e., observer-dependent super-energy density and super-
Poynting vector. We have shown that the super-Poynting vector identically
vanishes for ν = ν∗ leading to minimal gravitational super-energy as seen by
such a generalized Carter’s observer within the family of all circularly rotat-
ing observers at each spacetime point, a property already known to charac-
terize Carter’s observers in the case of black hole spacetimes.

1078



6.6 Concluding remarks

Appendix: Relevant frame components of tidal

tensors

We list below the relevant nonvanishing ZAMO frame components of the
electric and magnetic parts of the Riemann tensor:

E(n)11 =
e−2γ

4Tσ2x2

{
X2S f 3

x

2x f 2
+

X

x
f 2
x f ω(Xωx + xω)− 2X(S fxx + 2 f 3ωωxx)

− fx

[
10X f 2ωωx +

2

X
f 2ω2(X + 2) +

X

2σ2x
(4σ4 + S f 2ω2

x)

]

− X

xσ2
f 3ωωx( f 2ω2

x − 4σ2)− f 3

σ2
ω2

x(S + f 2ω2)

}
,

E(n)33 =
e−2γ

4σ4 f x2

[
σ2 fx(2x f − X fx) + ω2

x f 4
]

,

H(n)12 =
e−2γ

√
X

8Tx3σ5 f

{
2ωσ4[X f 2

x ( fxX + x f )− 6 f 2 fx − 2X f 2( fx + 2x fxx)]− f 5ω3
xS

+ f σ2[−2 f 3ωω2
x(X fx + 3x f ) + 4S f 2(ωx − xωxx)

+S fxωx(X fx − 10x f )]} , (6.6.1)

where X = x2 − 1, S = σ2X + f 2ω2 and T = S − 2σ2X.
Furthermore, the Kretschmann invariant (6.4.9) of the QM spacetime eval-

uated on the equatorial plane y = 0 is given by

K = e−4γ 4X2

σ4x4

{
f 2
xx −

f 4ω2
xx

Xσ2
+

f 2ωxωxx

2xXσ4
[σ2 fx(X fx − 10x f )− f 2( f 2ω2

x − 4σ2)]

+ fxx

[
(X + 3)

fx

Xx
− f 2

x

2 f 2x
(X fx + x f ) +

f 2ω2
x

2Xxσ2
(X fx + 3x f )

]

+
f 3
x

16σ2x2 f 2

[
Xσ2

f 2
f 2
x (X fx + 2x f )− 3 f 2ω2

x(X fx − 4x f )− 8σ2 fx

−8xσ2 f

X
(2X + 3)

]
+

f 3 fxω2
x

2xXσ2

(
−7 f 2ω2

x

4σ2
+ 13 +

6

X

)

+ f 2
x

[
3 f 4ω4

x

16σ4x2
− f 2ω2

x

4Xσ2x2
(29X + 25) +

X2 + 3X + 3

X2x2

]

− f 4ω2
x

Xσ2x2

[
f 4ω4

x

16σ4
+ 1 − f 2ω2

x

4Xσ2
(5X + 3)

]}
. (6.6.2)
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of a rotating deformed mass

7.1 Introduction

In the Standard Model with minimal particle content neutrinos are massless
left-handed fermions. The question whether neutrinos have a non-vanishing
rest mass influences research areas from particle physics up to cosmology, but
it remains an open issue [62]. At present all hints for neutrino masses are con-
nected with neutrino oscillation effects, namely the solar neutrino deficit, the
atmospheric neutrino anomaly and the evidence from the LSND experiment
[63]. Possible extensions of the Standard Model to generate neutrino masses
are reviewed, e.g., in Ref. [64].

Mass neutrino mixing and oscillation in flat spacetime were proposed by
Pontecorvo [65]. Later on Mikheyev, Smirnov and Wolfenstein [66] inves-
tigated the effect of transformation of one neutrino flavor into another in a
medium with varying density. There have been many experimental studies
exploring the evidence for oscillations of both atmospheric and solar neutri-
nos as well as imposing limits on their masses and mixing angle (see, e.g.,
Ref. [67] and references therein).

The possibility to detect CP violation effects in neutrino oscillations by fu-
ture experiments has also been considered in recent years [68, 69, 70, 71].
Neutrino oscillation experiments are expected to provide stringent bounds
on many quantum gravity models entailing violation of Lorentz invariance,
so allowing to test quantum gravity theories [72, 73]. Planck scale-induced
deviations from the standard oscillation length may be observable for ultra-
high-energy neutrinos emitted by galactic and extragalactic sources by means
of the next generation neutrino detectors such as IceCube and ANITA [74].
Furthermore, since neutrinos can propagate freely over large distances and
can therefore pile up minimal length effects beyond detectable thresholds,
there is the possibility to explore the presence of a quantum-gravity-induced
minimal length using neutrino oscillation probabilities [75].

The effect of gravitation on the neutrino oscillations has been extensively
investigated in the recent literature, starting from the pionering work of Stodol-
sky [76]. The correction to the phase difference of neutrino mass eigenstates
due to the spherically symmetric gravitational field described by the Schwarz-
schild metric was calculated in various papers within the WKB approxima-
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tion [77, 78, 79, 80, 81]. The results obtained in these papers differ from each
other due to different methods used to perform the calculation. For instance,
calculating the phase along the timelike geodesic line will produce a fac-
tor of 2 in the high energy limit, compared with the value along the null
line [82]. A different method was proposed by Linet and Teyssandier [83],
based on the world function developed by Synge [84] and defined as half
the square of the spacetime distance between two generic points connected
by a geodesic path. Unfortunately, the calculation of the world function is
not a trivial task. In general, it is performed perturbatively unless the so-
lution of the geodesic equations is explicitly known, as in the very special
cases of Minkowski, Gödel, de Sitter spacetimes and the metric of a homo-
geneous gravitational field [85]. The effect of spacetime rotation on neutrino
oscillations has been investigated in Ref. [86], where the Kerr solution was
considered. A mechanism to generate pulsar kicks based on the spin fla-
vor conversion of neutrinos propagating in a slowly rotating Kerr spacetime
described by the Lense-Thirring metric has been recently proposed [87]. Fur-
thermore, the neutrino geometrical optics in a gravitational field and in par-
ticular in a Lense-Thirring background has been investigated [88]. Finally, in
Ref. [89] the generalization to the case of a Kerr-Newman spacetime has been
discussed.

In the present paper we calculate the phase shift in the gravitational field
produced by a massive, slowly rotating and quasi-spherical object, described
by the Hartle-Thorne metric. This is an approximate solution of the vacuum
Einstein equations accurate to second order in the rotation parameter a/M
and to first order in the mass quadrupole moment q, generalizing the Lense-
Thirring metric. We then discuss possible implications on atmospheric, solar
and astrophysical neutrinos. The units G = c = h̄ = 1 are used throughout
the paper.

7.2 Stationary axisymmetric spacetimes and

neutrino oscillation

The line element corresponding to a general stationary axisymmetric solu-
tion of the vacuum Einstein equations can be written in the Weyl-Lewis-
Papapetrou [33, 34, 35] form as

ds2 = − f (dt − ωdφ)2 (7.2.1)

+
σ2

f

{
e2γ
(

x2 − y2
)( dx2

x2 − 1
+

dy2

1 − y2

)
+ (x2 − 1)(1 − y2)dφ2

}

by using prolate spheroidal coordinates (t, x, y, φ) with x ≥ 1, −1 ≤ y ≤ 1;
the quantities f , ω and γ are functions of x and y only and σ is a constant.
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The relation to Boyer-Lindquist coordinates (t, r, θ, φ) is given by

t = t , x =
r − M

σ
, y = cos θ , φ = φ . (7.2.2)

7.2.1 Geodesics

The geodesic motion of test particles is governed by the following equations
[37]

ṫ =
E

f
+

ω f

σ2X2Y2
(L − ωE) , φ̇ =

f

σ2X2Y2
(L − ωE) ,

ÿ = −1

2

Y2

X2

[
fy

f
− 2γy +

2y

X2 + Y2

]
ẋ2 +

[
fx

f
− 2γx −

2x

X2 + Y2

]
ẋẏ

+
1

2

[
fy

f
− 2γy −

2y

X2 + Y2

X2

Y2

]
ẏ2

−1

2

e−2γ

f σ4X2Y2(X2 + Y2)

{
Y2[ f 2(L − ωE)2 + E2σ2X2Y2] fy

+2(L − ωE) f 3[y(L − ωE)− EY2ωy]
}

,

ẋ2 = −X2

Y2
ẏ2 +

e−2γX2

σ2(X2 + Y2)

[
E2 − µ2 f − f 2

σ2X2Y2
(L − ωE)2

]
, (7.2.3)

where Killing symmetries and the normalization condition gαβ ẋα ẋβ = −µ2

have been used. Here E and L are the conserved energy (associated with
the Killing vector ∂t) and angular momentum (associated with the Killing
vector ∂φ) of the test particle respectively, µ is the particle mass and a dot
denotes differentiation with respect to the affine parameter λ along the curve;
furthermore, the notation

X =
√

x2 − 1 , Y =
√

1 − y2 (7.2.4)

has been introduced. For timelike geodesics, λ can be identified with the
proper time by setting µ = 1. Let U be the associated 4-velocity vector (U ·
U = −1). Null geodesics are characterized instead by µ = 0. Let K be the
associated tangent vector (K · K = 0).

Let us consider the motion on the symmetry plane y = 0. If y = 0 and
ẏ = 0 initially, the third equation of Eqs. (7.2.3) ensures that the motion
will be confined on the symmetry plane, since the derivatives of the metric
functions with respect to y, i.e., fy, ωy and γy, all vanish at y = 0, so that
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ÿ = 0 too. Eqs. (7.2.3) thus reduce to

ṫ =
E

f
+

ω f

σ2X2
(L − ωE) , φ̇ =

f

σ2X2
(L − ωE) ,

ẋ = ± e−γX

σ
√

1 + X2

[
E2 − µ2 f − f 2

σ2X2
(L − ωE)2

]1/2

, (7.2.5)

where metric functions are meant to be evaluated at y = 0.

7.2.2 Neutrino oscillations

The phase associated with neutrinos of different mass eigenstate is given by
[76]

Φk =
∫ B

A
Pµ (k)dxµ , (7.2.6)

if the neutrino with 4-momentum P = mkU is produced at a spacetime point
A and detected at B.

The standard assumptions usually applied to evaluate the phase are the
following (see, e.g., Ref. [90]): a massless trajectory is assumed, which means
that the neutrino travels along a null geodesic path; the mass eigenstates are
taken to be the energy eigenstates, with a common energy E; the ultrarela-
tivistic approximation mk ≪ E is performed throughout, so that all quantities
are evaluated up to first order in the ratio mk/E.

The integral is carried out over a null path, so that Eq. (7.2.6) can be also
written as

Φk =
∫ λB

λA

Pµ (k)K
µdλ , (7.2.7)

where K is a null vector tangent to the photon path. The components of P and
K are thus obtained from Eq. (7.2.5) by setting µ = mk and µ = 0 respectively.
In the case of equatorial motion the argument of the integral (7.2.7) depends
on the coordinate x only, so that the integration over the affine parameter λ
can be switched over x by

Φk =
∫ xB

xA

Pµ (k)
Kµ

Kx
dx , (7.2.8)

where Kx = dx/dλ. By applying the relativistic condition mk ≪ E we find

Φk ≃ ∓1

2
σ2 m2

k

E

∫ xB

xA

xeγ

√
σ2(x2 − 1)− f 2(b − ω)2

dx , (7.2.9)

to first order in the expansion parameter mk/E ≪ 1, where E is the energy
for a massless neutrino and b = L/E the impact parameter.
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Therefore, the phase shift responsible for the oscillation is given by

Φkj = Φk − Φj ≃ ∓1

2
σ2

∆m2
kj

E

∫ xB

xA

xeγ

√
σ2(x2 − 1)− f 2(b − ω)2

dx , (7.2.10)

where
∆m2

kj = m2
k − m2

j . (7.2.11)

The question as to whether neutrino oscillations should be thought of as
taking place between states of the same energy or the same momentum is still
open. The various controversies concerning quantum-mechanical deriva-
tions of the oscillation formula as well as the contradictions between the ex-
isting field-theoretical approaches proposed to settle them are reviewed in
Ref. [91]. The advantage of the equal-energy prescription is that the time de-
pendence completely drops from the phase difference. This is also justified by
the fact that in none of the neutrino oscillation experiments the time was mea-
sured, only distances between creation and detection points, as discussed by
Lipkin [92] and Stodolsky [93]. They showed that in the plane wave approx-
imation neutrino oscillations are experimentally observable only as a result
of interference between neutrino states with different masses and the same
energy. All interference effects between neutrino states having different en-
ergies are destroyed by the interaction between the incident neutrino and the
neutrino detector [94]. The absence of clocks in these experiments allows to
consider the behaviour of neutrinos as a “stationary” one, only the distance
between the source and detector being known. Therefore, the time interval is
not an observable and only the oscillation wave length is measured.

When the separation between source and detector is large enough, the co-
herence between the different mass eigenstates is expected to be lost. How-
ever, for atmospheric and solar neutrinos, where the source is free to move in
distances many orders of magnitudes larger, the decoherence distance will be
even larger [95]. This is in agreement with the result quoted in Ref. [96] that
the coherence is lost only at astronomical distances much larger than the size
of the solar system and that this coherence loss is relevant only for supernova
neutrinos.

7.3 Neutrino oscillations in the Hartle-Thorne

metric

The exterior field of a slowly rotating slightly deformed object is described
by the Hartle-Thorne metric [97], whose line element can be written in Lewis-
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Papapetrou form (7.2.1) with metric functions

f ≃ fS

[
1 − q

(
2P2Q2 + ln

x − 1

x + 1

)]
− x2 + x − 2y2

(x + 1)3

( a

M

)2
,

ω ≃ 2M
1 − y2

x − 1

( a

M

)
,

γ ≃ γS + 2q(1 − P2)Q1 −
1

2

1 − y2

x2 − 1

( a

M

)2
, (7.3.1)

and σ =
√

M2 − a2. Here Pl(y) and Ql(x) are Legendre polynomials of the
first and second kind respectively, while the functions

fS =
x − 1

x + 1
, γS =

1

2
ln

(
x2 − 1

x2 − y2

)
(7.3.2)

correspond to the Schwarzschild solution (q = 0 = a). The connection be-
tween this form of the metric and the original one as derived by Hartle and
Thorne was discussed in Ref. [37].

When expressed in terms of the standard Boyer-Lindquist coordinates (7.2.2)
the phase shift (7.2.10) becomes

Φkj ≃ ∓
∆m2

kj

2E

[
r − M2

r

(
q +

b2 − a2

2M2

)
− M

2r2

[
q(b2 + 2M2)− (a + b)2

]]rB

rA

= ∓
∆m2

kj

2E
(rB − rA)

[
1 +

M2

rBrA

(
q +

b2 − a2

2M2

)

+
M(rB + rA)

2r2
Br2

A

[
q(b2 + 2M2)− (a + b)2

]]
, (7.3.3)

where terms of the order of q(a/M) as well as higher order terms in the weak
field expansion M/r ≪ 1 have been neglected. In the limiting case of van-
ishing quadrupole parameter (q = 0) Eq. (7.3.3) reproduces the results of Ref.
[86] for the slowly rotating Kerr spacetime. It is also useful to replace the
parameters a/M and q by the Hartle-Thorne angular momentum J and mass
quadrupole moment Q according to

M = M(1 − q) , J = −Ma , Q = Ma2 +
4

5
M3q . (7.3.4)
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For instance, for b = 0 Eq. (7.3.3) gives

Φkj ≃ ∓
∆m2

kj

2E
(rB − rA)

[
1 +

M2

rBrA

(
5

4

Q− 7J2/M

M3

)(
1 +

M(rB + rA)

rBrA

)]

≡ Φ
(mono)
kj + Φ

(dip)
kj + Φ

(quad)
kj , (7.3.5)

where

Φ
(mono)
kj = ∓

∆m2
kj

2E
(rB − rA) ,

Φ
(dip)
kj = Φ

(mono)
kj

M2

rBrA

(
1 +

M(rB + rA)

rBrA

)(
−35

4

J2

M4

)
,

Φ
(quad)
kj = Φ

(mono)
kj

M2

rBrA

(
1 +

M(rB + rA)

rBrA

)(
5

4

Q

M3

)
. (7.3.6)

The monopole term is the dominant one, due to the large distance between
source and detector. However, describing the background gravitational field
simply by using the spherically symmetric Schwarzschild solution is not sat-
isfactory in most situations. In fact, astrophysical sources are expected to be
rotating as well endowed with shape deformations leading to effects which
cannot be neglected in general. The modification to the phase shift induced
by spacetime rotation has been already taken into account in Ref. [86]. We
will estimate below the contribution due to the quadrupole moment of the
source with respect to that due to spin for solar, atmospheric and astrophysi-
cal neutrinos by evaluating the ratio

Φ
(quad)
kj

Φ
(dip)
kj

= −1

7

(
Q

M3

)(
M4

J2

)
. (7.3.7)

In the case of the Sun we have M⊙ ≈ 1.5 × 105 cm, R⊙ ≈ 7 × 1010 cm and
J⊙ ≈ 5 × 109 cm2, so that

M⊙
R⊙

≈ 2 × 10−6 ,
J⊙
R2
⊙

≈ 10−12 ,
Q⊙
R3
⊙

≈ −4 × 10−13 , (7.3.8)

where the mass quadrupole moment has been evaluated through the rela-
tion Q⊙ = −J2M⊙R2

⊙, with J2 ≈ 2 × 10−7 (see, e.g., Ref. [98]). Therefore,
[J2

⊙/M⊙]/M3
⊙ ≈ 5× 10−2 and Q⊙/M3

⊙ ≈ −4.4× 104, so that the quadrupole
contribution is 105 times greater than that due to spin.

In the case of the Earth the quadrupole term is even more dominant. In
fact, since M⊕ ≈ 0.45 cm, R⊕ ≈ 6.4 × 108 cm and J⊕ ≈ 1.5 × 102 cm2, we
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have

M⊕
R⊕

≈ 7 × 10−10 ,
J⊕
R2
⊕

≈ 3.7 × 10−16 ,
Q⊕
R3
⊕

≈ −7 × 10−13 , (7.3.9)

with Q⊕ = −J2M⊕R2
⊕ and J2 ≈ 10−3, implying that [J2

⊕/M⊕]/M3
⊕ ≈ 5.5 ×

105 and Q⊕/M3
⊕ ≈ −2 × 1015 leading to Φ

(quad)
kj /Φ

(dip)
kj ≈ 5 × 108.

The contribution due to rotation is expected to be comparable with that
due to the deformation in the case of rotating neutron stars. Laarakkers and
Poisson [99] numerically compute the mass quadrupole moment QNS for sev-
eral equations of state. They found that for fixed gravitational mass MNS, the
quadrupole moment is given as a simple quadratic fit, i.e.,

QNS ≃ −k
J2

NS

MNS
, (7.3.10)

where JNS is the angular momentum of the star and k is a dimensionless
parameter which depends on the equation of state. It varies between k ∼ 2
for very soft equations of state and k ∼ 8 for very stiff ones, for a typical mass
of MNS = 1.4M⊙. Therefore, in this case the spin term in Eq. (7.3.5) is of the
same order as the quadrupole term.

Finally, it is worth to note that the monopole term in Eq. (7.3.5) is always
the leading one. In fact, for solar neutrinos the factor M2

⊙/rBrA turns out
to be about 2.3 × 10−12, assuming rA ∼ r⊕ and rB ∼ R⊕ + d ∼ d, being
d ≈ 1.5× 1013 cm the Earth-Sun distance. The first correction to the monopole
term is thus of the order of 10−7. For atmospheric neutrinos M2

⊕/rBrA ∼
M2

⊕/R2
⊕ ≈ 5× 10−19, implying that the first correction is of the order of 10−3.

7.4 Concluding remarks

The issue of the interaction of neutrinos with gravitational fields is timely
and has a lot of implications in astrophysics and cosmology. Neutrinos are
usually generated by radioactive decays or nuclear reactions such as those
occurring in the Sun, stars, accelerators or nuclear reactors and in particular
when cosmic rays hit atoms. Neutrinos are also expected to carry off the
largest amount of energy of an exploding star in a supernova. Neutrinos
from core collapse supernovae can be emitted from a rapidly accreting disk
surrounding a black hole and have been suggested to be responsible for the
cooling process [100]. In general the coalescence of compact objects produces
hot disks. The neutrino flux from these objects is so large that it would be
easily detected by currently online neutrino detectors [101].

Neutrino detectors of increasing sensitivity require a better understanding
of propagation and oscillation properties of neutrinos in the neighborhood
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of massive astrophysical objects. In particular, it has been suggested that the
gravitational oscillation phase might have a significant effect in supernova
explosions [102].

We have evaluated the correction to the phase difference of neutrino mass
eigenstates due to the gravitational field produced by a massive, slowly rotat-
ing and quasi-spherical object, described by the Hartle-Thorne metric, gener-
alizing previous results. This is an approximate solution of the vacuum Ein-
stein equations accurate to second order in the rotation parameter and to first
order in the mass quadrupole moment of the source, generalizing the Lense-
Thirring metric. The large distances covered by neutrinos from the emitting
source to the detector allow to apply the weak field limit in the calculations,
so that the Hartle-Thorne metric is enough to account for the leading gravi-
tational effects. We have shown that, apart from the monopole term which is
the dominant one, the contribution due to the quadrupole moment is much
greater than that due to spin in the case of solar neutrinos and even more for
atmospheric neutrinos. The effect of rotation is instead expected to be com-
parable with that due to deformation in the case of rotating neutron stars.

Our result can also be relevant in the context of CPT and lepton num-
ber violation in the neutrino sector induced by gravity (see, e.g., Ref. [103]
and references therein). In fact, it has been recently argued that the gener-
ation of a neutrino asymmetry can arise in accretion disks around rotating
black holes or more generally when neutrinos are propagating in background
spacetimes which are not spherically symmetric [104]. The proposed CPT vi-
olation mechanism leading to neutrino oscillations would be due to the dif-
ferent spin-gravity coupling of neutrinos with respect to anti-neutrinos. Of
course, this is only one of all possible scenarios. Observable neutrino oscil-
lations may result from a combination of effects involving neutrino masses
and Lorentz violation [105]. Similar effects can also arise from violations of
the equivalence principle [106]. Both current and future experiments on neu-
trino oscillations are expected to clarify the interplay of gravity and neutrino
physics.
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8 Gravitational field of compact

objects in general relativity

8.1 Introduction

In astrophysics, the term compact object is used to refer to objects which are
small for their mass. In a wider sense, the class of compact objects is often de-
fined to contain collectively planet-like objects, white dwarfs, neutron stars,
other exotic dense stars, and black holes. It is well known that Newtonian
theory of gravitation provides an adequate description of the gravitational
field of conventional astrophysical objects. However, the discovery of exotic
compact objects such as quasars and pulsars together with the possibility of
continued gravitational collapse to a black hole points to the importance of
relativistic gravitation in astrophysics. Moreover, advances in space explo-
ration and the development of modern measuring techniques have made it
necessary to take relativistic effects into account even in the Solar system.
Probably the simplest way to study the relativistic gravitational field of as-
trophysical compact objects is by expressing it in terms of their multipole
moments, in close analogy with the Newtonian theory, taking into account
the rotation and the internal structure of the source.

In this context, the first exterior solution with only a monopole moment
was discovered by Schwarzschild [107], soon after the formulation of Ein-
stein’s theory of gravity. In 1917, Weyl [4] showed that the problem of finding
static axisymmetric vacuum solutions can generically be reduced to a single
linear differential equation whose general solution can be represented as an
infinite series. The explicit form of this solution resembles the correspond-
ing solution in Newtonian’s gravity, indicating the possibility of describing
the gravitational field by means of multipole moments. In 1918, Lense and
Thirring [108] discovered an approximate exterior solution which, apart from
the mass monopole, contains an additional parameter that can be interpreted
as representing the angular momentum of the massive body. From this so-
lution it became clear that, in Einstein’s relativistic theory, rotation gener-
ates a gravitational field that leads to the dragging of inertial frames (Lense-
Thirring effect). This is the so–called gravitomagnetic field which is of es-
pecial importance in the case of rapidly rotating compact objects. The case
of a static axisymmetric solution with monopole and quadrupole moment
was analyzed in 1959 by Erez and Rosen [109] by using spheroidal coordi-
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nates which are specially adapted to describe the gravitational field of non-
spherically symmetric bodies. The exact exterior solution which considers
arbitrary values for the angular momentum was found by Kerr [110] only
in 1963. The problem of finding exact solutions changed dramatically after
Ernst [2] discovered in 1968 a new representation of the field equations for
stationary axisymmetric vacuum solutions. In fact, this new representation
was the starting point to investigate the Lie symmetries of the field equa-
tions. Today, it is known that for this special case the field equations are
completely integrable and solutions can be obtained by using the modern so-
lution generating techniques [111]. A comprehensive review on solution gen-
erating techniques and stationary axisymmetric global solutions of Einstein
and Einstein-Maxwell equations is given in [112]. There are several solutions
with higher multipole moments [114, 115, 113, 116, 117] with very interesting
physical properties. In this work, we will analyze a particular class of solu-
tions, derived by Quevedo and Mashhoon [118] in 1991, which in the most
general case contains infinite sets of gravitational and electromagnetic multi-
pole moments. Hereafter this solution will be denoted as the QM solution.

As for the interior gravitational field of compact objects, the situation is
more complicated. There exists in the literature a reasonable number of inte-
rior spherically symmetric solutions [119] that can be matched with the exte-
rior Schwarzschild metric. Nevertheless, a major problem of classical general
relativity consists in finding a physically reasonable interior solution for the
exterior Kerr metric. Although it is possible to match numerically the Kerr
solution with the interior field of an infinitely tiny rotating disk of dust [120],
such a solution cannot be used in general to describe astrophysical compact
objects. It is now widely believed that the Kerr solution is not appropriate
to describe the exterior field of rapidly rotating compact objects. Indeed, the
Kerr metric takes into account the total mass and the angular momentum of
the body. However, the quadrupole moment is an additional characteristic of
any realistic body which should be considered in order to correctly describe
the gravitational field. As a consequence, the multipole moments of the field
created by a rapidly rotating compact object are different from the multipole
moments of the Kerr metric [121]. For this reason a solution with arbitrary
sets of multipole moments, such as the QM solution, can be used to describe
the exterior field of arbitrarily rotating mass distributions.

In the case of slowly rotating compact objects it is possible to find approx-
imate interior solutions with physically meaningful energy-momentum ten-
sors and state equations. Because of its physical importance, in this work we
will review the Hartle-Thorne [122, 123] interior solution which are coupled
to an approximate exterior metric. Hereafter this solution will be denoted
as the HT solution. One of the most important characteristics of this family
of solutions is that the corresponding equation of state has been constructed
using realistic models for the internal structure of relativistic stars. Semi-
analytical and numerical generalizations of the HT metrics with more so-
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phisticated equations of state have been proposed by different authors [124].
A comprehensive review of these solutions is given in [121]. In all these
cases, however, it is assumed that the multipole moments (quadrupole and
octupole) are relatively small and that the rotation is slow.

To study the physical properties of solutions of Einstein’s equations, Fock
[125] proposed an alternative method in which the parameters entering the
exterior metric are derived by using physical models for the internal struc-
ture of the body. In this manner, the significance of the exterior parameters
become more plausible and the possibility appear of determining certain as-
pects of the interior structure of the object by using observations performed
in the exterior region of the body. Fock’s metric in its first-order approxima-
tion was recently generalized in 1985 by Abdildin [126, 127] to include the
case of rotating objects.

In this work, we review the main exact and approximate metrics which can
be used to study the interior and exterior gravitational field of compact ob-
jects and find the relationships between them. We will show that the exterior
HT approximate solution is equivalent to a special case of the QM solution
in the limit of a slowly rotating slightly deformed compact object (first order
in the quadrupole and second order in the angular momentum). Moreover,
we will show that a particular case of the extended Fock metric is equivalent
to the approximate exterior HT solution. Furthermore, since those particular
cases of the exterior HT metric that possess internal counterparts with plau-
sible equations of state are also special cases of the exterior QM metric, we
conclude that at least in those particular cases it should be possible to match
the QM solution with an exact interior still unknown solution so that it de-
scribes globally the gravitational field of astrophysical compact bodies.

This paper is organized as follows. In Section 8.2 we review the HT solu-
tions and briefly comment on their most important properties. In Section 8.3
we present Fock’s extended metric, as first derived by Abdildin [126, 127] in
harmonic coordinates, and introduce a set of new coordinates which makes
it suitable for comparison with other exterior metrics. Moreover, we find
explicitly the coordinate transformation that relates Fock’s extended metric
with the exterior HT solution.

In Section 8.4.2 we present a particular case of the QM metric which con-
tains, in addition to the mass and angular momentum parameters, an ad-
ditional parameter related to the mass quadrupole of the source. Here we
show explicitly that a limiting case of the QM metric contains the HT met-
ric. Finally, Section 8.5 contains discussions of our results and suggestions
for further research.
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8.2 The Hartle-Thorne metrics

To second order in the angular velocity, the structure of compact objects can
be approximately described by the mass, angular momentum and quadrupole
moment. An important consequence of this approximation is that the equi-
librium equations reduce to a set of ordinary differential equations. Hartle
and Thorne [122, 123] explored the gravitational field of rotating stars in this
slow rotation approximation. This formalism can be applied to most compact
objects including pulsars with millisecond rotational periods, but it shows
“large” discrepancies in the case of rapidly rotating relativistic objects near
the mass-shedding limit [121], i. e., when the angular velocity of the object
reaches the angular velocity of a particle in a circular Keplerian orbit at the
equator. In fact, recently in [128] and [129] it was shown that the second order
rotation corrections of the HT metric are sufficient to describe the properties
of stars with intermediate rotation rates. These results were generalized in
[130] to include third order corrections. It turns out that third order correc-
tions are irrelevant at the mass-shedding limit; however, they are important
to study the moment of inertia of rapidly rotating neutron stars. Moreover,
in [117] an analytical solution was derived that can be matched accurately
with interior numerical solutions. On the other hand, an alternative numeri-
cal study [131] shows that in the case of uniformly rotating neutron stars the
dimensionless specific angular momentum cannot exceed the value 0.7.

An additional property of this formalism is that it can be used to match an
interior solution with an approximate exterior solution. In this connection, it
is worth noticing that the problem of matching interior and exterior solutions
implies many mathematical and physical issues [132, 133, 134, 135, 136, 137],
including the performance of the metric functions and the coordinates at the
matching surface as well as the physical behavior of the internal parameters
like the density and pressure of the matter distribution. In the following sub-
sections we will present the interior and the exterior metrics and introduce
notations which will be used throughout the paper.

8.2.1 The interior solution

If a compact object is rotating slowly, the calculation of its equilibrium prop-
erties reduces drastically because it can be considered as a linear perturbation
of an already-known non-rotating configuration. This is the main idea of Har-
tle’s formalism [122]. To simplify the computation the following conditions
are assumed to be satisfied.
1) Equation of state: The matter in equilibrium configuration is assumed to
satisfy a one-parameter equation of state, P = P(E), where P is the pressure
and E is the mass-energy density.
2) Axial and reflection symmetry: The configuration is symmetric with re-
spect to an arbitrary axis which can be taken as the rotation axis. Further-
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more, the rotating object should be invariant with respect to reflections about
a plane perpendicular to the axis of rotation.
3) Uniform rotation: Only uniformly rotating configurations are considered
since it is known that configurations that minimize the total mass-energy
(e.g., all stable configurations) must rotate uniformly [138]. 1.
4) Slow rotation: This means that angular velocities Ω are small enough so
that the fractional changes in pressure, energy density and gravitational field
due to the rotation are all less than unity, i.e.

Ω2 ≪
( c

R′

)2 GM′

c2R′ (8.2.1)

where M′ is the mass and R′ is the radius of the non-rotating configuration.
The above condition is equivalent to the physical requirement Ω ≪ c/R′.

When the equilibrium configuration described above is set into slow ro-
tation, the geometry of space-time around it and its interior distribution of
stress-energy are changed. With an appropriate choice of coordinates, the
perturbed geometry is described by

ds2 = eν [1 + 2(h0 + h2P2)] dt2 − [1 + 2(m0 + m2P2)/(R − 2M′)]
1 − 2M′/R

dR2−

−R2 [1 + 2(v2 − h2)P2]
[
dΘ2 + sin2 Θ(dφ − ωdt)2

]
+ O(Ω3)

(8.2.2)

Here M′ is the mass of the non-rotating star, P2 = P2(cos Θ) is the Legen-
dre polynomial of second order, ω is the angular velocity of the local inertial
frame, which is a function of R and is proportional to the star’s angular veloc-
ity Ω, and, finally, h0, h2, m0, m2, v2 are all functions of R that are proportional
to Ω2.

In the above coordinate system the fluid inside the star moves with a 4-
velocity corresponding to a uniform and rigid rotation [141]. The contravari-
ant components are

ut = (gtt + 2Ωgtφ + Ω2gφφ)
−1/2, uφ = Ωut, uR = uΘ = 0. (8.2.3)

The quantity Ω that appears in the expression for ut is so defined that ω̄ ≡
Ω − ω is the angular velocity of the fluid relative to the local inertial frame.

The energy density and the pressure of the fluid are affected by the rotation
because it deforms the compact object. In the interior of the object at a given
(R, Θ), in a reference frame that is momentarily moving with the fluid, the
pressure is

P ≡ P + (E + P)(p∗0 + p∗2P2) = P + ∆P; (8.2.4)

1Notice, however, that stability is also possible in the case differentially rotating configura-
tions. See, for instance, [139, 140]
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the density of mass-energy is

E ≡ E + (E + P)(dE/dP)(p∗0 + p∗2P2) = E + ∆E. (8.2.5)

Here, p∗0 and p∗2 are dimensionless functions of R that are proportional to Ω2,
and describe the pressure perturbation, P is the pressure and E is the energy
density of the non-rotating configuration. The stress-energy tensor for the
fluid of the rotating object is

Tν
µ = (E+ P)uµuν − Pδν

µ. (8.2.6)

The rotational perturbations of the objects’s structure are described by the
functions ω̄, h0, m0, p∗0 , h2, m2, v2, p∗2 . These functions are calculated from Ein-
stein’s field equations (for details see [122, 123]).

8.2.2 The Exterior Solution

The HT metric describing the exterior field of a slowly rotating slightly de-
formed object is given by

ds2 =

(
1 − 2M

R

)[
1 + 2k1P2(cos Θ) + 2

(
1 − 2M

R

)−1 J2

R4
(2 cos2 Θ − 1)

]
dt2

−
(

1 − 2M

R

)−1
[

1 − 2k2P2(cos Θ)− 2

(
1 − 2M

R

)−1 J2

R4

]
dR2

−R2[1 − 2k3P2(cos Θ)](dΘ2 + sin2 Θdφ2) + 4
J

R
sin2 Θdtdφ

(8.2.7)

with

k1 =
J2

MR3

(
1 +

M

R

)
+

5

8

Q − J2/M

M3
Q2

2

(
R

M
− 1

)
,

k2 = k1 −
6J2

R4
,

k3 = k1 +
J2

R4
+

5

4

Q − J2/M

M2R

(
1 − 2M

R

)−1/2

Q1
2

(
R

M
− 1

)
,

where

Q1
2(x) = (x2 − 1)1/2

[
3x

2
ln

x + 1

x − 1
− 3x2 − 2

x2 − 1

]
, (8.2.8)

Q2
2(x) = (x2 − 1)

[
3

2
ln

x + 1

x − 1
− 3x3 − 5x

(x2 − 1)2

]
, (8.2.9)
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are the associated Legendre functions of the second kind. The constants M, J
and Q are related to the total mass, angular momentum and mass quadrupole
moment of the rotating object, respectively. This form of the metric corrects
some misprints of the original paper by Hartle and Thorne [123] (see also
[142] and [129]).

The total mass of a rotating configuration is defined as M = M′ + δM,
where M′ is the mass of non-rotating configuration and δM is the change
in mass of the rotating from the non-rotating configuration with the same
central density. It should be stressed that in the terms involving J2 and Q the
total mass M can be substituted by M′ since δM is already a second order
term in the angular velocity.

In general, the HT metric represents an approximate vacuum solution, ac-
curate to second order in the angular momentum J and to first order in the
quadrupole parameter Q. In the case of ordinary stars, such as the Sun,
considering the gravitational constant G and the speed of light c, the met-
ric (8.2.7) can be further simplified due to the smallness of the parameters:

GMSun

c2RSun
≈ 2 × 10−6,

GJSun

c3R2
Sun

≈ 10−12,
GQSun

c2R3
Sun

≈ 10−10. (8.2.10)

For this special case one can calculate the corresponding approximate met-
ric from (8.2.7) in the limit c → ∞. The computations are straightforward and
lead to

ds2 =

[
1 − 2GM

c2R
+

2GQ

c2R3
P2(cos Θ) +

2G2MQ

c4R4
P2(cos Θ)

]
c2dt2

+
4GJ

c2R
sin2 Θdtdφ −

[
1 +

2GM

c2R
− 2GQ

c2R3
P2(cos Θ)

]
dR2

−
[

1 − 2GQ

c2R3
P2(cos Θ)

]
R2(dΘ2 + sin2 Θdφ2) . (8.2.11)

This metric describes the gravitational field for a wide range of compact ob-
jects, and only in the case of very dense (GM ∼ c2R) or very rapidly rotating
(GJ ∼ c3R2) objects large discrepancies will appear.

8.3 The Fock’s approach

Fock proposed in [125] a method to analyze Einstein’s equations in the pres-
ence of matter and to derive approximate interior and exterior solutions.
This approach takes into account the internal properties of the gravitational
source, and reduces the problem of finding interior approximate solutions
to the computation of some integrals that depend explicitly on the physical
characteristics of the object. In this section, we present the main results of this
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approach, derive a particular interior approximate solution, and investigate
the possibility of matching it with an exterior counterpart.

8.3.1 The interior solution

Fock’s first-order approximation metric was recently re-derived and investi-
gated by Abdildin [143] in a simple manner. Initially, this metric was written
in its original form in a harmonic coordinate system [144, 145] as follows (a
derivation of this metric is presented in the Appendix)

ds2 =

[
c2 − 2U +

2U2

c2
− 2G

c2

∫
ρ
(

3
2 v2 + Π − U

)
− pkk

|~r −~r′|
(
dx′
)3

]
dt2

−
(

1 +
2U

c2

)(
dx1

2 + dx2
2 + dx3

2
)
+

8

c2
(U1dx1 + U2dx2 + U3dx3) dt,

(8.3.1)

where U is the Newtonian gravitational potential, ρ is the mass density of the
body, v is the speed of the particles inside the body, Π is the elastic energy

per unit mass, pik is the stress tensor, ~U is the gravitational vector potential.
Notice that the quantities ρ, v, Π and U that characterize the inner structure
of the source depend only on the ”inner” coordinates x′i, which are defined
inside the body only. To simplify the notations we omit the arguments that
define this coordinate dependence.

The corresponding energy-momentum tensor is given as

T00 =
ρ

c2

[
1 +

1

c2

(
v2

2
+ Π − U

)]
, (8.3.2)

T0i =
ρ

c2
vi , Tij =

1

c2

(
ρvivj − pij

)
. (8.3.3)

Newton’s potential satisfies the equation ∇2U = −4πGρ. The solution of this
equation that satisfies the asymptotically flatness condition at infinity can be
written in the form of a volume integral:

U = G
∫

ρ

|~r −~r′|
dx′1dx′2dx′3 . (8.3.4)

Furthermore, the vector potential must satisfy the equation ∇2Ui = −4πGρvi

whose general asymptotically flat solution can be represented as

Ui = G
∫

ρvi

|~r −~r′|
dx′1dx′2dx′3 . (8.3.5)

Additional details about this metric can be found in [146] and [147].
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It is worth noticing that Chandrasekhar, using the Fock method, obtained
in [148] a solution similar to (8.3.1) that later on was used by Hartle and Sharp
in [138]. However, it is not difficult to show that Chandrasekhar’s solution is
equivalent to (8.3.1). Indeed, the identification of the density

ρ = ρFock = ρChandra

[
1 +

1

c2

(
3U +

v2

2

)]
(8.3.6)

at the level of the energy-momentum tensor allows one to calculate the cor-
responding metric functions that show the equivalence of the metrics. More-
over, it has been shown in [148] that the solution for the non-rotating case
can be matched with the well-known Schwarzschild solution, appropriately
specialized to the case of spherical symmetry and hydrostatic equilibrium in
the post Newtonian approximation.

8.3.2 The exterior Fock metric for slow rotation and

spherically symmetric distribution of mass

In order to completely determine the metric, it is necessary to calculate the
above integrals. Clearly, the result will depend on the internal structure of
the body which is determined by the density ρ and velocity vi distributions.
Once these functions are given, the calculation of the integrals can be per-
formed in accordance with the detailed formalism developed by Fock [125]
and then extended and continued by Abdildin [126, 127] and Brumberg [149].
Consider, for instance, the case of a rotating sphere with total mass M. Then,
the corresponding exterior metric in spherical-like (non harmonic) coordi-
nates can be written as [126]

ds2 =

[
c2 − 2GM

r
− κ

GS2
0

c2Mr3

(
1 − 3 cos2 θ

)]
dt2 −

(
1 +

2GM

c2r

)
dr2

−r2
(

dθ2 + sin2 θdφ2
)
+

4GS0

c2r
sin2 θdφdt , (8.3.7)

where S0 is the angular momentum of the body2. Here we added the constant
κ and verified that in fact the above metric is an approximate solution for any
arbitrary real value of κ. This simple observation allows us to interpret Fock’s
procedure as a method to find out how the internal structure of the object
influences the values of the external parameters. For instance, the total mass
in the above metric is M but it can decomposed as

M = m +
ζ

c2
, (8.3.8)

2Notice the typos in the sign in front of S2
0 in Eqs. (1.78) and (1.79) of [127]
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where m is the rest mass of the body, and ζ is an arbitrary real constant which,
as the constant κ, depends on the internal properties of the body. In particular,
the cases of a liquid and a solid sphere have been analyzed in detail in [126,
127, 147] with the result

ζ =

{
8
3 T + 2

3 ε, for a liquid sphere,

4T + 2
3 ε, for a solid sphere,

κ =

{
4
7 , for a liquid sphere,
15
28 , for a solid sphere.

(8.3.9)
where T is the rotational kinetic energy of the body and ε is the energy of the
mutual gravitational attraction of the particles inside the body. In Sec. 8.4.1,
we will briefly explain how to obtain the above values.

8.3.3 The Kerr metric

To describe the gravitational field of the rotating sphere outside the source,
it seems physically reasonable to assume that the exterior vacuum metric be
asymptotically flat. In this case, the first obvious candidate is the Kerr so-
lution in the corresponding limit. The Kerr metric [110] in Boyer-Lindquist
coordinates [150, 149] can be written as

ds2 =

(
1 − 2µ̺

̺2 + a2 cos2 ϑ

)
c2dt2 − ̺2 + a2 cos2 ϑ

̺2 − 2µ̺ + a2
d̺2 −

(
̺2 + a2cos2 ϑ

)
dϑ2

−
(

̺2 + a2 +
2µ̺a2 sin2 ϑ

̺2 + a2 cos2 ϑ

)
sin2 ϑdφ2 − 4µ̺a sin2 ϑ

̺2 + a2 cos2 ϑ
cdtdφ ,

(8.3.10)

where

µ =
GM

c2
, a = − S0

Mc
. (8.3.11)

Expanding this metric to the order 1
c2 , one obtains

ds2 =

[
c2 − 2GM

̺
+

2GMa2

̺3
cos2 ϑ

]
dt2 −

(
1 +

2GM

̺c2
− a2

̺2
sin2 ϑ

)
d̺2

−̺2

(
1 +

a2

̺2
cos2 ϑ

)
dϑ2 − ̺2

(
1 +

a2

̺2

)
sin2 ϑdφ2 − 4GMa

̺c
sin2 ϑdφdt .

(8.3.12)

Furthermore, if we introduce new coordinates ̺ = ̺(r, θ), ϑ = ϑ(r, θ) by
means of the equations

̺ = r − a2 sin2 θ

2r
, ϑ = θ − a2 sin θ cos θ

2r2
, (8.3.13)
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8.3 The Fock’s approach

then the approximate Kerr metric (8.3.12) can be reduced to the following
form

ds2 =

[
c2 − 2GM

r
− GS2

0

c2Mr3

(
1 − 3 cos2 θ

)]
dt2 −

(
1 +

2GM

c2r

)
dr2

−r2
(

dθ2 + sin2 θdφ2
)
+

4GS0

c2r
sin2 θdφdt , (8.3.14)

which coincides with the metric (8.3.7) with κ = 1. Consequently, the ex-
tended Fock metric (8.3.7) can be interpreted as describing the exterior field
of a rotating body to second order in the angular velocity. The advantage of
using Fock’s method to derive this approximate solution is that it allows the
determination of the arbitrary constant κ. In fact, whereas κ = κL = 4/7 for
a liquid sphere and κ = κS = 15/28 for a solid sphere, the value for the Kerr
metric κ = κK = 1 does not seem to correspond to a concrete internal model.
On the other hand, all the attempts to find a physically meaningful interior
Kerr solution have been unsuccessful. Perhaps the relationship with Fock’s
formalism we have established here could shed some light into the structure
of the interior counterpart of the Kerr metric.

Furthermore, the coordinate transformation [123]

̺ = R− a2

2R

[(
1 +

2GM

c2R

)(
1 − GM

c2R

)
− cos2 Θ

(
1 − 2GM

c2R

)(
1 +

3GM

c2R

)]
,

(8.3.15)

ϑ = Θ − a2

2R2

(
1 +

2GM

c2R

)
cos Θ sin Θ , (8.3.16)

transforms the Kerr solution (8.3.10), expanded to second order in the angular
momentum, (here one should set G = c = 1) into the HT solution (8.2.7) with
J = −Ma, M = M and a particular quadrupole parameter Q = J2/M.

In this way, we have shown that the extended Fock metric coincides for
κ = 1 with the approximate Kerr solution which, in turn, is equivalent to
the exterior HT solution with a particular value of the quadrupole parameter.
The fact that in the Kerr solution the quadrupole moment is completely spec-
ified by the angular momentum is an indication that it can be applied only
to describe the gravitational field of a particular class of compact objects. A
physically meaningful generalization of the Kerr solution should include a
set or arbitrary multipole moments which are not completely determined by
the angular momentum. In the next section, we present a particular exact
solution characterized by an arbitrary quadrupole moment.
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8 Gravitational field of compact objects in general relativity

8.4 A solution with quadrupole moment

In this section, we will consider the case of deformed objects as, for example,
a rotating ellipsoid. It is obvious that if the form of the body slightly devi-
ates from spherical symmetry, it acquires multipole moments, in particular, a
quadrupole moment; the moments of higher order are negligible, especially,
for a slowly rotating ellipsoid. We will generalize Fock’s metric so that the
quadrupole moment appears explicitly from the integration of (8.3.1) and in
the Newtonian potential. It should be mentioned that finding external and
internal Newtonian potentials for a rotating ellipsoid is one of the classic
problems of both physics and mathematical physics. Some examples for a
homogeneous ellipsoid are considered in [151], but the most comprehensive
details on this matter are given in [152] and more recently in [153]. As for the
exterior counterpart, there are several exact solutions [114, 115, 113, 116, 117]
with quadrupole moment and rotation parameter that could be used as pos-
sible candidates to be matched with the interior approximate solution. In this
work, we limit ourselves to the study of a particular solution first proposed
in [154] and then generalized in [155, 118].

8.4.1 The exterior Fock solution

Let us consider the first-order approximation metric (8.3.1). It is convenient to
use the notation x′1 = x, x′2 = y, and x′3 = z. In general, the fact that the mass
density ρ = ρ(x, y, z) is a function of the coordinates does not allow us to find
explicit expression for the internal Newtonian potential. It is possible only by
numerical integration. However, for the case of uniform density there is in
the literature a reasonable number of exact solutions for rotating ellipsoids.
Since we consider slow rotation and the weak field approximation, we can
use the expansion for the Newtonian potential [151], [156]

U(r, θ) = G
∫

ρ

|~r −~r′|
dxdydz =

Gm

r
+

GD

2r3
P2(cos θ) , (8.4.1)

where m is the rest mass of the ellipsoid, D is the Newtonian quadrupole

moment, θ is the angle between r′ =
√

x2 + y2 + z2 and z — axis. The first
term in the expression above is the potential of a sphere and the second one
is responsible for the deviation from spherical symmetry. If one takes the z
axis as a rotating axis then the quadrupole moment is defined by

D =
∫

ρ(2z2 − x2 − y2)dxdydz. (8.4.2)
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8.4 A solution with quadrupole moment

For the rotating ellipsoid with uniform density the quadrupole moment is

D =
2m

5

(
r2

p − r2
e

)
, (8.4.3)

where rp and re are the polar and equatorial radii of the ellipsoid, respectively.
The mass of the ellipsoid is defined as the integral m =

∫
ρdxdydz that in the

case of an ellipsoid with uniform density yields

m =
4

3
πρr2

e rp . (8.4.4)

Note that the integration is carried out in the ranges of 0 ≤ x, y ≤ re and
0 ≤ z ≤ rp. Using the same procedure one may write the integral in Fock’s
metric as follows

∫
ρ
(

3
2 v2 + Π − U

)
− pkk

|~r −~r′|
dxdydz =

ζ

r
+

D

2r3
P2(cos θ), (8.4.5)

where

ζ =
∫ [

ρ

(
3

2
v2 + Π − U

)
− pkk

]
dxdydz , (8.4.6)

D =
∫ [

ρ

(
3

2
v2 + Π − U

)
− pkk

]
(2z2 − x2 − y2)dxdydz . (8.4.7)

The quantity D/c2 is the relativistic correction to the Newtonian quadrupole
moment D, i. e., the quadrupole moment due to rotation.

To evaluate the integrals we use the relation for a compressible elastic medium
[125]

ρΠ − ρU + p = ρW , (8.4.8)

where p is the isotropic pressure and W is the potential of the centrifugal
forces determined by

W =
1

2
wi

kwjkxixj, i, j, k = 1, 2, 3 (8.4.9)

or v2 = 2W, which is a consequence of the equation vi = w
j
ixj for the velocity

within the body. In these equations wik is the three-dimensional antisymmet-

ric tensor of the angular velocity of the body ~Ω. We may alternatively write
its components as

w23 = Ωx = Ω1, w31 = Ωy = Ω2, w12 = Ωz = Ω3 = Ω . (8.4.10)
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8 Gravitational field of compact objects in general relativity

In our case ~Ω = {0, 0, Ω}; hence the potential of the centrifugal forces is

W =
(x2 + y2)

2
Ω2. (8.4.11)

If we assume that the stress tensor within the body reduces to an isotropic
pressure p, i. e., pik = −pδik (a liquid always satisfies this condition), and
take Eq.(8.4.8) and v2 = 2W into account, Eqs. (8.4.6) and (8.4.7) reduce to the
simple form

ζ = 2
∫

[2ρW + p] dxdydz , (8.4.12)

D = 2
∫

[2ρW + p] (2z2 − x2 − y2)dxdydz . (8.4.13)

Furthermore, to evaluate these integrals we consider the following two cases
that determine the inner structure of the body:

1) A liquid body with following the equation of internal motion [125]

ρ

(
∂U

∂xi
− wi

kwjkxj

)
=

∂p

∂xi
. (8.4.14)

2) An absolute solid body with the following equation of internal motion
[149]

ρ
∂U

∂xi
=

∂p

∂xi
. (8.4.15)

These are the equations of hydrostatic equilibrium which are adopted by
Fock [125] and Brumberg [149] to describe the internal structure of the ob-
ject.

We limit ourselves to consider those cases in which the body rotates as a
whole, in the manner of a rigid body. Then, for both liquid and solid bodies
the rotational kinetic energy takes the form

T =
∫

ρWdxdydz =
IzzΩ2

2
, (8.4.16)

where Izz is the moment of inertia of the ellipsoid, which for a uniform den-
sity distribution, is equal to

Izz =
∫

ρ(x2 + y2) dxdydz =
2

5
mr2

e . (8.4.17)

The pressure can be expressed as

∫
p dxdydz =

{
1
3 (ε − 2T) , for a liquid body,
1
3 ε, for a solid body,

(8.4.18)
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8.4 A solution with quadrupole moment

where

ε =
1

2

∫
ρU dxdydz , (8.4.19)

represents the negative of the energy of mutual attraction of the constituent
particles of the body. For a uniform density it has form

ε =
3Gm2

5
√

r2
e − r2

p

arccos
rp

re
. (8.4.20)

The second moments

Tik =
∫

ρWx′ix
′
k dxdydz , (8.4.21)

can be computed by using the above expressions. Then, for the second mo-
ments of the pressure we obtain (see [143])

∫
px′ix

′
k dxdydz =

{
1
2 ηik − 2

5 Tik, for a liquid body,

− 1
2 Tik, for a solid body,

(8.4.22)

where (more details can be found in [143])

ηik = −2

5

∫
ρx′ix

′
kx′j

∂U

∂x′j
dxdydz . (8.4.23)

After calculating all the integrals we have

ζ =

{
8
3 T + 2

3 ε, for a liquid body,

4T + 2
3 ε, for a solid body,

(8.4.24)

D =





28
5

κLS2
0

I2
zz

[∫
ρ(x2 + y2)(z2 − x2)dxdydz

]
− 4

5

∫
ρ(z2 − x2)x′j

∂U
∂x′j

dxdydz, for a liquid body,

28
5

κSS2
0

I2
zz

[∫
ρ(x2 + y2)(z2 − x2)dxdydz

]
, for a solid body,

(8.4.25)
where S0 is the angular momentum of the body, which is found from

~S0 = Izz~Ω , (8.4.26)

and the numerical factors are

κ =

{
κL = 4

7 , for a liquid body,

κS = 15
28 , for a solid body.

(8.4.27)

Unlike the Newtonian scalar potential, the vector potential can be easily cal-
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8 Gravitational field of compact objects in general relativity

culated from

~U =
G

2r3

[
~S0 ×~r

]
. (8.4.28)

Introducing the effective (total) mass as

M = m +
ζ

c2
, (8.4.29)

for the Fock metric we obtain the following expression

ds2 =

[
c2 − 2

(
GM

r
+

GD

2r3
P2(cos θ)

)
+

2

c2

(
GM

r
+

GD

2r3
P2(cos θ)

)2

− GD

c2r3
P2(cos θ)

]
dt2

−
[

1 +
2GM

c2r
+

GD

c2r3
P2(cos θ)

] [
dr2 + r2(dθ2 + sin2 θdφ2)

]
+

4GS0

c2r
sin2 θdφdt ,

(8.4.30)

in harmonic coordinates. In order to write it in Schwarzschild like (standard)
spherical coordinates one should use the coordinate transformation

r → R − GM

c2
, θ → Θ. (8.4.31)

which transforms the metric (8.4.30) into

ds2 =

[
c2 − 2GM

R
−
(

D +
D

c2

)
G

R3
P2(cos Θ)− G2DM

c2R4
P2(cos Θ)

]
dt2 +

4GS0

c2R
sin2 Θdφdt

−
[

1 +
2GM

c2R
+

GD

c2R3
P2(cos Θ)

]
dR2 −

[
1 +

GD

c2R3
P2(cos Θ)

]
R2(dΘ2 + sin2 Θdφ2) ,

(8.4.32)

where we have neglected quadratic terms in the quadrupole parameter D. In
the limiting case with vanishing rotation S0 = 0 and vanishing quadrupole
moment D = D = 0, this metric represents the approximate Schwarzschild
solution.

An examination of the metric (8.4.30) shows that the rough approximation
with re ≈ rp ≈ rsphere and S0 6= 0 leads to the approximate Fock metric
considered in Sec. 8.3 with the total mass M, for a slowly rotating spherically
symmetric body with

D = 0, D = −2κS2
0

M
. (8.4.33)

It should be noted that an analogous result was obtained by Laarakkers and
Poisson [157]. They numerically computed the scalar quadrupole moment Q
of rotating neutron stars for several equations of state (EoS). They found that
for fixed gravitational mass M, the quadrupole moment is given as a simple
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8.4 A solution with quadrupole moment

quadratic fit

Q = −K
J2

Mc2
(8.4.34)

where J is the angular momentum of the star and K is a dimensionless quan-
tity that depends on the EoS. Note that the scalar quadrupole moment Q of
Laarakkers and Poisson is related to the one of Hartle and Thorne as follows
Q = −Q. The above quadratic fit reproduces Q with remarkable accuracy.
The quantity K varies between K ≈ 2 for very soft EoS’s and K ≈ 7.4 for very
stiff EoS’s, for M = 1.4MSun as in neutron stars. This is considerably different
from a Kerr black hole, for which K = 1 (see [121, 158]). Recently, the results
of [157] were modified taking into account the correct definition of multipole
moments [134]. Therefore the value of the K parameter in the numerical fit
(8.4.34) is slightly different from that given in [157]. In our case, we have sim-
ilar, but not the same results, since the Fock solution is not valid in the limit of
strong gravitational fields (like in neutron stars) and fast rotation. The values
for the constant κ are obtained from qualitative analyses in the limit of weak
field and slow rotation. In order to find exact values for κ one should specify
the EoS’s and perform numerical integrations. This task, however, is out of
the scope of the present work.

8.4.2 The exterior Quevedo-Mashhoon solution

In this section, we study the general metric describing the gravitational field
of a rotating deformed mass found by Quevedo and Mashhoon [154, 155, 159,
118], which is a stationary axisymmetric solution of the vacuum Einstein’s
equations belonging to the class of Weyl-Lewis-Papapetrou [160, 161, 162].
For the sake of simplicity we consider here a particular solution involving
only four parameters: the mass parameter M, the angular momentum pa-
rameter a, the quadrupole parameter q, and the additional Zipoy-Voorhees
[163, 164] constant δ. For brevity, in this section we use geometric units
with G = c = 1. The corresponding line element in spheroidal coordinates
(t, r, θ, φ) with r ≥ σ + M0, 0 ≤ θ ≤ π

2 is given by [165]

ds2 = f (dt − ωdφ)2

− e2γ

f

(
dθ2 +

dr2

r2 − 2M0r + a2

) [
(M0 − r)2 − (M2

0 − a2) cos2 θ
]

+
1

f

(
r2 − 2M0r + a2

)
sin2 θdφ2, (8.4.35)
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8 Gravitational field of compact objects in general relativity

where f , ω and γ are functions of r and θ only, and σ is a constant. They have
the form [x = (r − M0)/σ, y = cos θ]

f =
R̃

L
e−2qδP2Q2 , (8.4.36)

ω = −2a − 2σ
M

R̃
e2qδP2Q2 , (8.4.37)

e2γ =
1

4

(
1 +

M

σ

)2 R̃

(x2 − 1)δ
e2δ2γ̂, (8.4.38)

where

R̃ = a+a− + b+b−, L = a2
+ + b2

+, (8.4.39)

M = (x + 1)δ−1
[

x(1 − y2)(λ + η)a+ + y(x2 − 1)(1 − λη)b+
]

, (8.4.40)

γ̂ =
1

2
(1 + q)2 ln

x2 − 1

x2 − y2
+ 2q(1 − P2)Q1

+q2(1 − P2)[(1 + P2)(Q
2
1 − Q2

2)

+
1

2
(x2 − 1)(2Q2

2 − 3xQ1Q2 + 3Q0Q2 − Q′
2)]. (8.4.41)

Here Pl(y) and Ql(x) are Legendre polynomials of the first and second kind,
respectively. Furthermore

a± = (x ± 1)δ−1[x(1 − λη)± (1 + λη)], (8.4.42)

b± = (x ± 1)δ−1[y(λ + η)∓ (λ − η)], (8.4.43)

with

λ = α(x2 − 1)1−δ(x + y)2δ−2e2qδδ+ ,

η = α(x2 − 1)1−δ(x − y)2δ−2e2qδδ− , (8.4.44)

δ± =
1

2
ln

(x ± y)2

x2 − 1
+

3

2
(1 − y2 ∓ xy) +

3

4
[x(1 − y2)∓ y(x2 − 1)] ln

x − 1

x + 1
.

Morover, α and σ are constants defined as

α =
σ − M

a
, σ =

√
M2 − a2. (8.4.45)

The physical meaning of the parameters entering this metric can be investi-
gated in an invariant manner by calculating the Geroch-Hansen [18, 19] mo-
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ments:

M2k+1 = J2k = 0, k = 0, 1, 2, . . . , (8.4.46)

M0 = M + σ(δ − 1), (8.4.47)

M2 = −Ma2 +
2

15
qσ3 − 1

15
σ(δ − 1)

×
[
45M2 + 15Mσ(δ − 1)− (30 + 2q + 10δ − 5δ2)σ2

]
,(8.4.48)

J1 = Ma + 2aσ(δ − 1), (8.4.49)

J3 = −Ma3 +
4

15
aqσ3 − 1

15
aσ(δ − 1)

×
[
60M2 + 45Mσ(δ − 1)− 2σ2(15 + 2q + 10δ − 5δ2)

]
.(8.4.50)

The vanishing of the odd gravitoelectric (Mn) and even gravitomagnetic (Jn)
multipole moments is a consequence of the reflection symmetry with respect
to the equatorial plane θ = π/2. Note that in the limiting case δ = 1, M0 = M
is the total mass of the body, a represents the specific angular momentum,
and q is related to the deviation from spherical symmetry. All higher mul-
tipole moments can be shown to depend only on the parameters M, a, and
q. In general, we see that the Zipoy-Voorhees parameter is related to the
quadrupole moment of the source. In fact, even in the limiting static case
with a = 0 and q = 0, the only non-vanishing parameters are M = σ and δ
so that all gravitomagnetic multipoles vanish and one obtains M0 = Mδ and
M2 = − 1

3 M3δ(δ2 − 1) — the quadrupole moment that indicates a deviation
from spherical symmetry. Some geometrical properties of (8.4.35) versus par-
ticle motion and tidal indicators in this spacetime were explored in [142] and
[166], respectively.

Consider the limiting cases of the QM solution. For vanishing quadrupole
parameter, q = 0, δ = 1, and vanishing angular momentum a = 0, α = 0, and
σ = M, one recovers the Schwarzschild solution with the following metric
functions:

f = 1 − 2M

r
, ω = 0, γ =

1

2
ln

r(r − 2M)

(M − r)2 − M2 cos2 θ
. (8.4.51)

For vanishing quadrupole parameter and δ = 1, one recovers the Kerr solu-
tion (8.3.10) with ϑ → θ and ̺ → r and functions

f = 1 − 2Mr

r2 + a2 cos2 θ
, ω =

2aMr sin2 θ

r2 − 2Mr + a2 cos2 θ
, (8.4.52)

γ =
1

2
ln

r(r − 2M) + a2 cos2 θ

(M − r)2 − (M2 − a2) cos2 θ
. (8.4.53)
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The above limiting cases show that this solution describes the exact exterior
field a rotating deformed object. To compute the case of a slowly rotating and
slightly deformed body we choose the Zipoy-Voorhees parameter as δ = 1 +
sq, where s is a real constant. Then, expanding the metric (8.4.35) to first order
in the quadrupole parameter q and to second order in the rotation parameter
a, we obtain

f = 1 − 2M

r
+

2a2M cos2 θ

r3
+ q(1 + s)

(
1 − 2M

r

)
ln

(
1 − 2M

r

)

+3q
( r

2M
− 1
) [(

1 − M

r

)(
3 cos2 θ − 1

)

+

{( r

2M
− 1
)
(3 cos2 θ − 1)− M

r
sin2 θ

}
ln

(
1 − 2M

r

) ]
,(8.4.54)

ω =
2aMr sin2 θ

r − 2M
, (8.4.55)

γ =
1

2
ln

r(r − 2M)

(r − M)2 − M2 cos2 θ
+

a2

2

[
M2 cos2 θ sin2 θ

r(r − 2M)((r − M)2 − M2 cos2 θ)

]

+ q(1+ s) ln
r(r − 2M)

(r − M)2 − M2 cos2 θ
− 3q

[
1 +

1

2

( r

M
− 1
)

ln

(
1 − 2M

r

)]
sin2 θ.

(8.4.56)

The further simplification s = −1, and the coordinate transformation [123,
142, 167]

r = R +Mq +
3

2
Mq sin2 Θ

[
R

M
− 1 +

R2

2M2

(
1 − 2M

R

)
ln

(
1 − 2M

R

)]

− a2

2R

[(
1 +

2M

R

)(
1 − M

R

)
− cos2 Θ

(
1 − 2M

R

)(
1 +

3M

R

)]
(8.4.57)

θ = Θ − sin Θ cos Θ

{
3

2
q

[
2 +

(
R

M
− 1

)
ln

(
1 − 2M

R

)]
+

a2

2R

(
1 +

2M

R

)}

(8.4.58)
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transforms the approximate QM solution (8.4.54)–(8.4.56) into

ds2 =

[
1 − 2GM(1 − q)

c2R
+

2G

c2R3

(
J2

M
− 4

5
qM3

)(
1 +

GM(1 − q)

c2R

)
P2(cos Θ)

]
c2dt2

−4GMa

c2R
sin2 Θdtdφ −

[
1 +

2GM(1 − q)

c2R
− 2G

c2R3

(
J2

M
− 4

5
qM3

)
P2(cos Θ)

]
dR2

−
[

1 − 2G

c2R3

(
J2

M
− 4

5
qM3

)
P2(cos Θ)

]
R2(dΘ2 + sin2 Θdφ2) .

(8.4.59)

Here we introduced again all the necessary constants G and c in order to com-
pare our results with previous metrics. Finally, if we redefine the parameters
M, a, and q as

M = M(1 − q), J = −Ma, Q =
J2

M
− 4

5
M3q , (8.4.60)

the approximate metric (8.4.59) coincides with the exterior HT metric (8.2.11)
and, consequently, can be matched with the interior HT metric discussed in
8.2.

The above metric is equivalent to the exterior extended Fock metric dis-
cussed in the previous subsection. To see this one has to consider the exterior
solution (8.4.32) which is written in the same coordinates as the exterior solu-
tions (8.4.59) and (8.2.11). It is convenient to show first the equivalence with
the exterior HT solution (8.2.11) that yields the conditions

M = M, J = S0, Q = −1

2

(
D +

D

c2

)
. (8.4.61)

The equivalence with the approximate QM solution (8.4.59) follows then from
the comparison of Eqs.(8.4.60) and (8.4.61). We obtain

q =
5

8

c4

G2

1

M3

[
D +

1

c2

(
D+

2J2

M

)]
, (8.4.62)

and for vanishing D

q =
5

4

c2

G2

J2

M4
(1 − κ) . (8.4.63)

This result is in accordance with the limiting case of the Kerr metric for which
we obtained that κ = 1 and hence q = 0.

Thus we come to the conclusion that in the limit of a slowly rotating and
slightly deformed body the QM approximate solution is equivalent to the
exterior Fock solution.
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8 Gravitational field of compact objects in general relativity

8.5 Conclusions

In this work, we studied the gravitational field of slowly rotating, slightly de-
formed astrophysical compact objects. We presented the main exact and ap-
proximate solutions of Einstein’s equations that can be used to describe the
interior and the exterior gravitational field. In particular, we presented the
method proposed by Hartle and Thorne to find interior and exterior approx-
imate solutions, and the method proposed by Fock to derive approximate
interior and exterior solutions. We derived an extension of the approximate
exterior Fock metric that takes into account up to the first order the contribu-
tion of a quadrupole parameter that describes the deviation of the body from
spherical symmetry. A particular parameter that enters the extended Fock
metric turns out to have very specific values in the case of a liquid sphere
and a solid sphere. In the case of the approximate Kerr metric, this parameter
does not seem to correspond to any known interior model analyzed in the
framework of Fock’s formalism.

We found that a particular QM solution, which in general possesses an infi-
nite set of gravitational and electromagnetic multipole moments, contains the
exact Kerr metric and the approximate HT metric as special cases. Moreover,
since the HT solution is endowed with its interior counterpart, we conclude
that the approximate QM solution (to the second order in the angular mo-
mentum and to the first order in the quadrupole parameter) can be matched
with the interior HT solution, indicating that it can be used to correctly de-
scribe the gravitational field of astrophysical compact objects. Moreover, we
showed that the explicit form of the exterior Fock metric is equivalent to the
approximate exterior QM solution.

To avoid the technical problems that are usually found in the process of
matching solutions [137], we use the same set of coordinates inside and out-
side the body. In the cases presented here, this can be done in a relative easy
way only because all the coordinate transformations are not calculated ex-
actly, but with the same approximation as the metric functions. This approach
allows us to reduce the matching problem to the comparison of the metrics
on the matching surfaces in such a way that only algebraic conditions ap-
pear. Using this method, we could show that the approximate Kerr metric
cannot be matched with an interior Fock solution. However, if we take into
account an additional quadrupole parameter, the matching of the extended
Fock metric can be carried out by using as exterior counterpart a particular
approximate QM solution that contains the Kerr metric as special case. We
conclude that the quadrupole parameter offers an additional degree of free-
dom that allows the matching. A first step in this direction was recently taken
forward in [168]. It would be interesting to see if this is also true in the case
of exact solutions. This could shed some light into the problem of finding a
realistic gravitational source for the Kerr metric, a long-standing problem of
classical general relativity.
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Appendix: Abdildin’s metric

In this Appendix, we present a review of the derivation of a generalization
of Fock’s metric, based upon the approach formulated by Abdildin in [127].
The original approximate metric derived by Fock in [125] can be written as

ds2 =
(

c2 − 2U
)

dt2 −
(

1 +
2U

c2

)(
dx1

2 + dx2
2 + dx3

2
)
+

8

c2
(U1dx1 + U2dx2 + U3dx3) dt,

(8.5.1)
where U is the Newtonian gravitational potential that satisfies the equation
∇2U = −4πGρ, where ρ represents the matter density of the gravitational

source. Moreover, the gravitational vector potential ~U satisfies the equation
∇2Ui = −4πGρvi, where vi are the components of the 3-velocity of the par-
ticles inside the source. The coordinates xµ are harmonic functions satisfying
the D’Alambert equation �xµ = 0.

As noticed by Abdildin, the metric (8.5.1) presents certain difficulties. First,
the components g0i and gij contain a relativistic contribution that is absent in
the component g00. Second, if we use the metric (8.5.1) to investigate the
motion of test particles in a Kepler potential, we obtain an expression for the
perihelion shift that differs from the correct one by a factor of 1/2. Finally,
in the case of a static field or for Gaussian-like coordinate systems Udt2 ∼
dx2

1 + dx2
2 + dx2

3, i.e., the relativistic correction of g00 must be of the same
order as that of gij.

From the above observations it follows that it is necessary to consider a
more appropriate expression for the component

g00 =
1

c2
+

2U

c4
+

Φ

c6
, (8.5.2)

where Φ is an unknown function which must satisfy the corresponding ap-
proximate Einstein equation in harmonic coordinates

R00 =
1

2
∇2g00 − 2U

c6
∇2U − 2

c6 ∑
i

(
∂U

∂xi

)2

= −8πG

c2

(
T00 − 1

2
g00T

)
.

(8.5.3)
As for the components of a energy-momentum tensor, in the case of an elastic
source one can use the expressions

T00 =
ρ

c2

[
1 +

1

c2

(
v2

2
+ Π − U

)]
, T0i =

ρ

c2
vi , Tij =

1

c2

(
ρvivj − pij

)
,

(8.5.4)
where Π is the elastic energy. It is then straightforward from Eqs.(8.5.3) and
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8 Gravitational field of compact objects in general relativity

(8.5.4) to conclude that

Φ = 2U2 + 2G
∫

ρ
(

3
2 v2 + Π − U

)

|~r −~r′| (dx′)3 − 2G
∫

pkk

|~r −~r′| (dx′)3 (8.5.5)

where pkk = p11 + p22 + p33. Consequently, the generalized approximate
metric is

ds2 =

[
c2 − 2U +

2U2

c2
− 2G

c2

∫
ρ
(

3
2 v2 + Π − U

)
− pkk

|~r −~r′|
(
dx′
)3

]
dt2

−
(

1 +
2U

c2

)(
dx1

2 + dx2
2 + dx3

2
)
+

8

c2
(U1dx1 + U2dx2 + U3dx3) dt .

(8.5.6)

This form of the metric overcome all the difficulties mentioned above for the
original Fock metric (8.5.1), and is used everywhere in the present work to
obtain the correct approximations.
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9 Quadrupolar gravitational fields

described by the q−metric

9.1 Introduction

The Zipoy–Voorhees metric [163, 164] was discovered more than forty years
ago as a particular exact solution of Einstein’s vacuum field equations that
belongs to the Weyl class [1] of vacuum solutions. In this work, we will refer
to the Zipoy-Voorhees solution as to the q−metric for a reason that will be ex-
plained below. Since its discovery, many works have been devoted to the in-
vestigation of its geometric and physical properties. In particular, it has been
established that it describes an asymptotically flat spacetime, it possesses two
commuting, hypersurface orthogonal Killing vector fields that imply that the
spacetime is static and axially symmetric, it contains the Schwarzschild met-
ric as a special case that turns out to be the only one with a true curvature
singularity surrounded by an event horizon [169, 170, 171, 172, 173].

In a recent work [174], it was proposed to interpret the q−metric as describ-
ing the gravitational field of a distribution of mass whose non-spherically
symmetric shape is represented by an independent quadrupole parameter.
Moreover, the curvature singularities turn out to be localized inside a region
situated very close to the origin of coordinates. Consequently, this metric
can be used to describe the exterior gravitational field of deformed distribu-
tions of mass in which the quadrupole moment is the main parameter that
describes the deformation. Tue question arises whether it is possible to find
an interior metric that can be matched to the exterior one in such a way that
the entire spacetime is described. To this end, it is usually assumed that the
interior mass distribution can be described by means of a perfect fluid with
two physical parameters, namely, energy density and pressure. The energy-
momentum tensor of the perfect fluid is then used in the Einstein equations
as the source of the gravitational field. It turns out that the system of the cor-
responding differential equations cannot be solved, because the number of
equations is less than the number of unknown functions. This problem is usu-
ally solved by imposing equations of state that relate the pressure and density
of the fluid. In this work, however, we will explore a different approach that
was first proposed by Synge [84]. To apply this method, one first uses gen-
eral physical considerations to postulate the form of the interior metric and
then one evaluates the energy-momentum tensor of the source by using Ein-
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9 Quadrupolar gravitational fields described by the q−metric

stein’s equations. In this manner, any interior metric can be considered as an
exact solution of the Einstein equations for some energy-momentum tensor.
However, the main point of the procedure is to impose physical conditions
on the resulting matter source so that it corresponds to a physical reasonable
configuration. In general, one can impose the energy conditions, the match-
ing conditions with the exterior metric, and conditions on the behavior of the
metric functions near the center of the source and on the boundary with the
exterior field.

9.2 The Zipoy–Voorhees transformation

Zipoy [163] and Voorhees [164] investigated static, axisymmetric vacuum so-
lutions of Einstein’s equations and found a simple transformation which al-
lows to generate new solutions from a known solution. To illustrate the idea
of the transformation, we use the general line element for static, axisymmetric
vacuum gravitational fields in prolate spheroidal coordinates (t, x, y, ϕ):

ds2 = e2ψdt2 −σ2e−2ψ

[
e2γ(x2 − y2)

(
dx2

x2 − 1
+

dy2

1 − y2

)
+ (x2 − 1)(1 − y2)dϕ2

]
,

(9.2.1)
where the metric functions ψ and γ depend on the spatial coordinates x and
y, only, and σ represents a non-zero real constant. The corresponding vacuum
field equations can be written as

[(x2 − 1)ψx]x + [(1 − y2)ψy]y = 0 , ψx =
∂ψ

∂x
, (9.2.2)

γx =
1 − y2

x2 − y2

[
x(x2 − 1)ψ2

x − x(1 − y2)ψ2
y − 2y(x2 − 1)ψxψy

]
, (9.2.3)

γy =
1 − y2

x2 − y2

[
y(x2 − 1)ψ2

x − y(1 − y2)ψ2
y + 2x(1 − y2)ψxψy

]
. (9.2.4)

It can be seen that the function γ can be calculated by quadratures once ψ is
known. If we demand that ψ be asymptotically flat, i.e.,

lim
x→∞

ψ(x, y) = 0 , (9.2.5)

it can be shown [175] that using quadratures the asymptotically flat function
γ can be calculated as

γ = (x2 − 1)
∫ y

−1
(x2 − y2)−1

[
y(x2 − 1)ψ2

x − y(1 − y2)ψ2
y + 2x(1 − y2)ψxψy

]
dy .

(9.2.6)
Suppose that a solution ψ0 and γ0 of this system is known. It is then easy to
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9.2 The Zipoy–Voorhees transformation

see that ψ = δψ0 and γ = δ2γ0 is also a solution for any constant δ. This is the
Zipoy-Voorhees transformation that can be used to generate new solutions.
The simplest example is

ψ =
δ

2
ln

x − 1

x + 1
, γ =

δ2

2
ln

x2 − 1

x2 − y2
, (9.2.7)

which is generated from Schwarzschild solution (δ = 1). This metric is
known in the literature as the δ−metric to emphasize the fact that it is ob-
tained by applying a Zipoy-Voorhees transformation with constant δ.

A different representation can be obtained by using cylindrical coordinates
that are defined as

ρ = σ
√
(1 − y2)(x2 − 1) , z = σxy . (9.2.8)

and in which the line element becomes

ds2 = e2ψdt2 − e−2ψ
[
e2γ(dρ2 + dz2) + ρ2dϕ2

]
. (9.2.9)

Then, the vacuum field equations can be expressed as

ψρρ +
1

ρ
ψρ + ψzz = 0 , (9.2.10)

γρ = ρ(ψ2
ρ − ψ2

z) , γz = 2ρψρψz . (9.2.11)

In this representation, the Zipoy-Voorhees metric can be expressed in the
Weyl form [1]

ψ =
∞

∑
n=0

an

(ρ2 + z2)
n+1

2

Pn(cos θ) , cos θ =
z√

ρ2 + z2
, (9.2.12)

γ = −
∞

∑
n,m=0

anam(n + 1)(m + 1)

(n + m + 2)(ρ2 + z2)
n+m+2

2

(PnPm − Pn+1Pm+1) . (9.2.13)

where an (n = 0, 1, ...) are arbitrary constants, and Pn(cos θ) represents the
Legendre polynomials of degree n. The Zipoy-Voorhees metric can be ob-
tained by choosing the constants an in such a way that the infinite sum (9.2.12)
converges to (9.2.7) in cylindric coordinates. A simpler representation, how-
ever, is obtained in spherical coordinates which are defined by means of the
relationships

ρ2 = (r2 − 2σr) sin2 θ , z = (r − σ) cos θ , (9.2.14)
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9 Quadrupolar gravitational fields described by the q−metric

so that the metric becomes

ds2 = ∆δdt2 − ∆1−δ

[
Σ1−δ2

∆δ2−1

(
dr2

∆
+ r2dθ2

)
+ r2 sin2 θdϕ2

]
, (9.2.15)

∆ = 1 − 2σ

r
, Σ = 1 − 2σ

r
+

σ2

r2
sin2 θ . (9.2.16)

An analysis of the Newtonian limit of this metric shows that it corresponds
to a thin rod source of constant density δ, uniformly distributed along the
z−axis from z1 = −σ to z2 = σ. In the literature, usually a different con-
stant γ is used instead of δ, and, therefore, the Zipoy-Voorhees metric in the
representation (9.2.15) is known as the Gamma-metric.

9.3 The q−metric

If we start from the Schwarzschild solution and apply a Zipoy-Voorhees trans-
formation with δ = 1 + q, we obtain the metric

ds2 =

(
1 − 2m

r

)1+q

dt2

−
(

1 − 2m

r

)−q


(

1 +
m2 sin2 θ

r2 − 2mr

)−q(2+q)(
dr2

1 − 2m
r

+ r2dθ2

)
+ r2 sin2 θdϕ2


 .

(9.3.1)
In [174], it was shown that this is the simplest generalization of the Schwarzschild
solution that contains the additional parameter q, which describes the de-
formation of the mass distribution. In fact, this can be shown explicitly by
calculating the invariant Geroch multipoles [18]. The lowest mass multipole
moments Mn, n = 0, 1, . . . are given by

M0 = (1 + q)m , M2 = −m3

3
q(1 + q)(2 + q) , (9.3.2)

whereas higher moments are proportional to mq and can be completely rewrit-
ten in terms of M0 and M2. Accordingly, the arbitrary parameters m and q
determine the mass and quadrupole which are the only independent multi-
pole moments of the solution. In the limiting case q = 0 only the monopole
M0 = m survives, as in the Schwarzschild spacetime. In the limit m = 0, with
q 6= 0, all moments vanish identically, implying that no mass distribution is
present and the spacetime must be flat. The same is true in the limiting case
q → −1 which corresponds to the Minkowski metric. Notice that all odd
multipole moments are zero because the solution possesses an additional re-
flection symmetry with respect to the equatorial plane θ = π/2.
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The deformation is described by the quadrupole moment M2 which is pos-
itive for a prolate source and negative for an oblate source. This implies that
the parameter q can be either positive or negative. Since the total mass M0 of
the source must be positive, we must assume that q > −1 for positive values
of m, and q < −1 for negative values of m. We conclude that the above met-
ric can be used to describe the exterior gravitational field of a static positive
mass M0 with a positive or negative quadrupole moment M2. The behavior
of the mass moments depends on the explicit value of q. We will refer to the
metric (9.3.1) as to the q−metric to the emphasize its physical significance as
the simplest solution with an independent quadrupole moment.

The Kretschmann scalar

K = RµνλτRµνλτ =
16m2(1 + q)2

r4(2+2q+q2)

(r2 − 2mr + m2 sin2 θ)2(2q+q2)−1

(1 − 2m/r)2(q2+q+1)
L(r, θ) ,

(9.3.3)

L(r, θ) = 3(r − 2m − qm)2(r2 − 2mr + m2 sin2 θ)

+m2q(2 + q) sin2 θ[m2q(2 + q) + 3(r − m)(r − 2m − qm)] ,(9.3.4)

can be used to explore the singularities of the spacetime. We can see that
only the cases q = −1 and m = 0 are free of singularities. In fact, as no-
ticed above, these cases correspond to a flat spacetime. A singularity exists
at r → 0 for any value of q and m. In fact, for negative values of m this is the
only singular point of the spacetime which thus describes a naked singularity
situated at the origin. In the range 2q(2 + q) < 1 with m > 0, there is singu-
larity at those values of r that satisfy the condition r2 − 2mr + m2 sin2 θ = 0,
i.e, these singularities are all situated inside a sphere of radius 2m. Finally,
an additional singularity appears at the radius r = 2m which, according to
the metric (9.3.1), is also a horizon in the sense that the norm of the timelike
Killing tensor vanishes at that radius. Outside the hypersurface r = 2m no
additional horizon exists, indicating that the singularities situated at r = 2m
and inside this sphere are naked. This result is in accordance with the black
holes uniqueness theorems which establishes that the only compact object
possessing an event horizon that covers the inner singularity is described by
the Schwarschild solution.

The position of the outer most singularity situated at rs = 2m can be eval-
uated by using the expression for the invariant mass, i.e, rs = 2M0/(1 + q).
In astrophysical compact objects, one expects that the quadrupole moment is
small so that q << 1. Then the radius rs of the singular sphere is of the order
of magnitude of the Schwarzschild radius 2M0 of a compact object of mass
M0, which is usually located well inside the matter distribution. It follows
that it should be possible to “eliminate” the naked singular sphere by find-
ing the interior metric of an appropriate matter distribution that would fill
completely the singular regions.
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9.4 The interior metric

It is very difficult to find physically reasonable solutions in general relativity,
because the underlying differential equations are highly nonlinear with very
strong couplings between the metric functions. In [176], a numerical solution
was derived for a particular choice of the interior static and axially symmetric
line element

ds2 = f dt2 − e2k0

f

(
dr2

h
+ dθ2

)
− µ2

f
dϕ2 , (9.4.1)

where
e2k0 = (r2 − 2mr + m2 cos2 θ)e2k(r,θ) , (9.4.2)

and f = f (r, θ), h = h(r), and µ = µ(r, θ). To solve Einstein’s equations with
a perfect fluid source, the pressure and the energy must be functions of the
coordinates r and θ. However, if we assume that ρ = const, the complexity of
the corresponding differential equations reduces drastically:

pr = −1

2
(p + ρ)

fr

f
, pθ = −1

2
(p + ρ)

fθ

f
, (9.4.3)

µrr = − 1

2h

(
2µθθ + hrµr − 32πp

µe2γ0

f

)
, (9.4.4)

frr =
f 2
r

f
−
(

hr

2h
+

µr

µ

)
fr +

f 2
θ

h f
− µθ fθ

µh
− fθθ

h
+ 8π

(3p + ρ)e2γ0

h
. (9.4.5)

In addition, the function k is determined by a set of two partial differential
equations which can be integrated by quadratures once f and µ are known.
The integrability condition of these partial differential equations turns out
to be satisfied identically by virtue of the remaining field equations. It is
then possible to perform a numerical integration by imposing appropriate
initial conditions. In particular, if we demand that the metric functions and
the pressure are finite at the axis, it is possible to find a class of numerical
solutions which can be matched with the exterior q−metric with a pressure
that vanishes at the matching surface.

A different approach consists in postulating the interior line element and
evaluating the energy-momentum tensor from the Einstein equations. This
method was first proposed by Synge and has been applied very intensively
to find approximate interior solutions [177, 178]. To find the interior metric
we proceed as follows. Consider the case of a slightly deformed mass. This
means that the parameter q can be considered as infinitesimal and this fact
can be used to construct the interior metric functions. In fact, to the zeroth-
order an interior line element can be obtained just by assuming that instead
of the constant m, the function µ(r) appears in the metric. In the case of the
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q−metric, the functions entering the metric can be separated as

(
1 − 2m

r

)(
1 − 2m

r

)c1q+c2q2

, (9.4.6)

where c1 and c2 are constants. Then, to the first order in q, we can approxi-
mate this combination of functions as

(
1 − 2µ

r

)
[1 + c1qα(r)] . (9.4.7)

Following this procedure, an appropriate interior line element for the q−metric
(9.3.1) can be expressed as

ds2 =

(
1 − 2µ

r

)
(1+ qα)dt2 − (1+ qα+ qβ)

(
dr2

1 − 2µ
r

+ r2dθ2

)
− r2 sin2 θ(1− qα)dϕ2 ,

(9.4.8)
where µ = µ(r), α = α(r) and β = β(r, θ).

Let us now consider the boundary conditions at the matching surface by
comparing the above interior metric (9.4.8) with the q−metric to first order in
q, i.e.,

ds2 =

(
1 − 2m

r

) [
1 + q ln

(
1 − 2m

r

)]
dt2 − r2

[
1 − q ln

(
1 − 2m

r

)]
dϕ2

−
[

1 + q ln

(
1 − 2m

r

)
− 2q ln

(
1 − 2m

r
+

m2

r2
sin2 θ

)](
dr2

1 − 2m
r

+ r2dθ2

)
.(9.4.9)

A comparison of the metrics (9.4.8) and (9.4.9) shows that they coincide at the
matching radius r = rm, if the conditions

µ(rm) = m , α(rm) = ln

(
1 − 2m

rm

)
, β(rm, θ) = −2 ln

(
1 − 2m

rm
+

m2

r2
m

sin2 θ

)
,

(9.4.10)
are satisfied. Notice that we reach the desired matching by fixing only the
radial coordinate as r = rm, but it does not mean that the matching surface is
a sphere. Indeed, the shape of matching surface is determined by the condi-
tions t = const and r = rm which, according to Eq.(9.4.9), determine a surface
with explicit θ−dependence.

Finally, we calculate the Einstein tensor G
µ
ν and find that the only non-

diagonal component Gr
θ implies the equation

βθ =
r cos θ

sin θ

(r − 2µ)(2αr + βr)

rµr − r + µ
(9.4.11)
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which partially determines the function β(r, θ). Furthermore, the energy con-
ditions Tt

t ≥ 0 and Tt
t − Tr

r ≥ 0 lead to

q [βθθ + rβrr(r − 2µ)− βr(rµr + µ − r) + 4µr(α + β)− 2rαr] ≥ 4µr , (9.4.12)

q [βθθ + rβrr(r − 2µ) + 4βµr + 4µαr + cot θβθ] ≥ 0 , (9.4.13)

respectively. A preliminary numerical analysis of these equations shows that
it is possible to find solutions that satisfy the boundary conditions and the en-
ergy conditions simultaneously. In fact, the pressure and the energy density
obtained in this way show a profile that is in accordance with the physical
expectations. We conclude that by applying Synge’s method it is possible to
find physically reasonable interior solutions for the exterior q−metric. How-
ever, it will be necessary to further analyze the numerical solutions to find
the ranges of boundary values of the main physical parameters that one can
use to obtain physical configurations.

9.5 Final remarks

In this work, we discussed the Zipoy-Voorhees metric in different coordi-
nate representations. We propose a different interpretation in terms of the
quadrupole parameter q and, therefore, we designate it the q−metric. We
found all the singularities of the underlying spacetime. It was shown that
only the Minkowski spacetime is free of curvature singularities, and that only
the Schwarzschild spacetime possesses an event horizon that separates the in-
ner singularity from the exterior spacetime. For all the remaining cases with
non-vanishing quadrupole moment, it was established that naked singular-
ities are present inside a sphere with a radius which is of the same order or
magnitude of the Schwarzschild radius for astrophysical compact objects.

We investigated the possibility of finding interior metrics that could be
matched with the exterior q−metric. In particular, we postulated a specific
line element for the interior metric and used Synge’s method to derive the
matter distribution. The matching conditions and the energy conditions were
calculated explicitly in the case of a deformed source with a small quadrupole
parameter. It was shown that the resulting system of differential equations is
compatible and that particular solutions can be calculated by using numerical
methods.

The resulting system of differential equations for the functions of the inte-
rior metric indicates that one can try to find analytical solutions, at least in
the case of a slightly deformed mass distribution. To do this, it will be nec-
essary to investigate in detail the mathematical properties of the differential
equations. This is a task for future investigations.

Moreover, we expect to apply the same method in the case of rotating
sources. The rotating q−metric was derived in [175], but no attempts have
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been made to investigate its physical properties and the possibility of match-
ing it with a suitable interior metric.
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10 Conformastatic disk-haloes in

Einstein-Maxwell gravity

10.1 Introduction

A large number of galaxies and other astrophysical systems have extended
mass distributions surrounded by a material halo. For practical reasons one
can assume that many of these systems preserve axial symmetry and, there-
fore, they can be modeled in terms of relativistic thin disks with exterior ha-
los, in particular when the gravity field is strong enough. Disks may also be
used to model accretion disks, galaxies in thermodynamic equilibrium and
the superposition of a black hole and a galaxy. Disk sources for stationary
axially symmetric spacetimes with magnetic fields are also of astrophysical
importance mainly in the study of neutron stars, white dwarfs and galaxy
formation. To describe the gravitational and electromagnetic fields of such
configurations we will use general relativity and Maxwell’s theory. Conse-
quently, we are interested in deriving and analyzing exact solutions of the
Einstein-Maxwell equations. On the other hand, the study of axially sym-
metric solutions of the Einstein and Einstein-Maxwell field equations corre-
sponding to shells and disk-like configurations of matter, apart from its as-
trophysical relevance, has a clear purely mathematical interest.

Exact solutions that have relativistic static thin disks as their sources were
first studied by Bonnor and Sackfield [179] and Morgan and Morgan [180,
181]. Subsequently, several classes of exact solutions corresponding to static
[182, 183, 184, 185, 186, 187, 188, 189, 190, 191] and stationary [192, 193, 194,
195, 196] thin disks have been obtained by different authors. The superposi-
tion of a static or stationary thin disk with a black hole has been considered in
[197, 198, 199, 200, 201, 202, 203, 204, 205]. Thin disks around static black holes
in a magnetic field have been studied in [206]. Relativistic disks embedded in
an expanding Friedman-Lemaı̂tre-Roberton-Walker universe have been stud-
ied in [207], perfect fluid disks with halos in [208]. Furthermore, the stability
of thin disks models has been investigated using a first order perturbation of
the energy-momentum tensor in [209]. On the other hand, thin disks have
been discussed as sources for Kerr-Newman fields [210, 211], magnetostatic
axisymmetric fields [212, 213], and conformastatic and conformastationary
metrics [214, 215, 222]. Also, models of electrovacuum static counterrotating
dust disks were presented in [216], charged perfect fluid disks were studied
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in [217], and charged perfect fluid disks as sources of static and Taub-NUT-
type spacetimes in [218, 219]. Also, monopole and dipole layers in curved
spacetimes were analyzed in [220], and electromagnetic sources distributed
on shells in a Schwarzschild background in [221].

Now, the thin disks with magnetic fields presented in [210, 211, 212] were
obtained by means of the well-known “displace, cut and reflect” method
that introduces a discontinuity in the first-order derivative of an otherwise
smooth solution. The result is a solution with a singularity of the delta-
function type in the entire z = 0 hypersurface, and so it can be interpreted as
an infinite thin disk. On the other hand, solutions that can be interpreted
as thin disks of finite extension can be obtained if an appropriate coordi-
nate system is introduced. A coordinate system that adapts naturally to a
finite source and presents the required discontinuous behavior is given by
the oblate spheroidal coordinates. Some examples of finite thin disks ob-
tained from vacuum solutions expressed in these coordinates can be found in
references [179, 180, 182, 185], and from electrovacuum solutions in reference
[222].

In a previous work [222], we presented an infinite family of conformastatic
axially symmetric charged dust disks of finite extension with well-behaved
surface energy and charge densities. These disks have a charge density that
is equal, up to a sign, to their energy density, and so they are examples of
the commonly named “electrically counterpoised dust” equilibrium config-
uration. The energy density of the disks is everywhere positive and well-
behaved, vanishing at the edge. Furthermore, since the energy density of the
disks is everywhere positive and the disks are made of dust, all the models
are in a complete agreement with all the energy conditions, a fact of partic-
ular relevance in the study of relativistic thin disks models. In the present
paper, we extend these studies to obtain a model corresponding to a system
that is composed of a thin disk and an exterior halo. The main purpose of this
work is, then, to extend the previous electric field to include an electromag-
netic field, and the previous “isolated” thin disk to include a thin disk-halo
system.

In this work, we present a relativistic model describing a thin disk sur-
rounded by a halo in presence of an electromagnetic field. The model is ob-
tained by solving the Einstein-Maxwell equations for a conformastatic space-
time, and by using the distributional approach under the assumption that the
energy-momentum tensor can be expressed as the sum of two distributional
contributions, one due to the electromagnetic part and the other one due to
a “material” part. In this way, explicit expressions for the energy, pressure,
electric current and electromagnetic field are obtained for the disk region and
for the halo region. In order to obtain the solutions, an auxiliary function
is introduced that determines the functional dependence of the metric and
the electromagnetic potential. It is also assumed that the auxiliary function
depends explicitly on an additional function which is taken as a solution of
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10.2 The Einstein-Maxwell equations and the thin-disk-halo system

the Laplace equation. A simple thin disk-halo model is obtained from the
Kuzmin solutions of the Laplace equation. The energy-momentum tensor of
the system agrees with all the energy conditions.

The plan of our paper is as follows. First, in Section 10.2, the conformastatic
line element is considered. The procedure to obtain electromagnetostatic, ax-
ially symmetric, relativistic thin disks surrounded by a material halo is also
summarized in this section. Section 10.3 introduces a functional relationship
dependence between the metric and electromagnetic potentials and an auxil-
iary function in order to obtain a family of solutions of the Einstein-Maxwell
equations in terms of convenient solutions of the Laplace equations, model-
ing relativistic thin disk-halo systems. Next, the eigenvalue problem for disk
with halos is studied and a particular model of a disk with halo is obtained
from the Kuzmin solutions of the Laplace equation. In Section 10.3.3, the
four Riemann invariants and the electromagnetic invariants are studied and
the behavior of the Kuzmin disk with halo is analyzed. Finally, Section 10.4,
is devoted to a discussion of the results.

10.2 The Einstein-Maxwell equations and the

thin-disk-halo system

In order to formulate the Einstein-Maxwell equations for conformastatic ax-
ially symmetric spacetimes corresponding to an electromagnetized system
constituted by a thin disk and a halo surrounding the exterior of the disk, we
first introduce coordinates xa = (t, ϕ, r, z) in which the metric tensor and the
electromagnetic potential only depend on r and z. We assume that these coor-
dinates are quasicylindrical in the sense that the coordinate r vanishes on the
axis of symmetry and, for fixed z, increases monotonically to infinity, while
the coordinate z, for r fixed, increases monotonically in the interval (−∞, ∞).
The azimuthal angle ϕ ranges in the interval [0, 2π), as usual, [180, 181]. We
assume that there exists an infinitesimally thin disk, located at the hypersur-
face z = 0, so that the components of the metric tensor gab and the compo-
nents of the electromagnetic potential Aa are symmetrical functions of z and
their first derivatives have a finite discontinuity at z = 0, accordingly,

gab(r, z) = gab(r,−z), Aa(r, z) = Aa(r,−z) (10.2.1)

in such a way that, for z 6= 0,

gab,z(r, z) = −gab,z(r,−z), Aa,z(r, z) = −Aa,z(r,−z). (10.2.2)
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10 Conformastatic disk-haloes in Einstein-Maxwell gravity

The metric tensor and the electromagnetic potential are continuous at z = 0,

[gab] = gab|z=0+
− gab|z=0− = 0, (10.2.3a)

[Aa] = Aa|z=0+
− Aa|z=0− = 0, (10.2.3b)

whereas the discontinuity in the derivatives of the metric tensor and the elec-
tromagnetic potential can be written, respectively, as

γab = [gab,z], (10.2.4a)

ζa = [Aa,z], (10.2.4b)

where the reflection symmetry with respect to z = 0 has been used. Then, by
using the distributional approach [223, 224, 225] or the junction conditions
on the extrinsic curvature of thin shell [226, 227, 228], we can write the metric
and the electromagnetic potential as

gab = g+abθ(z) + g−ab{1 − θ(z)}, (10.2.5a)

Aa = A+
a θ(z) + A−

a {1 − θ(z)}, (10.2.5b)

and thus the Ricci tensor reads

Rab = R+
abθ(z) + R−

ab{1 − θ(z)}+ Habδ(z), (10.2.6)

where θ(z) and δ(z) are, respectively, the Heaveside and Dirac distributions
with support on z = 0. Here g±ab and R±

ab are the metric tensors and the Ricci
tensors of the z ≥ 0 and z ≤ 0 regions, respectively, and

Hab =
1

2
{γz

aδz
b + γz

bδz
a − γc

cδz
aδz

b − gzzγab}, (10.2.7)

where all the quantities are evaluated at z = 0+. In agreement with (10.2.6),
the energy-momentum tensor and the electric current density can be expressed
as

Tab = T+
abθ(z) + T−

ab{1 − θ(z)}+ Qabδ(z), (10.2.8a)

Ja = J+a θ(z) + J−a {1 − θ(z)}+ Iaδ(z), (10.2.8b)

where T±
ab and J±ab are the energy-momentum tensors and electric current den-

sity of the z ≥ 0 and z ≤ 0 regions, respectively. Moreover, Qab and Ia repre-
sent the part of the energy-momentum tensor and the electric current density
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corresponding to the disk-like source.

To describe the physical properties of an electromagnetized system consti-
tuted by a thin disk surrounded by an exterior halo, T±

ab in (10.2.8a) can be
written as

T±
ab = E±

ab + M±
ab, (10.2.9)

where E±
ab is the electomagnetic energy-momentum tensor

Eab =
1

4π

{
FacF c

b − 1

4
gabFcdFcd

}
, (10.2.10)

with Fab = Ab,a − Aa,b and M±
ab is an unknown “material” energy-momentum

tensor (MEMT) to be obtained. Accordingly, the Einstein-Maxwell equations,
in geometrized units such that c = 8πG = µ0 = ǫ0 = 1, are equivalent to the
system of equations

G±
ab = R±

ab −
1

2
gabR± = E±

ab + M±
ab, (10.2.11)

Hab −
1

2
gabH = Qab, (10.2.12)

F̂ab
± ,b = Ĵa

±, (10.2.13)

[F̂ab]n
b

= Îa, (10.2.14)

where H = gabHab and â =
√−ga, being g the determinant of the metric

tensor. Here, “[ ]” in the expressions [F̂ab] denotes the jump of F̂ab across of
the surface z = 0 and n

b
denotes an unitary vector in the direction normal to

it.

Now, in order to obtain explicit forms for the Einstein-Maxwell equations
corresponding to the elctromagnetized disk-halo system, we take the metric
tensor as given by the conformastatic line element [84, 1]

ds2 = −e2φdt2 + e2ψ[r2dϕ2 + dr2 + dz2], (10.2.15)

where the metric functions φ and ψ depend only on r and z, and the electro-
magnetic potential as

Aα = (A0, A, 0, 0), (10.2.16)

where it is also assumed that the electric potential A0 and the magnetic po-
tential A are independent of t.

Furthermore, from Eq.(10.2.13) we have for the current density in these
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10 Conformastatic disk-haloes in Einstein-Maxwell gravity

regions,

Ĵ0
± = −reψ−φ{∇2A0 −∇(φ − ψ)· ∇A0}, (10.2.17a)

Ĵ1
± = −r−1eφ−ψ{∇2A +∇(φ − ψ)· ∇A − 2

r
A,r}, (10.2.17b)

where, as we know, Ĵa
± = Ja

±
√−g. The “true” surface energy-momentum

tensor of the disk, Sab, can be obtained through the relation

Sab =
∫

Qab δ(z) dsn =
√

gzz Qab, (10.2.18)

where dsn =
√

gzz dz is the “physical measure” of length in the direction
normal to the z = 0 plane. Accordingly, for the metric (10.2.15), the nonzero
components of Sab are are given by

S0
0 = 4e−ψψ,z, (10.2.19a)

S1
1 = 2e−ψ(φ + ψ),z, (10.2.19b)

S2
2 = 2e−ψ(φ + ψ),z, (10.2.19c)

where all the quantities are evaluated at z = 0+. The “true” current density
on the surface of the disk, Ja, can be obtained through the relation

Ja =
∫

Iaδ(z)
√

gzzdz, (10.2.20)

or explicitly

J0 = e−(ψ+2φ)[A0,z], (10.2.21a)

J1 = −r−2e−3ψ[A,z], (10.2.21b)

where all the quantities are evaluated on the surface of the disk, and [Aa,z]
denotes the jump of the derivative of Aa across the surface z = 0. Now, in
order to analyze the physical characteristics of the system it is convenient to
express the energy momentum tensor Tab and the electric current density in
terms of an orthonormal tetrad. We will use the tetrad of the “locally static
observers” (LSO) [215], i.e., observers at rest with respect to infinity, which is
given by

e a
(b) = {Va, Wa, Xa, Ya}, (10.2.22)
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10.3 Thin disk with an electromagnetized material halo

where

Va = = e a
(0) = e−φδa

0, (10.2.23a)

Wa = = e a
(1) = r−1e−ψδa

1, (10.2.23b)

Xa = = e a
(2) = e−ψδa

2, (10.2.23c)

Ya = = e a
(3) = e−ψδa

3. (10.2.23d)

In terms of this tetrad M±
ab and Ĵ±a can be expressed as

Mab
± = M±

(0)(0)
VaVb + M±

(1)(1)
WaWb + M±

(2)(2)
XaXb

+M±
(3)(3)

YaYb − M±
(0)(1)

{
VaWb + WaVb

}
(10.2.24a)

+M±
(2)(3)

{
XaYb + YaXb

}
,

Ĵa
± = − Ĵ±

(0)
Va + Ĵ±

(1)
Wa, (10.2.24b)

In the same way, by using the LSO tetrad the surface energy-momentum
tensor and the surface current density of the disk as well as the electric current
on the disk can be written in the canonical form as

Sab = S(0)(0)V
aVb + S(1)(1)W

aWb + S(2)(2)X
aXb, (10.2.25a)

Ja = −J(0)V
a + J(1)W

a, (10.2.25b)

with

S(0)(0) = −4e−ψψ,z, (10.2.26a)

S(1)(1) = 2e−ψ(φ + ψ),z = S(2)(2), (10.2.26b)

J(0) = −e−(ψ+φ)[A0,z], (10.2.26c)

J(1) = −r−1e−2ψ[A, z], (10.2.26d)

where we have used (10.2.19) and (10.2.20) and again all the quantities are
evaluated at z = 0+.

10.3 Thin disk with an electromagnetized material

halo

In the precedent section, we discussed a generalized formalism in which con-
formastatic axially symmetric solutions of the Einstein-Maxwell can be inter-
preted in terms of a thin disk placed at the surface z = 0 surrounded by a
distribution of electrically charged matter located in the z ≥ 0 and z ≤ 0 re-
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10 Conformastatic disk-haloes in Einstein-Maxwell gravity

gions, whose physical properties can be studied by analyzing the behavior of
S(a)(b), J(a), M±

(a)(b)
and J±

(a)
. To this end, it is necessary to “choose” a conve-

nient explicit form for the metric. It turns out that the assumption ψ = −φ
leads to a considerable simplification of the problem. Indeed, the equations
are

M±
(0)(0)

=
1

4
f−1{4 f∇2 f − 5∇ f · ∇ f − 2 f∇A0 · ∇A0 − 2r−2 f 3∇A · ∇A},(10.3.1a)

M±
(0)(1)

= −r−1 f∇A0 · ∇A, (10.3.1b)

M±
(1)(1)

=
1

4
f−1{∇ f · ∇ f − 2 f∇A0 · ∇A0 − 2r−2 f 3∇A · ∇A}, (10.3.1c)

M±
(2)(2)

=
1

4
f−1{−( f 2

,r − f 2
,z) + 2 f (A2

0,r − A2
0,z)− 2r−2 f 3(A2

,r − A2
,z)},(10.3.1d)

M±
(3)(3)

= −
M

M±
(2)(2)

, (10.3.1e)

M±
(2)(3)

= −1

2
f−1 f,r f,z + A0,r A0,z − r−2 f 2A,r A,z, (10.3.1f)

Ĵ±
(0)

= r f 1/2∇ · ( f−1∇A0), (10.3.1g)

Ĵ±
(1)

= −r2 f−1/2∇ · (r−2 f∇A). (10.3.1h)

In the same way, for the non-zero components of the energy-momentum
and the current density on the surface of the disk (10.2.26) we have, respec-
tively,

S(0)(0) = 4( f 1/2),z, (10.3.2)

and

J(0) = −[A0,z], (10.3.3a)

J(1) = −r−1 f [A,z], (10.3.3b)

where “[ ]” denotes the jump across of the disk, f ≡ e2φ and all the quan-
tities are evaluated on the surface of the disk. We will suppose that there is
no electric current in the halo, i. e., we assume that Ĵ±

(α)
≡ 0. Then, if êϕ

is a unit vector in the azimuthal direction and λ is any reasonable function
independent of the azimuth, one has the identity

∇ · (r−1êϕ ×∇λ) = 0. (10.3.4)

Equation (10.3.1h) may be regarded as the integrability condition for the ex-
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istence of the function λ defined by

r−2 f∇A = r−1êϕ ×∇λ, (10.3.5)

or, equivalently

− f−1∇λ = r−1êϕ ×∇A. (10.3.6)

Hence, the identity (10.3.4) implies the equation

∇ · ( f−1∇λ) = 0 (10.3.7)

for the new “potential” λ(r, z). In order to obtain an explicit form of the
metric and electromagnetic potential, we suppose that f , A0 and A depend
explicitly on λ. Then, we obtain from (10.3.1g)

(− f−1 f ′A′
0 + A′′

0 )∇λ · ∇λ + A′
0∇2λ = 0, (10.3.8)

where ()′ denotes derivatives respect to λ. Whereas, from (10.3.7), we have

− f−1 f ′∇λ · ∇λ +∇2λ = 0. (10.3.9)

Consequently, by inserting (10.3.9) into (10.3.8), we obtain A′′
0 = 0, whose

general solution is A0 = k1λ + k2, where k1 and k2 are constants. We now
proceed to determine the function λ(r, z). Let us assume in (10.3.9) the very
useful simplification f ′ f−1 = k, where k is an arbitrary constant. Then, f =
k3ekλ, and

∇2λ = k∇λ · ∇λ, (10.3.10)

where k3 is a constant. Furthermore, if we now assume the existence of a
function U = k4e−kλ + k5, with k4 and k5 arbitrary constants, then

∇2U = −kk4e−kλ(∇2λ − k∇λ · ∇λ) = 0 (10.3.11)

and, consequently, λ can be represented in terms of solutions of the Laplace
equation:

ekλ =
k4

U − k5
; ∇2U = 0. (10.3.12)

On the other hand, from Eq.(10.3.5) we obtain the following relationship
between A and λ:

∇A = A,rêr + A,zêz = r f−1êϕ × (λ,rêr + λ,zêz), (10.3.13)
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that is, A,r = −r f−1λ,z, and A,z = r f−1λ,r, or, in terms of U, A,r = k6rU,z,
and A,z = −k6rU,r, where k6 = 1/(kk3k4). Then, using this solution, for the
nonzero components of M±

(a)(b)
we have from (10.3.1):

M±
(0)(0)

=
U2

,r + U2
,z

4(U − k5)2
{3 f − k7}, (10.3.14a)

M±
(1)(1)

=
U2

,r + U2
,z

4(U − k5)2
{ f − k7}, (10.3.14b)

M±
(2)(2)

= − U2
,r − U2

,z

4(U − k5)2
{ f − k7}, (10.3.14c)

M±
(2)(3)

= − U,rU,z

2(U − k5)2
{ f − k7}, (10.3.14d)

M±
(3)(3)

= −M±
(2)(2)

. (10.3.14e)

Furthermore, for the non-zero components of the energy-momentum tensor
and the current density on the surface of the disk we have from (10.3.2) and
(10.3.3) respectively,

S(0)(0) = 2(k3k4)
1/2 U,z

(U − k5)3/2
(10.3.15)

and

J(0) =
k1

k

[
U,z

U − k5

]
, (10.3.16a)

J(1) =
[U,r]

k(U − k5)
, (10.3.16b)

with

f =
k3k4

U − k5
and k7 =

2(k2
1 + 1)

k2
.

As we can see, S(0)(0) is the only nonzero component of the surface energy-
momentum tensor; we can then interpret it as the surface energy density of
the disk ǫ(r) as seen from any the LSO. Likewise we interpret σ(r) = J(0) and
I = J(1) as the charge density and electric current density on the surface of
the disk, respectively.
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10.3.1 The eigenvalue problem for the energy-momentum

tensor of the halo

When the tensor M±
(a)(b)

in the LSO tetrad is diagonal, its interpretation is im-

mediate. In our case, however, M±
(2)(3)

6= 0 and, therefore, it is necessary to

rewrite M±
(a)(b)

in the canonical form. To this end, we must solve the eigen-

value problem for M±
(a)(b)

, i.e.,

M±
(a)(b)

ξ
(b)

A = λAη(a)(b)ξ
(b)

A , (10.3.17)

and express the physically relevant quantities in terms of the eigenvalues and
eigenvectors. The solution of the eigenvalue problem in the LSO orthonormal
tetrad leads to the eigenvalues

λ0 = −M±
(0)(0)

, (10.3.18a)

λ1 = M±
(1)(1)

, (10.3.18b)

λ± = ±
√

D, (10.3.18c)

and the corresponding eigenvectors are given by

ξ
(a)

0 = V(a) = (1, 0, 0, 0), (10.3.19a)

ξ
(a)

1 = X(a) = (0, 1, 0, 0), (10.3.19b)

ξ
(a)

+ = Y(a) = N(0, 0, 1,−ω), (10.3.19c)

ξ
(a)

− = Z(a) = N(0, 0, ω, 1), (10.3.19d)

where

D = (M±
(2)(2)

)2 + (M±
(2)(3)

)2,

ω =
M±

(2)(2)
−
√

D

M±
(2)(3)

,

N =
1√

1 + ω2
.

In terms of the tetrad ξ
(a)

A = {V(a), X(a), Y(a), Z(a)}, the tensor M±
(a)(b)

can be

written in the canonical form

M±
(a)(b)

= εV(a)V(b) + p1X(a)X(b) + p2Y(a)Y(b) + p3Z(a)Z(b). (10.3.20)
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Consequently, we can interpret ε as the energy density of the halo and p1, p2

and p3 as the pressure in the principal directions of the halo. So, we have that
the energy density of the halo is given by

ε = M±
(0)(0)

(10.3.21)

whereas for the principal pressure we have

p = p1 = p2 = −p3 = M±
(1)(1)

, (10.3.22)

and

〈p〉 = p1 + p2 + p3

3
=

p

3
(10.3.23)

is the average value of the pressure.

10.3.2 The Kuzmin-like solution

One can find many different models for a relativistic thin disk surrounded
by a material electromagnetized halo by choosing different kind of solutions
U of the Laplace equation. Let us consider the particular case of Kuzmin’s
solution [229, 230]

U = − m√
r2 + (|z|+ a)2

, (a, m > 0). (10.3.24)

in which, at points with z < 0, U is identical to the potential of a point mass
m located at the point (r, z) = (0,−a); and when z > 0, U coincides with
the potential generated by a point mass at (0, a). Hence ∇2U must vanish
everywhere except on the plane z = 0. By applying Gausss theorem to a flat
volume that contains a small portion of the plane z = 0, we conclude that U
is generated by the surface density of a Newtonian mass

ρ(r, z = 0) =
am

2π(r2 + a2)3/2
. (10.3.25)

Then, in order to have an asymptotically flat spacetime at infinity, we must
take k5 = −1 in Eq.(10.3.12). Furthermore, without loss of generality we can
choose the constants k3 = k4 = 1. Then, for the metric potential we have

e2φ =

√
r̃2 + (|z̃|+ 1)2

√
r̃2 + (|z̃|+ 1)2 − m̃

, (10.3.26)

where we introduced the dimensionless variables r̃ = r/a, z̃ = z/a, and
m̃ = m/a. With this metric potential it is straightforward to calculate the
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dimensionless radial and axial components of the electric field, Ẽr = aEr and
Ẽz = a2Ez and the dimensionless radial and axial components of the magnetic
field, B̃r = Br and B̃z = Bz, giving

Ẽr = − k1m̃r̃

k {r̃2 + (|z̃|+ 1)2}
{√

r̃2 + (|z̃|+ 1)2 − m̃
} , (10.3.27a)

Ẽz = − k1m̃|z̃|(z̃ + 1)

kz̃ {r̃2 + (|z̃|+ 1)2}
{√

r̃2 + (|z̃|+ 1)2 − m̃
} , (10.3.27b)

B̃r = − m̃r̃2

k {r̃2 + (|z̃|+ 1)2}3/2
, (10.3.27c)

B̃z = − m̃r̃|z̃|(z̃ + 1)

kz̃ {r̃2 + (|z̃|+ 1)2}3/2
, (10.3.27d)

were we have used the definitions Er = A0,r, Ez = A0,z, Br = A,z and Bz =
−A,r.

Substituting (10.3.24) into (10.3.15) and (10.3.16b) we obtain for the dimen-
sionless energy and charge density on surface of the disk, ǫ̃ = aǫ, σ̃ = aσ,
respectively,

ǫ̃(r̃) =
2m̃

(r̃2 + 1)3/4(
√

r̃2 + 1 − m̃)3/2
, (10.3.28a)

σ̃(r̃) =
2k1m̃

k(r̃2 + 1)(
√

r̃2 + 1 − m̃)
. (10.3.28b)

Substituting (10.3.24) into (10.3.21) and (10.3.22) allow us to write the dimen-
sionless energy of the halo ε̃(r̃) = a2ε(r) and the dimensionless pressure of
the halo p̃(r̃) = a2p(r) as

ε̃(r̃) = T̃

{
3
√

r̃2 + (|z̃|+ 1)2
√

r̃2 + (|z̃|+ 1)2 − m̃
− k7

}
, (10.3.29a)

p̃(r̃) = T̃

{ √
r̃2 + (|z̃|+ 1)2

√
r̃2 + (|z̃|+ 1)2 − m̃

− k7

}
, (10.3.29b)

where

T̃ =
m̃

4 {r̃2 + (|z̃|+ 1)2}
{√

r̃2 + (|z̃|+ 1)2 − m̃
}2

.

To fix the values of the constants that enter the solution, we consider the
energy conditions at infinity, r̃, z̃ −→ ∞, and at the center of the body, r̃, z̃ −→
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Figure 10.1: Dimensionless surface energy ǫ̃ and charge σ̃ densities as a func-
tion of r̃. In each case, we plot ǫ̃(r̃) and σ̃(r̃) for different values of the param-
eter m̃. First, we take m̃ = 0.45 (the bottom curve in each plot) and then
0.55, 0.75 and m̃ = 0.85 (the top curve in each plot).

0. Then, it can be shown that all the energy conditions are satisfied at these
extreme regions if

m̃ < 1 (10.3.30)

for the disk and, additionally,

−
√

k2
1 + 1 < k <

√
k2

1 + 1 (that is k7 < 2) (10.3.31)

for the halo.

In Fig. 10.1(a), we show the dimensionless surface energy density on the
disk ǫ̃ as a function of r̃ and for for different values of the parameter m̃. First,
we take m̃ = 0.45 (the bottom curve in the plot) and then 0.55, 0.75 and
m̃ = 0.85 (the top curve in the plot). It can be seen that the energy density is
everywhere positive fulfilling the energy conditions. It can be observed that
for all the values of m̃ the maximum of the energy density occurs at the center
of the disk and that it vanishes sufficiently fast as r increases. It can also be
observed that the energy density in the central region of the disk increases as
the values of the parameter m̃ increases. We have also plotted in Fig. 10.1(b)
the charge density σ̃ as a function of r̃. In each case, we plot σ̃ for different
values of the parameter m̃. We observe that the electric charge density has a
behavior similar to that of the energy. This is consistent with the fact that the
mass and the charge are more densely concentrated in the center of the disk.
We also computed these functions for other values of the parameters m̃ in the
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Figure 10.2: Surface plot an level curves of the energy density ε̃ on the exte-
rior halo as a function of r̃ and z̃ with parameters m̃ = 0.75 and k̃7 = 1.

interval (0, 1) and, in all cases, we found a similar behavior.

In Fig. 10.2(a) and in Fig. 10.2(b), we illustrate the behavior of the surfaces
and level curves of the matter density in the halo around of the disk (r ≥
0, z ≥ 0) for parameters m̃ = 075 and k7 = 1. We can see that the energy is
everywhere positive, its maximum occurs around of the center of the disk,
and it vanishes sufficiently fast as r increases.

Notice that in the limit m → 0, the gravitational and electromagnetic fields
vanish identically, and the metric becomes flat. This is an important limiting
case because it indicates that m determines the mass of the disk and the halo,
and that the electromagnetic field exists only in connection with the disk-
halo configuration. Moreover, when k1 = 0, we obtain A0 = k2 = const.,
a “purely magnetic” solution. Then, k1 determines the electric charge of the
distribution whereas k6 = 1/k must be associated with the magnetic field.

The energy condition m̃ < 1 or, equivalently, m < a imposes a maximum
on the value of the mass parameter. Recall that in the Kuzmin solution a rep-
resents the distance along the axis between the equatorial plane and the point
where the mass m is situated; accordingly, a can be interpreted as a param-
eter determining a proper length for the configuration. Then, the inequality
m/a < 1 represents a condition on the “specific mass” of the system. This
resembles the well-known Chandrasekhar limit for a spherically symmetric
mass distribution, stating that the condition mass/radius < 4/9 must be sat-
isfied in order to avoid gravitational collapse. The energy condition for the
halo k2 < 1 + k2

1 also represents a relationship between the parameters that
characterize the electric and magnetic properties of the system.

We conclude that all the relevant quantities show a physically reasonable
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Figure 10.3: Surface plot and level curves of the radial pressure p̃ on the
exterior halo as a function of r̃ and z̃ with parameters m̃ = 0.75 and k̃7 = 1.
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10.3 Thin disk with an electromagnetized material halo

behavior within the allowed range of values of the parameters. This indicates
that the solution presented here can be used to describe the gravitational field
of a static thin disk surrounded by a material halo with a non-trivial electro-
magnetic field.

10.3.3 Singular behavior of the Kuzmin-like solution

In order to study the singularities that could be present in the space described
by the Kuzmin-like solution derived in the last subsection, we compute the
most important quadratic curvature scalars, namely, the Kretschmann KI , the
Chern-Pontryagin KI I and the Euler invariants KI I I defined as [231]

KI = RabcdRabcd, (10.3.32a)

KI I = [∗R]abcdRabcd =
ǫab

ijR
ijcdRabcd√−g

, (10.3.32b)

KI I I = [∗R∗]abcdRabcd =
ǫabijǫcdklRijklRabcd

g
. (10.3.32c)

As for the Maxwell field, we consider the electromagnetic invariants

F
I

= FabFab (10.3.33a)

F
I I

= FabF∗ab. (10.3.33b)

Here g = det(gab), ǫabcd is the Levi-Civita symbol and the asterisk denotes the
dual operation. By using the solution (10.3.26) we can cast these invariants as

KI(r̃, z̃) =
m̃2
{

48
[
(|z̃|+ 1)2 + r̃2

]
− 32m̃

√
(|z̃|+ 1)2 + r̃2 + 11m̃2

}

4 [(|z̃|+ 1)2 + r̃2]
[√

(|z̃|+ 1)2 + r̃2 − m̃
]6

,

KI I(r̃, z̃) = 0,

KI I I(r̃, z̃) =
16m̃2

{
3[(|z̃|+ 1)2 + r̃2]− 2m̃

√
(|z̃|+ 1)2 + r̃2

}

[(|z̃|+ 1)2 + r̃2]
[√

(|z̃|+ 1)2 + r̃2 − m̃
]6

,
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whereas the electromagnetic invariants are

F
I
=

2(1 − k2
1)m̃

2a2

k2 [(|z̃|+ 1)2 + r̃2]
[√

(|z̃|+ 1)2 + r̃2 − m̃
]2

(10.3.35a)

F
I I
=

−4k1m̃2a2

k2 [(|z̃|+ 1)2 + r̃2]
[√

(|z̃|+ 1)2 + r̃2 − m̃
]2

. (10.3.35b)

We see that there exists a singularity at the surface determined by the equa-
tion

(|z̃|+ 1)2 + r̃2 = m̃2 , (10.3.36)

where all the non-trivial invariants diverge. The singularity equation allows
real solutions only for m̃ > 1. On the other hand, in the previous subsection
we showed that the energy condition for the disk-halo configuration implies
that m̃ < 1. In fact, we can see from the expressions for the matter and charge
density of the halo that they both diverge at the singular surface. Such di-
vergencies are usually associated with the collapse of the gravitational con-
figuration. This is an interesting result because it shows that the spacetime
becomes singular as soon as the energy condition is violated. From a phys-
ical point this means that a disk-halo system can be constructed only if the
condition m/a < 1 is satisfied. As noticed in the last subsection, this condi-
tion implies an upper bound on the value of the mass parameter m which is
determined by the position of the mass along the symmetry axis. This, again,
might be interpreted as a Chandrasekhar-like limit for the disk-halo system.

10.4 Concluding remarks

In this work, we derived a relativistic model describing a thin disk surrounded
by a halo in presence of an electromagnetic field. The model was obtained by
solving the Einstein-Maxwell equations on a particular confosmastatic space-
time in which only one independent metric function appears. For the energy-
momentum tensor we used the distributional approach, and represented it as
the sum of two distributional contributions, one due to the electromagnetic
part and the other associated with a matter distribution. These assumptions
allowed us to derive explicit expressions for the energy, pressure, electric cur-
rent and electromagnetic field of the disk region and the halo as well. The
main point of this approach is that it allows to write the gravitational and
electromagnetic potentials in terms of a solution of Laplace’s equation.

As a particular example, we used one of the simplest solutions of Laplace’s
equation, known as the Kuzmin solution, which contains two independent
parameters, namely, the mass m and the parameter a that determines the
proper length of the mass system. The resulting Kuzmin-like solution con-
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10.4 Concluding remarks

tains four independent parameters which determine the mass, proper length
of the seed Kuzmin solution, electric charge and the magnetic field. The solu-
tion is asymptotically flat in general and turns out to be free of singularities if
the ratio m/a < 1, an inequality that also guarantees the fulfillment of all the
energy conditions. We interpret this condition as a Chandrasekhar-like limit
for the disk-halo system.

Since all the relevant quantities show a physically reasonable behavior within
the range m/a < 1, we conclude that the solution presented here can be used
to describe the gravitational and electromagnetic fields of a think disk sur-
rounded by a halo in the presence of an electromagnetic field.
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