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3. Brief description
Astroparticle physics is a new field of research emerging at the intersection
of particle physics, astrophysics and cosmology. Theoretical development in
these fields is mainly triggered by the growing amount of experimental data
of unprecedented accuracy, coming both from the ground based laboratories
and from the dedicated space missions.

3.1. Electron-positron plasma
Electron-positron plasma is of interest in many fields of physics and astrophysics, e.g. in the early universe, active galactic nuclei, the center of our
Galaxy, compact astrophysical objects such as hypothetical quark stars, neutron stars and gamma-ray bursts sources. It is also relevant for the physics
of ultraintense lasers and thermonuclear reactions. We study physical properties of dense and hot electron-positron plasmas. In particular, we are interested in the issues of its creation and relaxation, its kinetic properties and
hydrodynamic description, baryon loading and radiation from such plasmas.
Two different states exist for electron-positron plasma: optically thin and
optically thick. Optically thin pair plasma may exist in active galactic nuclei
and in X-ray binaries. The theory of relativistic optically thin nonmagnetic
plasma and especially its equilibrium configurations was established in the
80s by Svensson, Lightman, Gould and others. It was shown that relaxation
of the plasma to some equilibrium state is determined by a dominant reaction, e.g. Compton scattering or bremsstrahlung.
Developments in the theory of gamma ray bursts from one side, and observational data from the other side, unambiguously point out on existence
of optically thick pair dominated non-steady phase in the beginning of formation of GRBs. The spectrum of radiation from optically thick plasma is
usually assumed to be thermal.
These months we have been focusing on two topics: electron-positron
plasma and transparency of relativistically expanding plasma and GRBs. In
the first topic we considered creation of plasma from strong electric field, effects of relativistic degeneracy as well as analogies and differences between
pair plasma in cosmology and in GRB sources. In doing so we have generalized the numerical schemes for solution of Boltzmann equations for pairs
and photons, used in previous works. As the outcome, we have developed
a computer code which is now applied for study of transparency of relativis-
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3. Brief description
tically expanding plasma, the second topic. In the mean time some preparatory work has been carried out, in particular based on equation of radiative transfer we have considered photospheric emission from relativistic outflows. Theoretical results obtained in this work have been confirmed with
Monte Carlo simulations of photon scattering in relativistically expanding
outflows.
In what follows all this work is discussed in details, while in Appendix all
relevant papers can be found.

3.1.1. Relativistic degeneracy in the pair plasma
It is well known that at relativistic temperatures plasma becomes degenerate
Landau and Lifshitz (1980). In order to study relativistic degeneracy we have
introduced the Bose enhancement and Pauli blocking factors in the Boltzmann equation that allows us to follow the relaxation of the pair plasma to
Planck spectrum of photons and Fermi-Dirac distribution of electrons and
positrons. This improvement allows us to study higher energy densities with
respect to those treated before in Aksenov et al. (2007, 2009). However, for
such high energy densities the assumption adopted in these works, namely
that three-particle interactions operate on longer timescale with respect to
two-particle ones, does not hold any longer. For this reason we had to introduce the collisional integrals for three-particle interactions based on the exact
QED matrix elements, in full analogy with previously treated two-particle
interactions.
Thus in this work we consider relaxation of nonequilibrium optically thick
pair plasma to complete thermal equilibrium by integrating numerically relativistic Boltzmann equations with collisional integrals computed from the
first principles, namely from the QED matrix elements both for two-particle
and three-particle interactions.
We point out that unlike classical Boltzmann equation for binary interactions such as scattering, more general interactions are typically described by
four collisional integrals for each particle that appears both among incoming
and outgoing particles.
Our numerical results indicate that the rates of three-particle interactions
become comparable to those of two-particle ones for temperatures exceeding
the electron rest-mass energy. Thus three particle interactions such as relativistic bremsstrahlung, double Compton scattering and radiative pair creation become essential not only for establishment of thermal equilibrium, but
also for correct evaluation of interaction rates, energy losses etc. Our results
on this topic are reported in Appendix A.
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3.1.2. Phase space evolution pairs created in strong electric
fields
We investigate the behavior of the electron-positron pairs created by a strong
electric field, see Appendix B. This problem has been studied analytically in
our previous work (Benedetti et al., 2011) using simple formalism based on
continuity and energy-momentum conservation equations. Now we extend
that work using the more general kinetic approach Aksenov et al. (2009).
We consider a system which is uniform and homogeneous in the physical
space and axially symmetric in the momentum space. The axis of symmetry is given by the direction of the initial external electric field. With these
hypotheses, the relativistic Boltzmann equation is solved numerically for different starting values of the field. In this framework we can describe the
Distribution Function (DF) for each kind of particle in a two dimensional
momentum space. Our numerical code allows us to take into account the
interactions between particles as well. We study the non-interacting and the
interacting cases separately, then we compare the two runs and the role of the
interactions can be analyzed; in particular we are interested in the dynamical
approach to the thermal equilibrium configuration.
There are many analogies between the results we obtain using the two
methods, in particular the time dependence during the first half oscillation
of all the quantities involved. However, after this short period, the two methods give substantially different results.
We analyzed in details the case when interactions are not taken into account. For all the considered parameter sets we find that after several oscillations the magnitude of the electric field becomes much less than the starting
value; as a consequence, acceleration and pair production are strongly suppressed. The bulk momentum parallel to the external field becomes very
small, while the number density of the pairs saturates to a small fraction
of the maximum achievable one, well below five percent for all cases considered. This result comes out only when kinetic treatment is adopted, and
consequently distribution of particles in momentum space is accounted for.
We find that production of pairs and their acceleration in the same electric
field simultaneously produce a peculiar DF of particles which quickly settles
down in a sort of equilibrium. This equilibrium is well described using a
relativistic two-temperature DF, with the temperature along the electric field
being much larger than the one in orthogonal direction. Therefore we find
that substantial part of total energy, initially stored in the electric field is converted after few oscillations into internal energy. This effect could not be
obtained within the simple treatment we used before, since all particles were
assumed to have the same momentum (Benedetti et al., 2011) (delta-function
distribution in momentum space).
When particle interactions are taken into account photon interactions are
expected to bring this two-temperature system into thermal equilibrium. In
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fact we found that the photons DF appears to be perfectly symmetric with
respect to the plane with null parallel momentum while the electrons and
positrons DFs are nearly symmetric. In fact the interactions scatter particles
all over the momentum space even if the external electric field is accelerating
electrons and positrons toward opposite directions. It was not so for the noninteracting system where electrons and positrons were initially distributed
over disjoint regions in the momentum space as soon as they were produced.

3.1.3. Electron-positron plasma in GRBs and in cosmology
We study the analogy and difference between electron-positron plasma in the
early Universe and in sources of GRBs. We focus on dynamical differences,
namely thermal acceleration of the outflow in GRB sources vs. cosmological
deceleration. Starting from the Einstein equations and energy-momentum
conservation equations as their consequence, we derive the basic conservation equations which are valid for electron-positron plasma both in GRBs and
in the early Universe.
We also consider nuclear composition differences as synthesis of light elements in the early Universe and possible destruction of heavy elements in
GRB plasma. We show that the range of number densities and temperatures
for both cases are similar, and consequently nuclear reprocessing should take
place in GRB sources, similarly to the cosmological nucleosynthesis. Some
important differences are also outlined.
Finally we study different physical conditions during last scattering of photons by electrons in both cases leading to nearly perfect black body spectrum
of the microwave background radiation vs. non thermal spectrum of the photospheric emission in GRBs. In particular we obtain the lower limit on the
temperature in GRB plasma before it reaches the transparency condition. This
lower limit turns out to be extremely insensitive to the basic parameters and
initial conditions, being always higher than the ionization potential of hydrogen. It implies that hydrogen recombination does not occur in GRB plasma,
unlike the early Universe. Therefore, unlike cosmological case, where the last
scattering of photons is due to recombination, in GRB plasma the last scattering involves Compton scattering process. For more results on this topic see
Appendix C.

3.2. Transparency of relativistically expanding
plasma and GRBs
Emission from optically thick stationary plasma is an important topic in astrophysics. Such plasma confined by the gravitational field constitutes stars,
accretion disks and other objects. The light from these systems is coming
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from the so called photosphere defined as a region where the optical depth
computed from the interior of the optically thick plasma outwards reaches
unity.
There are also dynamical sources where bulk velocities of plasma reach ultrarelativistic values such as microquasars, active galactic nuclei and gammaray bursts (GRBs). While in the former two objects there is clear evidence for
jets which contain optically thin plasma, in the latter objects the issue of jets
is controversial, and the source is required to be optically thick. This observational fact poses a new problem: the emission from (spherically) expanding
plasma which initially is optically thick. Such plasma eventually becomes
optically thin during its expansion, and initially trapped photons should be
released.
Such problem in application to GRBs has been considered already by
Goodman and Paczynski in 1986, albeit in completely different frameworks.
These papers laid the basis for two main models of GRBs: coined as shell
and wind, respectively. Goodman Goodman (1986) considered instantaneous
creation of plasma in a given volume, while Paczynski Paczynski (1986) proposed a steady generation of energy at a given boundary. In both models
created plasma expands driven by the radiative pressure. The dynamics of
plasma expansion, being subject to relativistic hydrodynamics, becomes similar as soon as ultrarelativistic bulk velocities are reached. The key difference in these frameworks is however, that in the shell model of Goodman
expanding plasma occupies only finite region of space, and hence the model
is intrinsically dynamic, while in the wind model of Paczynski expanding
plasma occupies all the space, and the problem is intrinsically steady.
This difference resulted in the different treatment of the transition between
optically thick and optically thin regimes in plasma expansion. While in
the wind model of Paczynski such transition occurs at some position which
does not depend on time, this position was referred to as the ”photosphere”,
in analogy with stellar photospheres. Actually, it was realized later by
Abramowitz et al. Abramowicz et al. (1991) that the shape of this surface,
as it appears to a distant observer for which the source of plasma is at rest,
has nothing to do with the sphere: because of relativistic effects it has a concave shape. Now the entire literature on ”photospheric emission” from GRBs
refers to this wind model.
In contrast, in the shell model of Goodman the ”photosphere” is a dynamic
surface. Its dynamics is, in principle, different from the dynamics of the
expanding shell itself. For this reason the term ”transparency” introduced
by Ruffini et al. Ruffini et al. (1999), which denotes transition from optically
thick to optically thin regime in plasma expansion appears more suitable and
less confusing.
Goodman computed the spectrum of photons assuming the photon distribution is thermal at the ”photosphere”. He realized that the relativistic radiative transfer problem is much more difficult than the approach he adopted.
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We are pursuing this general approach focusing on several physical aspects
of the problem. We adopt a hydrodynamic model of the outflow as a spherical shell with the particle density distributed inside the shell according to the
1/r2 law, similar to the distribution in the steady wind. Within this model in
ultrarelativistic case we recover both Goodman’s shell and Paczynski’s wind
as asymptotic cases.
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Figure 3.1.: The spectrum of photospheric emission from photon thick outflow obtained with different approximations. Dotted curve shows the Planck
spectrum. Dashed-dotted curve shows the result from Ruffini et al. (2013b)
obtained using the fuzzy photosphere approximation. Dotted curve shows
the result from Bégué et al. (2013) obtained from Monte Carlo simulations.
Solid curve shows the result from Aksenov et al. (2012) obtained by the solution of the radiative transfer equation with the Fokker-Planck approximation
to the collision integral.
In order to find the observed spectrum from expanding plasma reaching
transparency we proceed in several different directions: a) approximations to
the radiative transfer equations Ruffini et al. (2013b); b) Monte Carlo simulations of photon scattering at the dynamical ”photosphere” Bégué et al. (2013);
c) Kompaneets equation with anisotropic photon field Aksenov et al. (2012)
and d) relativistic Boltzmann equations Benedetti and Vereshchagin (2012).
The result of these works is summarized in Fig. 3.1. All these results indicate that the photospheric spectrum is wider than the Planck one. All these
results agree with each other and show an increase of the low energy slope of
the spectrum, resulting in the photon index α ≃ 0, in contrast with the Planck
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photon index α = 1.
The first direction turns out to be useful as it represents a second step after the simplest approach adopted by Goodman. In fact, for estimations of
observed spectrum Goodman used superpositions of thermal spectra corresponding to different emitting regions with temperatures obtained from
hydrodynamic equations. In approximate solutions of the radiative transfer equations using our ”fuzzy photosphere” and ”sharp photosphere” approximations the spectrum coming from a given region is no longer thermal,
although the source function in the comoving frame is still assumed to be
isotropic and thermal. Even if the approximations adopted in this approach
look plausible and consistent, they must be verified by different methods.
The second direction is completely independent. Here each photon is followed in the frame where the plasma is initially at rest while it experience
numerous collisions with the cross sections of Compton and isotropic scattering models, until it ceases scattering. Photons are injected in the expanding plasma well before it becomes transparent. Resulting photons constitute
the final spectrum. The drawbacks of this approach are: a prescribed distribution of electron component and impossibility to account for stimulated
emission of photons. The first limitation originates from the fact that Monte
Carlo simulations need a prescribed background of electrons, and any backreaction of photons on electron distribution can be only accounted for by iterative scheme. The second limitation constrains the spectrum of photons in
optically thick region to have a Wien shape, instead of the Planck one, if the
model of Compton scattering is used. In addition, good statistics required
to resolve both low and high energy parts of photon spectrum implies the
need for large number of photons which in turn demands long computational
times.
The third direction where Fokker-Planck approximation to the Boltzmann
equation is adopted, allows to take into account stimulated emission of photons. It however does not allow to account of variations in electron component. In this approach which solves partial differential equations a rather
good resolution in spectrum can be achieved.
Finally, the fourth direction where the system of Boltzmann equations for
electrons and photons has to be solved, is the most promising one. Here
Compton scattering of photons is followed from high optical depth regions to
low optical depth ones, and complete evolution of both photon and electron
distributions can be obtained self consistently. As finite difference methods
are involved, the only limitation in this approach is the size of the grid in the
phase space. Below we discuss all these directions in more details.
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3.2.1. Photospheric emission from ultrarelativistic outflows
Two popular models of optically thick relativistic outflows exist: the wind
and the shell. In this work we propose a unified treatment of photospheric
emission within these models, see Appendix D. We show that quite counterintuitive situations may appear when e.g. geometrically thin shell may
behave as thick wind. For this reason we introduce notions of photon thick
and photon thin outflows. They appear more general and better physically
motivated than winds and shells when photospheric emission is considered.
We obtain light curves and observed spectra for both photon thick and photon thin outflows. In the photon thick case we generalize the results obtained
for steady wind by introducing the fuzzy photosphere approximation. It is
our main finding that the photospheric emission from the photon thin outflow is dominated by diffusion and produces non thermal time integrated
spectra, which may be described by the Band function well known in the
GRB literature.
We find that energetic GRBs should produce photon thin outflows and
therefore when only time integrated spectra for such GRBs are available we
naturally expect them to have a Band shape. In the literature Band spectra for
the photospheric emission of GRBs are obtained only involving additional
dissipative mechanisms which are not required in this approach.

3.2.2. Monte Carlo simulations of the photospheric emission
in GRBs
We study the decoupling of photons from ultra-relativistic spherically symmetric outflows expanding with constant velocity by means of Monte-Carlo
(MC) simulations. For outflows with finite width we confirm the existence of
two regimes: photon thick and photon thin, found by Ruffini et al. (2013b).
We compute the probability density function of photon last scattering.
We show that it is very different in these two cases, as expected. We also obtain spectra as well as light curves. In photon thick case, the time integrated
spectrum is much broader than the Planck function and its shape is well described by the fuzzy photosphere approximation of Ruffini et al. (2013b).
In the photon thin case we confirm the crucial role of photon diffusion in
formation of photon spectrum from the photosphere. Hence the probability
density of decoupling has a maximum near the diffusion radius, well below
the photosphere. The time integrated spectrum of the photon thin outflow
has a Band shape (Band et al., 1993). It is produced when the outflow is optically thick and its peak is formed at diffusion radius. The instantaneous
spectrum is close to Planck one. For details see Appendix E.
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3.2.3. Comptonization of photons near the photosphere of
relativistic outflows
The formation of photon spectrum at the photosphere of ultrarelativistically
expanding outflow can be explained as a combination of several effects.
Firstly, there is contribution from different angles with respect to the line of
sight of photons, arriving to the observer at the same time from the EquiTemporal Surface (EQTS). This effect is purely geometrical. Secondly, photons
have different comoving temperatures at each point of EQTS and the observed spectrum is a superposition of that comoving spectra, blueshifted to
the observer’s reference frame (a multicolor blackbody). Thirdly, local spectral distortions arise due decoupling of photons from the plasma near the
photosphere. In this work we are concentrated with the latter effect. We use
the Fokker-Planck approximation to the Boltzmann equation, and obtain the
generalized Kompaneets equation which takes into account anisotropic distribution of photons developed near the photosphere. This equation is solved
numerically and the results are discussed and compared to those obtained by
alternative methods. For details see Appendix F.

3.2.4. Spreading of ultrarelativistically expanding shell
Optically thick energy dominated plasma created in the source of GammaRay Bursts (GRBs) expands radially with acceleration and forms a shell with
constant width measured in the laboratory frame. When strong Lorentz factor gradients are present within the shell it is supposed to spread at sufficiently large radii. There are two possible mechanisms of spreading: hydrodynamical and thermal ones. We consider both mechanisms evaluating the
amount of spreading that occurs during expansion up to the moment when
the expanding shell becomes transparent for photons. We compute the hydrodynamical spreading of an ultrarelativistically expanding shell. In the
case of thermal spreading we compute the velocity spread as a function of
two parameters: comoving temperature and bulk Lorentz factor of relativistic Maxwellian distribution. Based on this result we determine the value of
thermal spreading of relativistically expanding shell. We found that thermal
spreading is negligible for typical GRB parameters. Instead hydrodynamical spreading appears to be significant, with the shell width reaching ∼ 1010
cm for total energy 1054 erg and baryonic loading B = 10−2 . Within the
fireshell model such spreading will result in the duration of Proper GammaRay Bursts up to several seconds. For details see Appendix G.

3.2.5. Kinetic approach to transparency of relativistic outflow
There are several reasons why a kinetic treatment would be more appropriate with respect to the approaches discussed above. In particular, it is well
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known that near the photosphere Compton scattering dominates over the
other processes and it is the most efficient in changing the photon spectrum.
To describe this kind of interaction, kinetic theory is the most general approach one can adopt and it allows to compute interaction rates. This is of
crucial importance in describing the photospheric emission in GRBs since
near the photosphere photons are no longer in thermal equilibrium with the
expanding plasma and collision rates have to be calculated from first principles. In this approach Boltzmann equations determine the time evolution
for each particle distribution functions in each point of space. Another important aspect is that kinetic approach allows to study the process of photon
decoupling in an arbitrary reference frame. This feature becomes necessary
when the comoving reference frame cannot be properly defined and this is
exactly the case when a relativistic outflow becomes transparent to photons.
By definition, a reference frame is comoving with respect to an ensemble of
particles if the mean momentum of the system is zero. This is possible when
an outflow expands but photons are trapped in it making the bulk velocity of
photons equal to the bulk velocity of the plasma. However, during the transition from opaque to transparent plasma, photons decouple from electrons.
Photons carry energy and momentum and electrons recoil at the last scattering of photons. This effect can be taken into account only within kinetic treatment in the laboratory reference frame. The only limitation in this approach
is the size of the grid in the phase space since finite difference methods are
involved for solution of relativistic Boltzmann equations. The preliminary
results of this work are presented in Appendix H.

3.2.6. Relativistic kinetic theory and its applications
These years particular attention was paid to presenting our results in relativistic kinetic theory in a systematic and pedagogic manner. This approach
resulted in a lecture course created by G.V. Vereshchagin for the students
of the IRAP PhD Erasmus Mundus Joint Doctorate program. This lecture
course was also delivered last year at the XV Brazilian School of Cosmology
and Gravitation in Mangaratiba, Brazil. The lecture notes summarizing this
course is presented in Appendix I.

3.3. Neutrinos in cosmology
Many observational facts make it clear that luminous matter alone cannot
account for the whole matter content of the Universe. Among them there
is the cosmic background radiation anisotropy spectrum, that is well fitted
by a cosmological model in which just a small fraction of the total density is
supported by baryons.
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In particular, the best fit to the observed spectrum is given by a flat ΛCDM
model, namely a model in which the main contribution to the energy density
of the Universe comes from vacuum energy and cold dark matter. This result
is confirmed by other observational data, like the power spectrum of large
scale structures.
Another strong evidence for the presence of dark matter is given by the
rotation curves of galaxies. In fact, if we assume a spherical or ellipsoidal
mass distribution inside the galaxy, the orbital velocity at a radius r is given
by Newton’s equation of motion. The peculiar velocity of stars beyond the
visible edge of the galaxy should then decrease as 1/r. What is instead observed is that the velocity stays nearly constant with r. This requires a halo
of invisible, dark, matter to be present outside the edge. Galactic size should
then be extended beyond the visible edge. From observations is follows that
the halo radius is at least 10 times larger than the radius of visible part of the
galaxy. Then it follows that a halo is at least 10 times more massive than all
stars in a galaxy.
Neutrinos were considered as the best candidate for dark matter about
twenty years ago. Indeed, it was shown that if these particles have a small
mass mν ∼ 30 eV, they provide a large energy density contribution up to critical density. Tremaine and Gunn (1979) have claimed, however, that massive
neutrinos cannot be considered as dark matter. Their paper was very influential and turned most of cosmologists away from neutrinos as cosmologically
important particles.
Tremaine and Gunn paper was based on estimation of lower and upper
bounds for neutrino mass; when contradiction with these bounds was found,
the conclusion was made that neutrinos cannot supply dark matter. The upper bound was given by cosmological considerations, but compared with the
energy density of clustered matter. It is possible, however, that a fraction of
neutrinos lays outside galaxies.
Moreover, their lower bound was found on the basis of considerations of
galactic halos and derived on the ground of the classical Maxwell-Boltzmann
statistics. Gao and Ruffini (1980) established a lower limit on the neutrino
mass by the assumption that galactic halos are composed by degenerate
neutrinos. Subsequent development of their approach Arbolino and Ruffini
(1988) has shown that contradiction with two limits can be avoided.
At the same time, in 1977 the paper by Lee and Weinberg (1977) appeared,
in which authors turned their attention to massive neutrinos with mν >>
2 GeV. Such particles could also provide a large contribution into the energy
density of the Universe, in spite of much smaller value of number density.
Recent experimental results from laboratory (see Dolgov (2002) for a review) rule out massive neutrinos with mν > 2 GeV. However, the paper by
Lee and Weinberg was among the first where very massive particles were
considered as candidates for dark matter. This can be considered as the first
of cold dark matter models.
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Today the interest toward neutrinos as a candidate for dark matter came
down, since from one side, the laboratory limit on its mass do not allow for
significant contribution to the density of the Universe, and from other side,
conventional neutrino dominated models have problems with formation of
structure on small scales. However, in these scenarios the role of the chemical potential of neutrinos was overlooked, while it could help solving both
problems.

3.3.1. Massive neutrino and structure formation
Lattanzi et al. (2003) have studied the possible role of massive neutrinos in
the large scale structure formation. Although now it is clear, that massive
light neutrinos cannot be the dominant part of the dark matter, their influence on the large scale structure formation should not be underestimated. In
particular, large lepton asymmetry, still allowed by observations, can affect
cosmological constraints on neutrino mass.

3.3.2. Cellular structure of the Universe

Figure 3.2.: Cellular structure of the Universe.
One of the interesting possibilities, from a conceptual point of view, is the
change from the description of the physical properties by a continuous function, to a new picture by introducing a self-similar fractal structure. This
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approach has been relevant, since the concept of homogeneity and isotropy
formerly apply to any geometrical point in space and leads to the concept
of a Universe observer-homogeneous (Ruffini (1989)). Calzetti et al. (1987),
Giavalisco (1992), Calzetti et al. (1988) have defined the correlation length of
a fractal

γ 1/γ
r0 = 1 −
RS ,
(3.3.1)
3
where RS is the sample size, γ = 3 − D, and D is the Hausdorff dimension of the fractal. Most challenging was the merging of the concepts of
fractal, Jeans mass of dark matter and the cellular structure in the Universe,
advanced by Ruffini et al. (1988). The cellular structure emerging from this
study is represented in Figure 3.2. There the upper cutoff in the fractal
structure Rcutoff ≈ 100 Mpc, was associated to the Jeans mass of the ”ino”
 m 2
Mcell = m pl
m pl .
ino

3.3.3. Lepton asymmetry of the Universe
Lattanzi et al. (2005), Lattanzi et al. (2006) studied how the cosmological constraints on neutrino mass are affected by the presence of a lepton asymmetry.
The main conclusion is that while constraints on neutrino mass do not change
by the inclusion into the cosmological model the dimensional chemical potential of neutrino, as an additional parameter, the value of lepton asymmetry
allowed by the present cosmological data is surprisingly large, being
L=

∑
ν

nν − nν̄
. 0.9.
nγ

(3.3.2)

Therefore, large lepton asymmetry is not ruled out by the current cosmological data.

3.4. The particle dark matter paradigm: the role
of dark matter in galaxies and its cosmological
counterpart
A general study of Dark Matter (DM) within the particle DM paradigm requires the interconnection between particle Physics (Standard Model (SM)
and beyond SM Physics), together with a fully general relativistic treatment.
The study of the Physics must be always guided by the many different known
astrophysical scenarios where DM plays certainly a role, i.e.: the interaction nature within the primordial plasma in the early universe, leptogenesis,
baryogenesis, the large structure of the Universe, structure formation, gravitational lensing in clusters of galaxies, galaxy rotation curves and the overall
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galaxy density profiles. The current attention of research within our group is
focused in the Physics and astrophysics of DM particles in the early Universe,
its effects in the mass and neutrino species number constraints, and mainly,
the role of DM in galaxies at all scales.
The study of all these issues are in part a natural continuation of the
pioneering works developed in the past by former members of the ICRA
group and collaborators, all headed by the director of the institute, Prof. R.
Ruffini (see Ruffini et al. (1983), Ruffini et al. (1988), Ruffini and Stella (1983),
Arbolino and Ruffini (1988), Merafina and Ruffini (1989), Gao et al. (1990),
Ingrosso et al. (1992), Bisnovatyj-Kogan et al. (1993), Bisnovatyi-Kogan et al.
(1998)).
The nature of the DM particle interactions for the recently proposed sterile neutrino in the context of the so called neutrino Minimal Standard Model
(νMSM, see Boyarsky et al. (2009b) and references therein), in compatibility
with the early cosmology and further constrained with data coming form the
center of the galaxies, is being studied by the Ph.D student C. R. Argüelles
under the tutorship of the Prof. J. A. Rueda and Prof. R. Ruffini, in collaboration with N. Mavromatos. Some correlated aspects of the role of sterile ν in
the early Universe, as neutrino species number constraints is currently being
studied by the Ph.D student B. Fraga, guided by the professors J. A. Rueda
and Prof. R. Ruffini.
The actual main topic of research respecting the role of fermionic DM particles in halos as well as in the centers of the galaxies together with its possible interaction regime is studied by the Ph.D students C. R. Argüelles and
B. Fraga, with the collaboration of the ICRANet colleagues I. Siutsou, J. A.
Rueda, and the external collaboration of the Prof. N. Mavromatos, headed by
Prof. R. Ruffini.
Below we present an introduction for each topic of research together with
a more detailed description through the links to actual results and ongoing
papers.

3.4.1. Dark Matter particles in the early cosmology
Neutrino mass constraints
In the realm of Gamow’s hot big bang model, and in order to account for
the actual main matter density in the Universe, the neutrino constituents
of the Universe, could not have been coupled to the primordial plasma in
thermal equilibrium until recent epochs; otherwise, after some evolutionary time its abundance would have reached a non-relativistic behaviour:
nν ∼ (mT )3/2 e−m/T , thus, becoming absolutely negligible because of the exponential factor. So, a detailed analysis of neutrino decoupling (or sometimes
called ”freeze out”) from the primordial plasma is necessary. Moreover, if
the relic abundance of massive neutrinos in a precise epoch of decoupling is
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required, a time evolutionary study of particle’s phase space distribution is
needed. The standard treatment for such an evolutionary analysis must be
done in the context of a covariant Boltzmann equation (for the specific case
of a Friedman-Robertson-Walker (FRW) metric, see e.g. Kolb & Turner book),
with a general collision term expressed in terms of a cross-section times velocity factor. This treatment can be divided in three parts: i) with typical
highly relativistic cross-section factor; ii) with typical non-relativistic crosssection factor; iii) with typical relativistic cross-section factor, correspondent
with interactions below Electro-Weak (EW) scale (the so called superweak
scale). This is so done in order to show how the i) case corresponds to a
Cowsik & McClelland light neutrino mass bound like; the ii) case to a Lee &
Weinberg heavy neutrino mass bound like; and the iii) to a keV sterile neutrino mass bound like.
After comparing the correspondent mass relic abundance with the actual
mass density of the Universe Ων . Ω0 , different mass bounds to the neutrinos can be estimated for each above mentioned case:
i) Light and highly relativistic Standard Model neutrino
mν < 8eV/c2

(Cowsik and McClelland like)

ii) Heavy and non-relativistic hypotetical beyond SM neutrino
mν̃ > 2GeV/c2

( Lee and Weinberg like)

iii) Light and relativisitc beyond SM neutrino
msν < 100keV/c2

(Shaposhnikov like)

Further and complementary constraints on the mass of the DM candidates
and their interaction rates, can be set when studying self-gravitating systems
of interactive fermions to model astrophysical objects, thought to be at the
center of galaxies and working as a natural alternative to the so called Massive Black Holes. The simplest case of self-gravitating ‘bare’ fermions fulfilling Fermi statistics and neglecting any additional interactions (weak or other)
is introduced in the next topic. Nontheless, in order to fit the observations in
Sgr A*, additional interactions between the fermions are needed to be considered.

3.4.2. Self-gravitating systems of Dark Matter particles
The problem of the distribution of DM in galaxies as generally studied in the
literature, is mainly focused in the halo regions and associated with the galactic rotation curves, where the major amount of data is available. The most
common actual mathematical techniques used to deal with this problem are
phenomenological fits (See e.g. Burkert (1995)) as well as best fits resulting
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from numerical N-body simulations centered in the ΛCDM paradigm (See
Navarro et al. (1997), Navarro et al. (2004)).
We propose here a new approach for this problem based on the following
main assumptions:
1) that the problem of the galactic core and the halo have to be addressed
unitarily;
2) for definiteness we study the simplest problem of ‘bare’ neutrinos in
thermodynamic equilibrium fulfilling only the Fermi Dirac statistical distribution
1
1


=
f =
,
(3.4.1)
ǫ−µ
ǫ
exp kT + 1
exp βmc2 − θ + 1

where ǫ is kinetic energy of the particles, µ is chemical potential, T is the temperature, k is Boltzmann constant, m is the mass of ‘ino’, c is the speed of light,
β = kT/mc2 , θ = µ/kT, without consider either Fermi weak interactions or
alternative interactions;
3) we consider zero total angular momentum and also we neglect any effect
of Baryonic matter.
The equilibrium configurations of a self-gravitating semi-degenerate system of fermions were first studied in Newtonian gravity by Ruffini and Stella
(1983) and then generalized in general relativity by Gao et al. (1990). It is
shown that in any such system the density at large radii scales as r −2 quite
independently of the values of the central density, always providing a flat
rotation curve. These solutions were extended to an energy and angular momentum cut-off in the distribution function Ingrosso et al. (1992).
A typical mass density profile solution from the model, contrasted with a
Navarro-Frenk-White (NFW) profile Navarro et al. (1997), as well as a Boltzmannian Isothermal sphere model is shown in Fig. 3.3,
It is interesting that the quantum and relativistic treatment of the configurations considered here are characterized by the presence of central cored
structures unlike the typical cuspy configurations obtained from a classic
non-relativistic approximation, such as the ones of numerical N-body simulations in Navarro et al. (1997). This naturally leads to a possible solution to
the well-known core-cusp discrepancy de Blok et al. (2001).
We have recently returned to the Gao et. al. work, and propose a completely different way for solving the boundary condition problem for the
system of non-linear first order differential equations, in order to fulfill the
observationally inferred values of typical dark matter halos in spiral galaxies
as given in de Blok et al. (2008). Namely, for a given initial condition for the
total mass M (0) = 0 (consistent with no singularity at the center), arbitrary
fixed θ0 (depending on the chosen central degeneracy), and defining the halo
radius rh at the onset of the flat rotation curve, we solve an eigenvalue problem for the central temperature parameter β 0 , until the observed halo circular
velocity vh is obtained. After this, we solve a second eigenvalue problem for
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Figure 3.3.: The cored behaviour of the dark matter density profiles from our
model is contrasted with the cuspy NFW density profile. The free parameters
of the model are fixed as β 0 = 1.251 × 10−7 , θ0 = 30 and m = 10.54keV/c2 ,
while the corresponding free parameters in the NFW formula ρ NFW (r ) =
ρ0 r0 /(r (1 + r/r0 )2 ) are chosen as ρ0 = 5 × 10−3 M⊙ pc−3 and r0 = 25 Kpc (i.e.
typical of spiral galaxies according to de Blok et al. (2008)).
the particle mass m until the observed halo mass Mh is reached at the radius
rh .
The quest has been to use all these information in order to put a novel lower
constraints on the mass of the ‘ino’ in galactic halos by introducing the above
mentioned observational properties. This bound is for typical spiral galaxies:
m ≥ 0.42keV/c2 .

(3.4.2)

The novel density profile solutions as well as the rotation curves in agreement with the observed halo properties are plotted in Fig. J.6 for different values of the central degeneracy parameter θ0 in correspondence with the particle mass m,
Another relevant observational aspect on galactic halos is the so called Universality laws. Donato et al. (2009), fitting DM halos with Burkert profiles,
found out that the surface density µ0D = r B ρ0 of galaxy dark matter halos,
where r B and ρ0 are the burkert radius and central halo density, is nearly
constant for a wide number of galaxies with different total masses and absolute magnitudes. This further implies a constant acceleration due to DM
at the Burkert radius a DM GMB /r2B = 3.2 × 10−9 cm/s2 . The fact that from
our model we obtain scaling formulas for the magnitudes r B and MB with
respect the free parameters of the model m, β 0 and θ0 , it allow us to show
that always exist a definite range of the θ0 as well as β 0 parameter for a given
particle mass above the limit found in (3.4.2), which is in agreement with the
observational universal result.
More references to future works and some details can be found in Appendix J.
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Figure 3.4.: Mass density profiles and rotation curves for specific ino masses
m and central degeneracies θ0 fulfilling the observational constraints Mh =
1.6 × 1011 M⊙ at rh = 25 Kpc. All the quantum configurations have a dark
matter halo circular velocity vh = 168 km/s in correspondence with β 0 =
1.251 × 10−7 . These solutions are contrasted with a Boltzmannian isothermal
sphere and the observationally inferred dark matter profile of typical spirals
(see Chemin et al. (2011), de Blok et al. (2008)).

3.5. Cosmological data and indications for new
physics
This year we work on constraint cosmological parameters starting from the
minimal model ΛCDM called Harrison-Zel’dovich (HZ) model and increasing the number of parameters going to explore several interesting models.
The goal of that work is to examine whether existing cosmological datasets
can provide evidence for the dynamics of the inflaton field during inflation
or evidence for new “neutrino” physics. Evidence for the dynamics of the
inflaton field during inflation would be a departure from the HZ model (a
scalar spectral index of unity and no tensor perturbations). The departure
from the HZ model could take the form of a scalar spectral index different
than unity, a “running” (a scale-dependence) of the scalar spectral index, or
evidence for tensor modes.
In that work we have used data from the Atacama Cosmology Telescope
(ACT) and South Pole Telescope (SPT) data in combination with the Wilkinson Microwave Anisotropy Probe 9-year data (WMAP9), the Sloan Digital
Sky Survey Data Release 9, the WiggleZ large-scale structure data, and the
Hubble Space Telescope determination of the Hubble parameter (HST). We
tested these data against two cosmological scenarios: (1) a scale-invariant,
purely scalar “Harrison-Zel’dovich” (HZ) power spectrum with the addition of parameters motivated by inflationary cosmology, tilt nS , nonzero tensor/scalar ratio r, and running of the spectral index nS , and (2) the HZ power
spectrum with a nonstandard effective neutrino number Ne f f and/or neutrino mass mν . We find that both the extended ACT data (eACT) and the
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extended SPT data (eSPT) favor extensions to the simple HZ model to at least
95% confidence.
The results are published in JCAP and are available on arXiv:1303.4317.
Moreover, after the publication of new data from the Planck satellite,
we work on new constraints of Inflation step-like features model. Nonstandard large scale features are allowed by data and it is possible to
generate them in a cosmological way introducing a sharp step in the inflation
potential.
In its simplest implementation, inflation is driven by the potential energy
of a single scalar field, the inflaton, slowly rolling down towards a minimum
of its potential and in more general inflationary models, there is the possibility that slow roll is briefly violated. A violation of slow-roll will possibly
lead to detectable effects on the cosmological observables, or at least to the
opportunity to constraint these models by the absence of such effects. In particular, step-like features in the primordial power spectrum have been shown
to lead to characteristic localized oscillations in the power spectrum of the
primordial curvature perturbation. Such oscillations have been considered
as a possible explanation to the “glitches” observed by the Wilkinson Microwave Anisotropy Probe (WMAP) in the temperature anisotropy spectrum
of the CMB.
We have so considered inflation models with a small-amplitude steplike feature in the inflaton potential, where the chaotic inflation potential is hV (φ) = m2eff (φi
)φ2 /2 and his correspondent potential is V (φ) =
1 2 2
2m φ

φ−b

. It depend by the inflaton mass m and the three
1 + c tanh d
step parameters: b is of the order of the critical value of the inflaton field
for which the phase transition occurs, c is the height of the step (related to
the change in the inflaton mass) and d is its width (related to the duration
of the phase transition). Features of these kind can be due for example to
phase transitions occurring during the slow roll in multi-field inflationary
models. In these models the primordial perturbation spectrum has the form
of a power-law (as in the standard featureless case) with superimposed oscillations, localized in a finite range of scales that basically depends on the
position of the step in the potential.
Using cosmological data we can derive constraints on the position, magnitude and gradient of a possible step. In our analysis we assumed an analytical
method (i.e. we integrate the set of differential equations to accurately compute the oscillations in the CMB angular spectrum) and, moreover, approximate formula for the features. The analysis presented in the Planck collaboration paper Ade et al. (2013d) for steplike feature did not cover the range
of low multipoles and the remaining cosmological parameters were not let
to vary freely but fixed at their best-fit values, therefore neglecting possible
correlations. On the contrary, we let all the parameters to vary freely, taking
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into account possible correlations between the parameters.
The results are published in PRD and are available on arXiv:1308.6406.
Details of these works are given in Appendices K and L.
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4. Publications
4.1. Publications before 2005
1. R. Ruffini, D. J. Song, and L. Stella, “On the statistical distribution of
massive fermions and bosons in a Friedmann universe” Astronomy and
Astrophysics, Vol. 125, (1983) pp. 265-270.
The distribution function of massive Fermi and Bose particles in an expanding
universe is considered as well as some associated thermodynamic quantities,
pressure and energy density. These considerations are then applied to cosmological neutrinos. A new limit is derived for the degeneracy of a cosmological
gas of massive neutrinos.

2. R. Ruffini and D. J. Song, “On the Jeans mass of weakly interacting neutral massive leptons”, in Gamow cosmology, eds. F. Melchiorri and R.
Ruffini, (1986) pp. 370–385.
The cosmological limits on the abundances and masses of weakly interacting
neutral particles are strongly affected by the nonzero chemical potentials of
these leptons. For heavy leptons (m x > GeV), the value of the chemical potential must be much smaller than unity in order not to give very high values
of the cosmological density parameter and the mass of heavy leptons, or they
will be unstable. The Jeans’ mass of weakly interacting neutral particles could
give the scale of cosmological structure and the masses of astrophysical objects. For a mass of the order 10 eV, the Jeans’ mass could give the scenario
of galaxy formation, the supercluster forming first and then the smaller scales,
such as clusters and galaxies, could form inside the large supercluster.

3. D. Calzetti, M. Giavalisco, R. Ruffini, J. Einasto, and E. Saar, “The correlation function of galaxies in the direction of the Coma cluster”, Astrophysics and Space Science, Vol. 137 (1987) pp. 101-106.
Data obtained by Einasto et al. (1986) on the amplitude of the correlation function of galaxies in the direction of the Coma cluster are compared with theoretical predictions of a model derived for a self-similar observer-homogeneous
structure. The observational samples can be approximated by cones of angular width alpha of about 77 deg. Eliminating sources of large observational
error, and by making a specified correction, the observational data are found
to agree very well with the theoretical predictions of Calzetti et al. (1987).
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4. R. Ruffini, D. J. Song, and S. Taraglio, “The ’ino’ mass and the cellular large-scale structure of the universe”, Astronomy and Astrophysics,
Vol. 190, (1988) pp. 1-9.
Within the theoretical framework of a Gamow cosmology with massive ”inos”,
the authors show how the observed correlation functions between galaxies
and between clusters of galaxies naturally lead to a ”cellular” structure for the
Universe. From the size of the ”elementary cells” they derive constraints on
the value of the masses and chemical potentials of the cosmological ”inos”.
They outline a procedure to estimate the ”effective” average mass density of
the Universe. They also predict the angular size of the inhomogeneities to be
expected in the cosmological black body radiation as remnants of this cellular
structure. A possible relationship between the model and a fractal structure is
indicated.

5. D. Calzetti, M. Giavalisco, and R. Ruffini, “The normalization of the
correlation functions for extragalactic structures”, Astronomy and Astrophysics, Vol. 198 (1988), pp. 1-15.
It is shown that the spatial two-point correlation functions for galaxies, clusters and superclusters depend explicitly on the spatial volume of the statistical
sample considered. Rules for the normalization of the correlation functions are
given and the traditional classification of galaxies into field galaxies, clusters
and superclusters is replaced by the introduction of a single fractal structure,
with a lower cut-off at galactic scales. The roles played by random and stochastic fractal components in the galaxy distribution are discussed in detail.

6. M. V. Arbolino and R. Ruffini, “The ratio between the mass of the halo
and visible matter in spiral galaxies and limits on the neutrino mass”,
Astronomy and Astrophysics, Vol. 192, (1988) pp. 107-116.
Observed rotation curves for galaxies with values of the visible mass ranging
over three orders of magnitude together with considerations involving equilibrium configurations of massive neutrinos, impose constraints on the ratio
between the masses of visible and dark halo comporents in spiral galaxies.
Upper and lower limits are derived for the mass of the particles making up the
dark matter.

7. A. Bianconi, H. W. Lee, and R. Ruffini, “Limits from cosmological nucleosynthesis on the leptonic numbers of the universe”, Astronomy and
Astrophysics, Vol. 241 (1991) pp. 343-357.
Constraints on chemical potentials and masses of ’inos’ are calculated using
cosmological standard nucleosynthesis processes. It is shown that the electron neutrino chemical potential (ENCP) should not be greater than a value of
the order of 1, and that the possible effective chemical potential of the other
neutrino species should be about 10 times the ENCP in order not to conflict
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with observational data. The allowed region (consistent with the He-4 abundance observations) is insensitive to the baryon to proton ratio η , while those
imposed by other light elements strongly depend on η .

8. R. Ruffini, J. D. Salmonson, J. R. Wilson, and S.-S. Xue, “On the pair
electromagnetic pulse of a black hole with electromagnetic structure”,
Astronomy and Astrophysics, Vol. 350 (1999) pp. 334-343.
We study the relativistically expanding electron-positron pair plasma formed
by the process of vacuum polarization around an electromagnetic black hole
(EMBH). Such processes can occur for EMBH’s with mass all the way up to
6 · 105 M⊙ . Beginning with a idealized model of a Reissner-Nordstrom EMBH
with charge to mass ratio ξ = 0.1, numerical hydrodynamic calculations are
made to model the expansion of the pair-electromagnetic pulse (PEM pulse)
to the point that the system is transparent to photons. Three idealized special
relativistic models have been compared and contrasted with the results of the
numerically integrated general relativistic hydrodynamic equations. One of
the three models has been validated: a PEM pulse of constant thickness in the
laboratory frame is shown to be in excellent agreement with results of the general relativistic hydrodynamic code. It is remarkable that this precise model,
starting from the fundamental parameters of the EMBH, leads uniquely to the
explicit evaluation of the parameters of the PEM pulse, including the energy
spectrum and the astrophysically unprecedented large Lorentz factors (up to
6 · 103 for a 103 M⊙ EMBH). The observed photon energy at the peak of the
photon spectrum at the moment of photon decoupling is shown to range from
0.1 MeV to 4 MeV as a function of the EMBH mass. Correspondingly the total
energy in photons is in the range of 1052 to 1054 ergs, consistent with observed
gamma-ray bursts. In these computations we neglect the presence of baryonic
matter which will be the subject of forthcoming publications.

9. R. Ruffini, J. D. Salmonson, J. R. Wilson, and S.-S. Xue, “On the pairelectromagnetic pulse from an electromagnetic black hole surrounded
by a baryonic remnant”, Astronomy and Astrophysics, Vol. 359 (2000)
pp. 855-864.
The interaction of an expanding Pair-Electromagnetic pulse (PEM pulse) with
a shell of baryonic matter surrounding a Black Hole with electromagnetic
structure (EMBH) is analyzed for selected values of the baryonic mass at selected distances well outside the dyadosphere of an EMBH. The dyadosphere,
the region in which a super critical field exists for the creation of e+ e− pairs,
is here considered in the special case of a Reissner-Nordstrom geometry. The
interaction of the PEM pulse with the baryonic matter is described using a simplified model of a slab of constant thickness in the laboratory frame (constantthickness approximation) as well as performing the integration of the general
relativistic hydrodynamical equations. Te validation of the constant-thickness
approximation, already presented in a previous paper Ruffini et al. (1999) for a
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PEM pulse in vacuum, is here generalized to the presence of baryonic matter.
It is found that for a baryonic shell of mass-energy less than 1% of the total
energy of the dyadosphere, the constant-thickness approximation is in excellent agreement with full general relativistic computations. The approximation
breaks down for larger values of the baryonic shell mass, however such cases
are of less interest for observed Gamma Ray Bursts (GRBs). On the basis of
numerical computations of the slab model for PEM pulses, we describe (i) the
properties of relativistic evolution of a PEM pulse colliding with a baryonic
shell; (ii) the details of the expected emission energy and observed temperature of the associated GRBs for a given value of the EMBH mass; 103 M⊙ , and
for baryonic mass-energies in the range 10−8 to 10−2 the total energy of the
dyadosphere.

10. M. Lattanzi, R. Ruffini, and G. Vereshchagin, “On the possible role of
massive neutrinos in cosmological structure formation”, in Cosmology
and Gravitation, eds. M. Novello and S. E. Perez Bergliaffa, Vol. 668 of
AIP Conference Series, (2003) pp. 263–287.
In addition to the problem of galaxy formation, one of the greatest open questions of cosmology is represented by the existence of an asymmetry between
matter and antimatter in the baryonic component of the Universe. We believe
that a net lepton number for the three neutrino species can be used to understand this asymmetry. This also implies an asymmetry in the matter-antimatter
component of the leptons. The existence of a nonnull lepton number for the
neutrinos can easily explain a cosmological abundance of neutrinos consistent
with the one needed to explain both the rotation curves of galaxies and the
flatness of the Universe. Some propedeutic results are presented in order to
attack this problem.

4.2. Publications (2005 – 2012)
1. B. Patricelli, M.G. Bernardini, C.L. Bianco, L. Caito, G. de Barros, L.
Izzo, R. Ruffini and G.V. Vereshchagin, ”Analysis of GRB 080319B and
GRB 050904 within the Fireshell Model: Evidence for a Broader Spectral
Energy Distribution”, The Astrophysical Journal, Volume 756, Issue 1,
article id. 16 (2012).
The observation of GRB 080319B, with an isotropic energy Eiso = 1.32 · 1054
erg, and GRB 050904, with Eiso = 1.04 · 1054 erg, offers the possibility of studying the spectral properties of the prompt radiation of two of the most energetic gamma-ray bursts (GRBs). This allows us to probe the validity of the
fireshell model for GRBs beyond 1054 erg, well outside the energy range where
it has been successfully tested up to now (1049 -1053 erg). We find that in the
low-energy region, the prompt emission spectra observed by Swift Burst Alert
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Telescope (BAT) reveals more power than theoretically predicted. The opportunities offered by these observations to improve the fireshell model are outlined in this paper. One of the distinguishing features of the fireshell model
is that it relates the observed GRB spectra to the spectrum in the comoving
frame of the fireshell. Originally, a fully radiative condition and a comoving
thermal spectrum were adopted. An additional power law in the comoving
thermal spectrum is required due to the discrepancy of the theoretical and observed light curves and spectra in the fireshell model for GRBs 080319B and
050904. A new phenomenological parameter α is correspondingly introduced
in the model. We perform numerical simulations of the prompt emission in
the Swift BAT bandpass by assuming different values of within the fireshell
model. We compare them with the GRB 080319B and GRB 050904 observed
time-resolved spectra, as well as with their time-integrated spectra and light
curves. Although GRB 080319B and GRB 050904 are at very different redshifts (z = 0.937 and z = 6.29, respectively), a value of α = −1.8 for both
of them leads to a good agreement between the numerical simulations and the
observed BAT light curves, time-resolved and time-integrated spectra. Such a
modified spectrum is also consistent with the observations of previously analyzed less energetic GRBs and reasons for this additional agreement are given.
Perspectives for future low-energy missions are outlined.

2. A.G. Aksenov, R. Ruffni, I. A. Siutsou and G. V. Vereshchagin, ”Dynamics and emission of mildly relativistic plasma”, International Journal of
Modern Physics: Conference Series, Vol. 12, Issue 01, (2012) pp. 1-9.
Initially optically thick (with τ = 3 · 107 ) spherically symmetric outflow consisting of electron-positron pairs and photons is considered. We do not assume thermal equilibrium, and include the two-body processes that occur in
such plasma: Moller and Bhaba scattering of pairs, Compton scattering, twophoton pair annihilation, two-photon pair production, together with their radiative three-body variants: bremsstrahlung, double Compton scattering, and
three-photon pair annihilation, with their inverse processes. We solve numerically the relativistic Boltzmann equations in spherically symmetric case for
distribution functions of pairs and photons. Three epochs are considered in
details: a) the thermalization, which brings initially nonequilibrium plasma to
thermal equilibrium; b) the self-accelerated expansion, which we find in agreement with previous hydrodynamic studies and c) decoupling of photons from
the expanding electron-positron plasma. Photon spectra are computed, and
appear to be non thermal near the peak of the luminosity. In particular, the
low energy part of the spectrum contain more power with respect to the black
body one.

3. A. Benedetti, W.-B. Han, R. Ruffini and G.V. Vereshchagin, “On the frequency of oscillations in the pair plasma generated by a strong electric
field”, Physics Letters B, Vol. 698 (2011) 75-79.
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We study the frequency of the plasma oscillations of electron-positron pairs
created by the vacuum polarization in a uniform electric field with strength E
in the range 0.2Ec < E < 10Ec . Following the approach adopted in Ruffini et
al. (2007) we work out one second order ordinary differential equation for a
variable related to the velocity from which we can recover the classical plasma
oscillation equation when E→0. Thereby, we focus our attention on its evolution in time studying how this oscillation frequency approaches the plasma
frequency. The time-scale needed to approach to the plasma frequency and
the power spectrum of these oscillations are computed. The characteristic frequency of the power spectrum is determined uniquely from the initial value
of the electric field strength. The effects of plasma degeneracy and pair annihilation are discussed.

4. B. Patricelli, M.G. Bernardini, C.L. Bianco, L. Caito, L. Izzo, R. Ruffini
and G.V. Vereshchagin, “A New Spectral Energy Distribution of Photons in the Fireshell Model of GRBs”, International Journal of Modern
Physics D, Vol. 20 (2011) 1983-1987.
The analysis of various Gamma-Ray Bursts (GRBs) having a low energetics
within the fireshell model has shown how the N(E) spectrum of their prompt
emission can be reproduced in a satisfactory way by a convolution of thermal spectra. Nevertheless, from the study of very energetic bursts such as,
for example, GRB 080319B, some discrepancies between the numerical simulations and the observational data have been observed. We investigate a different spectrum of photons in the comoving frame of the fireshell in order to
better reproduce the spectral properties of GRB prompt emission within the
fireshell model. We introduce a phenomenologically modified thermal spectrum: a thermal spectrum characterized by a different asymptotic power-law
index in the low energy region. Such an index depends on a free parameter α,
so that the pure thermal spectrum corresponds to the case α = 0. We test this
spectrum by comparing the numerical simulations with the observed prompt
emission spectra of various GRBs. From this analysis it has emerged that the
observational data can be correctly reproduced by assuming a modified thermal spectrum with α = −1.8.

5. Elena Giusarma, Martina Corsi, Maria Archidiacono, Roland de Putter,
Alessandro Melchiorri, Olga Mena, Stefania Pandolfi. ”Constraints on
massive sterile neutrino species from current and future cosmological
data”, Phys.Rev. D83, 115023 (2011)
Sterile massive neutrinos are a natural extension of the standard model of elementary particles. The energy density of the extra sterile massive states affects
cosmological measurements in an analogous way to that of active neutrino
species. We perform here an analysis of current cosmological data and derive
bounds on the masses of the active and the sterile neutrino states, as well as
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on the number of sterile states. The so-called (3+2) models, with three subeV active massive neutrinos plus two sub-eV massive sterile species, is well
within the 95% CL allowed regions when considering cosmological data only.
If the two extra sterile states have thermal abundances at decoupling, big bang
nucleosynthesis bounds compromise the viability of (3+2) models. Forecasts
from future cosmological data on the active and sterile neutrino parameters
are also presented. Independent measurements of the neutrino mass from tritium beta-decay experiments and of the Hubble constant could shed light on
sub-eV massive sterile neutrino scenarios.

6. M. Archidiacono, A. Melchiorri, S. Pandolfi, ”The impact of Reionization modelling on CMB Neutrino Mass Bounds”, Nuclear Physics B,
Proceedings Supplements, Volume 217, Issue 1, p. 65-67. (2011)
We investigate the bounds on the neutrino mass in a general reionization scenario based on a principal component approach. We found the constraint on
the sum of the neutrino masses from CMB data can be relaxed by a ∼ 40 % in
a generalized reionization scenario.

7. Erminia Calabrese, Eloisa Menegoni, C. J. A. P. Martins, Alessandro
Melchiorri, and Graca Rocha, ”Constraining variations in the fine structure constant in the presence of early dark energy”, Phys.Rev. D84
(2011) 023518.
We discuss present and future cosmological constraints on variations of the
fine structure constant α induced by an early dark energy component having the simplest allowed (linear) coupling to electromagnetism. We find that
current cosmological data show no variation of the fine structure constant at
recombination respect to the present-day value, with α/α0 = 0.975 ± 0.020 at
95% c.l., constraining the energy density in early dark energy to Ωe < 0.060 at
95% c.l. Moreover, we consider constraints on the parameter quantifying the
strength of the coupling by the scalar field. We find that current cosmological
constraints on the coupling are about 20 times weaker than those obtainable
locally (which come from Equivalence Principle tests). However forthcoming
or future missions, such as Planck Surveyor and CMBPol, can match and possibly even surpass the sensitivity of current local tests.

8. Micol Benetti, Massimiliano Lattanzi, Erminia Calabrese, Alessandro
Melchiorri, ”Features in the primordial spectrum: new constraints from
WMAP7+ACT data and prospects for Planck”, Phys. Rev. D 84, 063509
(2011)
We update the constraints on possible features in the primordial inflationary
density perturbation spectrum by using the latest data from the WMAP7 and
ACT Cosmic Microwave Background experiments. The inclusion of new data
significantly improves the constraints with respect to older work, especially to
smaller angular scales. While we found no clear statistical evidence in the data
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for extensions to the simplest, featureless, inflationary model, models with
a step provide a significantly better fit than standard featureless power-law
spectra. We show that the possibility of a step in the inflationary potential
like the one preferred by current data will soon be tested by the forthcoming
temperature and polarization data from the Planck satellite mission.

9. Stefania Pandolfi, Elena Giusarma, Edward W. Kolb, Massimiliano
Lattanzi, Alessandro Melchiorri, Olga Mena, Manuel Pena, Asantha
Cooray, Paolo Serra, ”Impact of general reionization scenarios on extraction of inflationary parameters”, Phys.Rev. D82, 123527, (2010).
Determination of whether the Harrison–Zel’dovich spectrum for primordial
scalar perturbations is consistent with observations is sensitive to assumptions
about the reionization scenario. In light of this result, we revisit constraints
on inflationary models using more general reionization scenarios. While the
bounds on the tensor-to-scalar ratio are largely unmodified, when different
reionization schemes are addressed, hybrid models are back into the inflationary game. In the general reionization picture, we reconstruct both the shape
and amplitude of the inflaton potential. We find a broader spectrum of potential shapes when relaxing the simple reionization restriction. An upper limit of
1016 GeV to the amplitude of the potential is found, regardless of the assumptions on the reionization history.

10. A.G. Aksenov, R. Ruffini and G.V. Vereshchagin, “Pair plasma relaxation time scales”, Physical Review E, Vol. 81 (2010) 046401.
By numerically solving the relativistic Boltzmann equations, we compute the
time scale for relaxation to thermal equilibrium for an optically thick electronpositron plasma with baryon loading. We focus on the time scales of electromagnetic interactions. The collisional integrals are obtained directly from
the corresponding QED matrix elements. Thermalization time scales are computed for a wide range of values of both the total energy density (over 10 orders of magnitude) and of the baryonic loading parameter (over 6 orders of
magnitude). This also allows us to study such interesting limiting cases as the
almost purely electron-positron plasma or electron-proton plasma as well as
intermediate cases. These results appear to be important both for laboratory
experiments aimed at generating optically thick pair plasmas as well as for
astrophysical models in which electron-positron pair plasmas play a relevant
role.

11. R. Ruffini, G.V. Vereshchagin and S.-S. Xue, “Electron-positron pairs in
physics and astrophysics: from heavy nuclei to black holes” Physics
Reports, Vol. 487 (2010) No 1-4, pp. 1-140.
From the interaction of physics and astrophysics we are witnessing in these
years a splendid synthesis of theoretical, experimental and observational results originating from three fundametal physical processes. They were origi-
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nally proposed by Dirac, by Breit and Wheeler and by Sauter, Heisenberg, Euler and Schwinger. For almost seventy years they have all three been followed
by a continued effort of experimental verification on Earth-based experiments.
The Dirac process, e+ e− → 2γ, has been by far the most successful. It has obtained extremely accurate experimental verification and has led as well to an
enormous number of new physics in possibly one of the most fruitful experimental avenue by introduction of storage rings in Frascati and followed by the
largest accelerators worldwide: DESY, SLAC etc. The Breit-Wheeler process,
2γ → e+ e− , although conceptually simple, being the inverse process of the
Dirac one, has been by far one of the most difficult to be verified experimentally. Only recently, through the technology based on free electron X-ray laser
and its numerous applications in Earth-based experiments, some first indications of its possible verification have been reached. The vacuum polarization
process in strong electromagnetic field, pioneered by Sauter, Heisenberg, Euler
and Schwinger, introduced the concept of critical electric field Ec = m2e c3 /eh̄.
It has been searched without success for more than forty years by heavy-ion
collisions in many of the leading particle accelerators worldwide. The novel
situation today is that these same processes can be studied on a much more
grandiose scale during the gravitational collapse leading to the formation of a
black hole being observed in Gamma Ray Bursts (GRBs). This report is dedicated to the scientific race in act. The theoretical and experimental work developed in Earth-based laboratories is confronted with the theoretical interpretation of space-based observations of phenomena originating on cosmological
scales. What has become clear in the last ten years is that all the three above
mentioned processes, duly extended in the general relativistic framework, are
necessary for the understanding of the physics of the gravitational collapse to a
black hole. Vice versa, the natural arena where these processes can be observed
in mutual interaction and on an unprecedented scale, is indeed the realm of relativistic astrophysics. We systematically analyze the conceptual developments
which have followed the basic work of Dirac and Breit-Wheeler. We also recall
how the seminal work of Born and Infeld inspired the work by Sauter, Heisenberg and Euler on effective Lagrangian leading to the estimate of the rate for
the process of electron-positron production in a constant electric field. In addition of reviewing the intuitive semi-classical treatment of quantum mechanical tunneling for describing the process of electron-positron production, we
recall the calculations in Quantum Electro-Dynamics of the Schwinger rate and
effective Lagrangian for constant electromagnetic fields. We also review the
electron-positron production in both time-alternating electromagnetic fields,
studied by Brezin, Itzykson, Popov, Nikishov and Narozhny, and the corresponding processes relevant for pair production at the focus of coherent laser
beams as well as electron beam-laser collision. We finally report some current developments based on the general JWKB approach which allows to compute the Schwinger rate in spatially varying and time varying electromagnetic
fields. We also recall the pioneering work of Landau and Lifshitz, and Racah

713

4. Publications
on the collision of charged particles as well as experimental success of AdA
and ADONE in the production of electron-positron pairs. We then turn to the
possible experimental verification of these phenomena. We review: A) the experimental verification of the e+ e− → 2γ process studied by Dirac. We also
briefly recall the very successful experiments of e+ e− annihilation to hadronic
channels, in addition to the Dirac electromagnetic channel; B) ongoing Earth
based experiments to detect electron-positron production in strong fields by
focusing coherent laser beams and by electron beam-laser collisions; and C) the
multiyear attempts to detect electron-positron production in Coulomb fields
for a large atomic number Z > 137 in heavy ion collisions. These attempts
follow the classical theoretical work of Popov and Zeldovich, and Greiner and
their schools. We then turn to astrophysics. We first review the basic work
on the energetics and electrodynamical properties of an electromagnetic black
hole and the application of the Schwinger formula around Kerr-Newman black
holes as pioneered by Damour and Ruffini. We only focus on black hole masses
larger than the critical mass of neutron stars, for convenience assumed to coincide with the Rhoades and Ruffini upper limit of 3.2M⊙ . In this case the electron Compton wavelength is much smaller than the spacetime curvature and
all previous results invariantly expressed can be applied following well established rules of the equivalence principle. We derive the corresponding rate of
electron-positron pair production and the introduction of the concept of Dyadosphere. We review recent progress in describing the evolution of optically
thick electron-positron plasma in presence of supercritical electric field, which
is relevant both in astrophysics as well as ongoing laser beam experiments. In
particular we review recent progress based on the Vlasov-Boltzmann-Maxwell
equations to study the feedback of the created electron-positron pairs on the
original constant electric field. We evidence the existence of plasma oscillations
and its interaction with photons leading to energy and number equipartition
of photons, electrons and positrons. We finally review the recent progress obtained by using the Boltzmann equations to study the evolution of an electronpositron-photon plasma towards thermal equilibrium and determination of
its characteristic timescales. The crucial difference introduced by the correct
evaluation of the role of two and three body collisions, direct and inverse, is
especially evidenced. We then present some general conclusions. The results
reviewed in this report are going to be submitted to decisive tests in the forthcoming years both in physics and astrophysics. To mention only a few of the
fundamental steps in testing in physics we recall the starting of experimental
facilities at the National Ignition Facility at the Lawrence Livermore National
Laboratory as well as corresponding French Laser the Mega Joule project. In
astrophysics these results will be tested in galactic and extragalactic black holes
observed in binary X-ray sources, active galactic nuclei, microquasars and in
the process of gravitational collapse to a neutron star and also of two neutron
stars to a black hole giving origin to GRBs. The astrophysical description of
the stellar precursors and the initial physical conditions leading to a gravita-
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tional collapse process will be the subject of a forthcoming report. As of today
no theoretical description has yet been found to explain either the emission of
the remnant for supernova or the formation of a charged black hole for GRBs.
Important current progress toward the understanding of such phenomena as
well as of the electrodynamical structure of neutron stars, the supernova explosion and the theories of GRBs will be discussed in the above mentioned
forthcoming report. What is important to recall at this stage is only that both
the supernovae and GRBs processes are among the most energetic and transient phenomena ever observed in the Universe: a supernova can reach energy
of ˜1054 ergs on a time scale of a few months and GRBs can have emission of
up to ˜1054 ergs in a time scale as short as of a few seconds. The central role
of neutron stars in the description of supernovae, as well as of black holes and
the electron-positron plasma, in the description of GRBs, pioneered by one of
us (RR) in 1975, are widely recognized. Only the theoretical basis to address
these topics are discussed in the present report.

12. A. G. Aksenov, R. Ruffini, and G. V. Vereshchagin, “Kinetics of the
Mildly Relativistic Plasma and GRBs” in the Proceedings of “The Sun,
the stars, the Universe and General Relativity” meeting in honor of 95th
Anniversary of Ya. B. Zeldovich in Minsk, AIP Conference Proceedings
1205 (2010) 11-16.
We consider optically thick photon-pair-proton plasma in the framework of
Boltzmann equations. For the sake of simplicity we consider the uniform and
isotropic plasma. It has been shown that arbitrary initial distribution functions
evolve to the thermal equilibrium state through so called kinetic equilibrium
state with common temperature of all particles and nonzero chemical potentials. For the plasma temperature 0.1 − 10 MeV relevant for GRB (Gamma-Ray
Burst) sources we evaluate the thermalization time scale as function of total
energy density and baryonic loading parameter.

13. E. Menegoni, S. Pandolfi, S. Galli, M. Lattanzi, A. Melchiorri “Constraints on the dark energy equation of state in presence of a varying
fine structure constant” in Int. J. Mod. Phys D19, 507 (2010).
We discuss the cosmological constraints on the dark energy equation of state
in the pres- ence of primordial variations in the fine structure constant. We
find that the constraints from CMB data alone on w and the Hubble constant
are much weaker when variations in the fine structure constant are permitted.
Vice versa, constraints on the fine struc- ture constant are relaxed by more
than 50% when dark energy models different from a cosmological constant are
considered.

14. C.J.A.P. Martins, E. Menegoni, S. Galli and A. Melchiorri, “Varying couplings in the early universe: correlated variations of α and G, Physical
Review D 82 023532 (2010)
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The cosmic microwave background anisotropies provide a unique opportunity to constrain simultaneous variations of the fine-structure constant α and
Newton’s gravitational constant G. Those correlated variations are possible
in a wide class of theoretical models. In this brief paper we show that the
current data, assuming that particle masses are constant, give no clear indication for such variations, but already prefer that any relative variations in α
should be of the same sign of those of G for variations of 1%. We also show
that a cosmic complementarity is present with big bang nucleosynthesis and
that a combination of current CMB and big bang nucleosynthesis data strongly
constraints simultaneous variations in α and G. We finally discuss the future
bounds achievable by the Planck satellite mission.

15. E. Menegoni, “New Constraints on Variations of Fine Structure Constant from Cosmic Microwave Background Anisotropies”, GRAVITATIONAL PHYSICS: TESTING GRAVITY FROM SUBMILLIMETER TO
COSMIC: Proceedings of the VIII Mexican School on Gravitation and
Mathematical Physics. AIP Conference Proceedings, Volume 1256, pp.
288-292 (2010).
The recent measurements of Cosmic Microwave Background temperature and
polarization anisotropy made by the ACBAR, QUAD and BICEP experiments
substantially improve the cosmological constraints on possible variations of
the fine structure constant in the early universe. In this work I analyze this
recent data obtaining the constraint α/α0 = 0.987+/-0.012 at 68% c.l.. The inclusion of the new HST constraints on the Hubble constant further increases
the bound to α/α0 = 1.001+/-0.007 at 68% c.l., bringing possible deviations
from the current value below the 1% level.

16. A. Melchiorri, F. De Bernardis, E. Menegoni, “Limits on the neutrino
mass from cosmology”. GRAVITATIONAL PHYSICS: TESTING GRAVITY FROM SUBMILLIMETER TO COSMIC: Proceedings of the VIII
Mexican School on Gravitation and Mathematical Physics. AIP Conference Proceedings, Volume 1256, pp. 96-106 (2010).
We use measurements of luminosity-dependent galaxy bias at several different
redshifts, SDSS at z = 0.05, DEEP2 at z = 1 and LBGs at z = 3.8, combined with
WMAP five-year cosmic microwave background anisotropy data and SDSS
Red Luminous Galaxy survey three-dimensional clustering power spectrum
to put constraints on cosmological parameters.

17. A.G. Aksenov, R. Ruffini and G.V. Vereshchagin, “Thermalization of the
mildly relativistic plasma”, Physical Review D, Vol. 79 (2009) 043008.
In the recent Letter Aksenov et al. (2007) we considered the approach of
nonequilibrium pair plasma towards thermal equilibrium state adopting a kinetic treatment and solving numerically the relativistic Boltzmann equations.
It was shown that plasma in the energy range 0.1-10 MeV first reaches kinetic

716

4.2. Publications (2005 – 2012)
equilibrium, on a timescale tk . 10−14 sec, with detailed balance between
binary interactions such as Compton, Bhabha and Møller scattering, and pair
production and annihilation. Later the electron-positron-photon plasma approaches thermal equilibrium on a timescale tth . 10−12 sec, with detailed
balance for all direct and inverse reactions. In the present paper we systematically present details of the computational scheme used in Aksenov et al.
(2007), as well as generalize our treatment, considering proton loading of
the pair plasma. When proton loading is large, protons thermalize first by
proton-proton scattering, and then with the electron-positron-photon plasma
by proton-electron scattering. In the opposite case of small proton loading
proton-electron scattering dominates over proton-proton one. Thus in all cases
the plasma, even with proton admixture, reaches thermal equilibrium configuration on a timescale tth . 10−11 sec. We show that it is crucial to account
for not only binary but also triple direct and inverse interactions between electrons, positrons, photons and protons. Several explicit examples are given and
the corresponding timescales for reaching kinetic and thermal equilibria are
determined.

18. A. G. Aksenov, R. Ruffini, and G. V. Vereshchagin, “Thermalization of
pair plasma with proton loading” in the Proceedings of “PROBING
STELLAR POPULATIONS OUT TO THE DISTANT UNIVERSE” meeting, AIP Conference Proceedings 1111 (2009) 344-350.
We study kinetic evolution of nonequilibrium optically thick electron-positron
plasma towards thermal equilibrium solving numerically relativistic Boltzmann equations with energy per particle ranging from 0.1 to 10 MeV. We generalize our results presented in Aksenov et al. (2007), considering proton loading of the pair plasma. Proton loading introduces new characteristic timescales
essentially due to proton-proton and proton-electron Coulomb collisions. Taking into account not only binary but also triple direct and inverse interactions
between electrons, positrons, photons and protons we show that thermal equilibrium is reached on a timescale tth ≃ 10−11 sec.

19. A.G. Aksenov, R. Ruffini and G.V. Vereshchagin, “Thermalization of
nonequilibrium electron-positron-photon plasmas”, Physical Review
Letters, Vol. 99 (2007) No 12, 125003.
Starting from a nonequilibrium configuration we analyze the role of the direct and the inverse binary and triple interactions in reaching thermal equilibrium in a homogeneous isotropic pair plasma. We focus on energies in the
range 0.1 − 10 MeV. We numerically integrate the relativistic Boltzmann equation with the exact QED collisional integrals taking into account all binary and
triple interactions. We show that first, when a detailed balance is reached for
all binary interactions on a time scale tk < 10−14 sec, photons and electronpositron pairs establish kinetic equilibrium. Subsequently, when triple interactions satisfy the detailed balance on a time scale teq < 10−12 sec, the plasma
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reaches thermal equilibrium. It is shown that neglecting the inverse triple interactions prevents reaching thermal equilibrium. Our results obtained in the
theoretical physics domain also find application in astrophysics and cosmology.

20. C.L. Bianco, R. Ruffini, G.V. Vereshchagin and S.-S. Xue, “Equations of
Motion and Initial and Boundary Conditions for Gamma-ray Burst”,
Journal of the Korean Physical Society, Vol. 49 (2006) No. 2, pp. 722731.
We compare and contrast the different approaches to the optically thick adiabatic phase of GRB all the way to the transparency. Special attention is given
to the role of the rate equation to be self consistently solved with the relativistic hydrodynamic equations. The works of Shemi and Piran (1990), Piran,
Shemi and Narayan (1993), Meszaros, Laguna and Rees (1993) and Ruffini,
Salmonson, Wilson and Xue (1999,2000) are compared and contrasted. The role
of the baryonic loading in these three treatments is pointed out. Constraints
on initial conditions for the fireball produced by electro-magnetic black hole
are obtained.

21. P. Singh, K. Vandersloot and G.V. Vereshchagin, “Nonsingular bouncing
universes in loop quantum cosmology”, Physical Review D, Vol. 74
(2006) 043510.
Nonperturbative quantum geometric effects in loop quantum cosmology
(LQC) predict a ρ2 modification to the Friedmann equation at high energies.
The quadratic term is negative definite and can lead to generic bounces when
the matter energy density becomes equal to a critical value of the order of
the Planck density. The nonsingular bounce is achieved for arbitrary matter
without violation of positive energy conditions. By performing a qualitative
analysis we explore the nature of the bounce for inflationary and cyclic model
potentials. For the former we show that inflationary trajectories are attractors
of the dynamics after the bounce implying that inflation can be harmoniously
embedded in LQC. For the latter difficulties associated with singularities in
cyclic models can be overcome. We show that nonsingular cyclic models can
be constructed with a small variation in the original cyclic model potential by
making it slightly positive in the regime where scalar field is negative.

22. M. Lattanzi, R. Ruffini and G.V. Vereshchagin, “Joint constraints on the
lepton asymmetry of the Universe and neutrino mass from the Wilkinson Microwave Anisotropy Probe”, Physical Review D, Vol. 72 (2005)
063003.
We use the Wilkinson Microwave Anisotropy Probe (WMAP) data on the spectrum of cosmic microwave background anisotropies to put constraints on the
present amount of lepton asymmetry L, parametrized by the dimensionless
chemical potential (also called degeneracy parameter) xi and on the effective

718

4.2. Publications (2005 – 2012)
number of relativistic particle species. We assume a flat cosmological model
with three thermally distributed neutrino species having all the same mass
and chemical potential, plus an additional amount of effectively massless exotic particle species. The extra energy density associated to these species is
parametrized through an effective number of additional species ∆Nothers e f f .
We find that 0 < |ξ | < 1.1 and correspondingly 0 < | L| < 0.9 at 2σ, so that
WMAP data alone cannot firmly rule out scenarios with a large lepton number;
moreover, a small preference for this kind of scenarios is actually found. We
also discuss the effect of the asymmetry on the estimation of other parameters
and, in particular, of the neutrino mass. In the case of perfect lepton symmetry,
we obtain the standard results. When the amount of asymmetry is left free, we
find at 2sigma. Finally we study how the determination of | L| is affected by
ef f

the assumptions on ∆Nothers . We find that lower values of the extra energy
density allow for larger values of the lepton asymmetry, effectively ruling out,
ef f

at 2sigma level, lepton symmetric models with ∆Nothers ≃ 0.

23. G.V. Vereshchagin, “Gauge Theories of Gravity with the Scalar Field in
Cosmology”, in “Frontiers in Field Theory”, edited by O. Kovras, Nova
Science Publishers, New York, (2005), pp. 213-255 (ISBN: 1-59454-1272).
Brief introduction into gauge theories of gravity is presented. The most general
gravitational lagrangian including quadratic on curvature, torsion and nonmetricity invariants for metric-affine gravity is given. Cosmological implications of gauge gravity are considered. The problem of cosmological singularity
is discussed within the framework of general relativity as well as gauge theories of gravity. We consider the role of scalar field in connection to this problem. Initial conditions for nonsingular homogeneous isotropic Universe filled
by single scalar field are discussed within the framework of gauge theories of
gravity. Homogeneous isotropic cosmological models including ultrarelativistic matter and scalar field with gravitational coupling are investigated. We
consider different symmetry states of effective potential of the scalar field, in
particular restored symmetry at high temperatures and broken symmetry. Obtained bouncing solutions can be divided in two groups, namely nonsingular
inflationary and
oscillating solutions. It is shown that inflationary solutions exist for quite general initial conditions like in the case of general relativity. However, the phase
space of the dynamical system, corresponding to the cosmological equations
is bounded. Violation of the uniqueness of solutions on the boundaries of the
phase space takes place. As a result, it is impossible to define either the past
or the future for a given solution. However, definitely there are singular solutions and therefore the problem of cosmological singularity cannot be solved
in models with the scalar field within gauge theories of gravity.

24. R. Ruffini, M. G. Bernardini, C. L. Bianco, L. Caito, P. Chardonnet, M.
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G. Dainotti, F. Fraschetti, R. Guida, M. Rotondo, G. Vereshchagin, L.
Vitagliano, S.-S. Xue,
”The Blackholic energy and the canonical Gamma-Ray Burst” in Cosmology and Gravitation: XIIth Brazilian School of Cosmology and
Gravitation, edited by M. Novello and S.E. Perez Bergliaffa, AIP Conference Proceedings, Vol. 910, Melville, New York, 2007, pp. 55-217.
Gamma-Ray Bursts (GRBs) represent very likely “the” most extensive computational, theoretical and observational effort ever carried out successfully
in physics and astrophysics. The extensive campaign of observation from
space based X-ray and γ-ray observatory, such as the Vela, CGRO, BeppoSAX, HETE-II, INTEGRAL, Swift, R-XTE, Chandra, XMM satellites, have
been matched by complementary observations in the radio wavelength (e.g.
by the VLA) and in the optical band (e.g. by VLT, Keck, ROSAT). The net
result is unprecedented accuracy in the received data allowing the determination of the energetics, the time variability and the spectral properties of these
GRB sources. The very fortunate situation occurs that these data can be confronted with a mature theoretical development. Theoretical interpretation of
the above data allows progress in three different frontiers of knowledge: a) the
ultrarelativistic regimes of a macroscopic source moving at Lorentz gamma
factors up to ∼ 400; b) the occurrence of vacuum polarization process verifying some of the yet untested regimes of ultrarelativistic quantum field theories; and c) the first evidence for extracting, during the process of gravitational
collapse leading to the formation of a black hole, amounts of energies up to
1055 ergs of blackholic energy — a new form of energy in physics and astrophysics. We outline how this progress leads to the confirmation of three
interpretation paradigms for GRBs proposed in July 2001. Thanks mainly to
the observations by Swift and the optical observations by VLT, the outcome of
this analysis points to the existence of a “canonical” GRB, originating from a
variety of different initial astrophysical scenarios. The communality of these
GRBs appears to be that they all are emitted in the process of formation of a
black hole with a negligible value of its angular momentum. The following
sequence of events appears to be canonical: the vacuum polarization process
in the dyadosphere with the creation of the optically thick self accelerating
electron-positron plasma; the engulfment of baryonic mass during the plasma
expansion; adiabatic expansion of the optically thick “fireshell” of electronpositron-baryon plasma up to the transparency; the interaction of the accelerated baryonic matter with the interstellar medium (ISM). This leads to the
canonical GRB composed of a proper GRB (P-GRB), emitted at the moment
of transparency, followed by an extended afterglow. The sole parameters in
this scenario are the total energy of the dyadosphere Edya , the fireshell baryon
loading MB defined by the dimensionless parameter B = MB c2 /Edya , and the
ISM filamentary distribution around the source. In the limit B −→ 0 the total
energy is radiated in the P-GRB with a vanishing contribution in the afterglow.
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In this limit, the canonical GRBs explain as well the short GRBs. In these lecture notes we systematically outline the main results of our model comparing
and contrasting them with the ones in the current literature. In both cases, we
have limited ourselves to review already published results in refereed publications. We emphasize as well the role of GRBs in testing yet unexplored
grounds in the foundations of general relativity and relativistic field theories.

25. M. Lattanzi, R. Ruffini and G.V. Vereshchagin, ”Do WMAP data constraint the lepton asymmetry of the Universe to be zero?” in Albert Einstein Century International Conference, edited by J.-M. Alimi, and A.
Füzfa, AIP Conference Proceedings, Vol. 861, Melville, New York, 2006,
pp.912-919.
It is shown that extended flat ΛCDM models with massive neutrinos, a sizeable lepton asymmetry and an additional contribution to the radiation content
of the Universe, are not excluded by the Wilkinson Microwave Anisotropy
Probe (WMAP) first year data. We assume a flat cosmological model with
three thermally distributed neutrino species having all the same mass and
chemical potential, plus an additional amount of effectively massless exotic
particle species X. After maximizing over seven other cosmological parameters, we derive from WMAP first year data the following constraints for the
lepton asymmetry L of the Universe (95% CL): 0 < | L| < 0.9, so that WMAP
data alone cannot firmly rule out scenarios with a large lepton number; moreover, a small preference for this kind of scenarios is actually found. We also
find for the neutrino mass mν < 1.2eV and for the effective number of relativistic particle species −0.45 < ∆N e f f < 2.10, both at 95% CL. The limit on
∆N e f f is more restrictive man others found in the literature, but we argue that
this is due to our choice of priors.

26. R. Ruffini, C.L. Bianco, G.V. Vereshchagin, S.-S. Xue “Baryonic loading
and e+ e− rate equation in GRB sources” to appear in the proceedings
of ”Relativistic Astrophysics and Cosmology - Einstein’s Legacy” Meeting, November 7-11, 2005, Munich, Germany.
The expansion of the electron-positron plasma in the GRB phenomenon is
compared and contrasted in the treatments of Meszaros, Laguna and Rees, of
Shemi, Piran and Narayan, and of Ruffini et al. The role of the correct numerical integration of the hydrodynamical equations, as well as of the rate equation
for the electron-positron plasma loaded with a baryonic mass, are outlined and
confronted for crucial differences.

27. G.V. Vereshchagin, M. Lattanzi, H.W. Lee, R. Ruffini, ”Cosmological
massive neutrinos with nonzero chemical potential: I. Perturbations in
cosmological models with neutrino in ideal fluid approximation”, in
proceedings of the Xth Marcel Grossmann Meeting on Recent Develop-
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ments in Theoretical and Experimental General Relativity, World Scientific: Singapore, 2005, vol. 2, pp. 1246-1248.
Recent constraints on neutrino mass and chemical potential are discussed with
application to large scale structure formation. Power spectra in cosmological model with hot and cold dark matter, baryons and cosmological term are
calculated in newtonian approximation using linear perturbation theory. All
components are considered to be ideal fluids. Dissipative processes are taken
into account by initial spectrum of perturbations so the problem is reduced to
a simple system of equations. Our results are in good agreement with those
obtained before using more complicated treatments.

28. M. Lattanzi, H.W. Lee, R. Ruffini, G.V. Vereshchagin, ”Cosmological
massive neutrinos with nonzero chemical potential: II. Effect on the estimation of cosmological parameters”, in proceedings of the Xth Marcel
Grossmann Meeting on Recent Developments in Theoretical and Experimental General Relativity, World Scientific: Singapore, 2005, vol. 2, pp.
1255-1257.
The recent analysis of the cosmic microwave background data carried out by
the WMAP team seems to show that the sum of the neutrino mass is ¡0.7 eV.
However, this result is not model-independent, depending on precise assumptions on the cosmological model. We study how this result is modified when
the assumption of perfect lepton symmetry is dropped out.

29. R. Ruffini, M. Lattanzi and G. Vereshchagin, ”On the possible role of
massive neutrinos in cosmological structure formation” in Cosmology
and Gravitation: Xth Brazilian School of Cosmology and Gravitation,
edited by M. Novello and S.E. Perez Bergliaffa, AIP Conference Proceedings, Vol. 668, Melville, New York, 2003, pp.263-287.
In addition to the problem of galaxy formation, one of the greatest open questions of cosmology is represented by the existence of an asymmetry between
matter and antimatter in the baryonic component of the Universe. We believe
that a net lepton number for the three neutrino species can be used to understand this asymmetry. This also implies an asymmetry in the matter-antimatter
component of the leptons. The existence of a nonnull lepton number for the
neutrinos can easily explain a cosmological abundance of neutrinos consistent
with the one needed to explain both the rotation curves of galaxies and the
flatness of the Universe. Some propedeutic results are presented in order to
attack this problem.

30. A.G. Aksenov, C.L. Bianco, R. Ruffini and G.V. Vereshchagin, “GRBs
and the thermalization process of electron-positron plasmas” in the Proceedings of the ”Gamma Ray Bursts 2007” meeting, AIP Conf.Proc.
1000 (2008) 309-312.
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We discuss temporal evolution of the pair plasma, created in Gamma-Ray
Bursts sources. A particular attention is paid to the relaxation of plasma into
thermal equilibrium. We also discuss the connection between the dynamics of
expansion and spatial geometry of plasma. The role of the baryonic loading
parameter is emphasized.

31. A. G. Aksenov, R. Ruffini, and G. V. Vereshchagin, “Thermalization of
Electron-Positron-Photon Plasmas with an Application to GRB” in RELATIVISTIC ASTROPHYSICS: 4th Italian-Sino Workshop, AIP Conference Proceedings, Vol. 966, Melville, New York, 2008, pp. 191-196.
The pair plasma with photon energies in the range 0.1 − 10MeV is believed
to play crucial role in cosmic Gamma-Ray Bursts. Starting from a nonequilibrium configuration we analyze the role of the direct and the inverse binary and
triple interactions in reaching thermal equilibrium in a homogeneous isotropic
pair plasma.We numerically integrate the relativistic Boltzmann equation with
the exact QED collisional integrals taking into account all binary and triple interactions. We show that first, when a detailed balance is reached for all binary interactions on a time scale tk = 10−14 sec , photons and electronpositron
pairs establish kinetic equilibrium. Subsequently, when triple interactions satisfy the detailed balance on a time scale teq = 10−12 sec , the plasma reaches
thermal equilibrium. It is shown that neglecting the inverse triple interactions
prevents reaching thermal equilibrium. Our results obtained in the theoretical
physics domain also find application in astrophysics and cosmology.

32. R. Ruffini, G. V. Vereshchagin and S.-S. Xue, “Vacuum Polarization
and Electron-Positron Plasma Oscillations” in RELATIVISTIC ASTROPHYSICS: 4th Italian-Sino Workshop, AIP Conference Proceedings, Vol.
966, Melville, New York, 2008, pp. 207-212.
We study plasma oscillations of electrons-positron pairs created by the vacuum
polarization in an uniform electric field. Our treatment, encompassing the
case of E > Ec , shows also in the case E < Ec the existence of a maximum
Lorentz factor acquired by electrons and positrons and allows determination
of the a maximal length of oscillation. We quantitatively estimate how plasma
oscillations reduce the rate of pair creation and increase the time scale of the
pair production.

4.3. Publications (2013)
1. A. Benedetti, R. Ruffini and G.V. Vereshchagin, ”Evolution of the pair
plasma generated by a strong electric field”, Physics Letters A, Volume
377 (2013), Issue 3-4, p. 206-215.
We study the process of energy conversion from overcritical electric field into
electron-positron-photon plasma. We solve numerically Vlasov-Boltzmann
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equations for pairs and photons assuming the system to be homogeneous and
anisotropic. All the 2-particle QED interactions between pairs and photons
are described by collision terms. We evidence several epochs of this energy
conversion, each of them associated to a specific physical process. Firstly pair
creation occurs, secondly back reaction results in plasma oscillations. Thirdly
photons are produced by electron-positron annihilation. Finally particle interactions lead to completely equilibrated thermal electron-positron-photon
plasma.

2. D. Begue, I. A. Siutsou and G. V. Vereshchagin, ”Monte Carlo simulations of the photospheric emission in GRBs”, the Astrophysical Journal
Volume 767 (2013), Issue 2, article id. 139.
We studied the decoupling of photons from ultra-relativistic spherically symmetric outflows expanding with constant velocity by means of Monte Carlo
simulations. For outflows with finite widths we confirm the existence of two
regimes: photon-thick and photon-thin, introduced recently by Ruffini et al.
(RSV). The probability density function of the last scattering of photons is
shown to be very different in these two cases. We also obtained spectra as
well as light curves. In the photon-thick case, the time-integrated spectrum
is much broader than the Planck function and its shape is well described by
the fuzzy photosphere approximation introduced by RSV. In the photon-thin
case, we confirm the crucial role of photon diffusion, hence the probability
density of decoupling has a maximum near the diffusion radius well below
the photosphere. The time-integrated spectrum of the photon-thin case has a
Band shape that is produced when the outflow is optically thick and its peak
is formed at the diffusion radius.

3. R. Ruffni, I. A. Siutsou and G. V. Vereshchagin, ”Theory of photospheric
emission from relativistic outflows” , the Astrophysical Journal, Vol.
772, Issue 1 (2013) article id. 11.
We derive the optical depth and photospheric radius of relativistic outflow
using the model of relativistic wind with finite duration. We also discuss the
role of radiative diffusion in such outflow. We solve numerically radiative
transfer equation and obtain light curves and observed spectra of photospheric
emission. The obtained spectra are nonthermal and in some cases have Band
shape.

4. R. Ruffini and G.V. Vereshchagin, ”Electron-positron plasma in GRBs
and in cosmology”, Il Nuovo Cimento C 36 (2013) 255.
Electron-positron plasma is believed to play imporant role both in the early
Universe and in sources of Gamma-Ray Bursts (GRBs). We focus on analogy and difference between physical conditions of electron-positron plasma
in the early Universe and in sources of GRBs. We discuss a) dynamical differences, namely thermal acceleration of the outflow in GRB sources vs cosmo-
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logical deceleration; b) nuclear composition differences as synthesis of light
elements in the early Universe and possible destruction of heavy elements in
GRB plasma; c) different physical conditions during last scattering of photons
by electrons. Only during the acceleration phase of the optically thick electronpositron plasma comoving observer may find it similar to the early Universe.
This similarity breaks down during the coasting phase. Reprocessing of nuclear abundances may likely take place in GRB sources. Heavy nuclear elements are then destroyed, resulting mainly in protons with small admixture of
helium. Unlike the primordial plasma which recombines to form neutral hydrogen, and emits the Cosmic Microwave Background Radiation, GRB plasma
does not cool down enough to recombine.

5. G. V. Vereshchagin, “Relativistic kinetic theory and its applications in
astrophysics and cosmology”, Proceedings of XV Brazilian School of
Cosmology and Gravitation, Mangaratiba - Rio de Janeiro – Brazil, August 19 - September 1, 2012, Cambridge Scientific Publishers, 2013, in
press.
A brief introduction into relativistic kinetic theory is given. Some applications
of this theory in plasma physics, astrophysics and cosmology are reviewed.

6. A.G. Aksenov, R. Ruffni and G. V. Vereshchagin, ”Comptonization of
photons near the photosphere of relativistic outflows”, MNRAS Letters,
Vol. 436, Issue 1 (2013) pp. L54-L58.
We consider the formation of photon spectrum at the photosphere of ultrarelativistically expanding outflow. We use the Fokker–Planck approximation
to the Boltzmann equation, and obtain the generalized Kompaneets equation
which takes into account anisotropic distribution of photons developed near
the photosphere. This equation is solved numerically for relativistic steady
wind and the observed spectrum is found in agreement with previous studies. We also study the photospheric emission for different temperature dependences on radius in such outflows. In particular, we found that for T ∝ r −2 the
Band low-energy photon index of the observed spectrum is ≃ −1, as typically
observed in Gamma-Ray Bursts.

7. I.A. Siutsou, R. Ruffini and G.V. Vereshchagin, “Spreading of ultrarelativistically expanding shell: an application to GRBs”, New Astronomy,
Vol. 27 (2014), pp. 30-33.
Optically thick energy dominated plasma created in the source of Gamma-Ray
Bursts (GRBs) expands radially with acceleration and forms a shell with constant width measured in the laboratory frame. When strong Lorentz factor
gradients are present within the shell it is supposed to spread at sufficiently
large radii. There are two possible mechanisms of spreading: hydrodynamical
and thermal ones. We consider both mechanisms evaluating the amount of

725

4. Publications
spreading that occurs during expansion up to the moment when the expanding shell becomes transparent for photons. We compute the hydrodynamical
spreading of an ultrarelativistically expanding shell. In the case of thermal
spreading we compute the velocity spread as a function of two parameters:
comoving temperature and bulk Lorentz factor of relativistic Maxwellian distribution. Based on this result we determine the value of thermal spreading
of relativistically expanding shell. We found that thermal spreading is negligible for typical GRB parameters. Instead hydrodynamical spreading appears
to be significant, with the shell width reaching ∼ 1010 cm for total energy
E = 1054 erg and baryonic loading B = 10−2 . Within the fireshell model
such spreading will result in the duration of Proper Gamma-Ray Bursts up to
several seconds.

8. A.G. Aksenov, R. Ruffni, I. A. Siutsou and G. V. Vereshchagin, ”Relativistic degeneracy in the pair plasma”, in preparation (2013).
9. Micol Benetti, S. Pandolfi, M. Lattanzi, M.Martinelli, A. Melchiorri.
“Featuring the primordial power spectrum: new constraints on interrupted slow-roll from CMB and LRG data ”, Physical Review D (2013)
vol. 87, Issue 2, id. 023519
Using the most recent data from the WMAP, ACT and SPT experiments, we
update the constraints on models with oscillatory features in the primordial
power spectrum of scalar perturbations. This kind of features can appear in
models of inflation where slow-roll is interrupted, like multifield models. We
also derive constraints for the case in which, in addition to cosmic microwave
observations, we also consider the data on the spectrum of luminous red galaxies from the 7th SDSS catalog, and the SNIa Union Compilation 2 data. We
have found that: (i) considering a model with features in the primordial power
spectrum increases the agreement with data with the respect of the featureless
“vanilla” ΛCDM model by ∆χ2 ≃ 7; (ii) the uncertainty on the determination
of the standard parameters is not degraded when features are included; (iii)
the best fit for the features model locates the step in the primordial spectrum
at a scale k ≃ 0.005 Mpc−1 , corresponding to the scale where the outliers in
the WMAP7 data at ℓ = 22 and ℓ = 40 are located.; (iv) a distinct, albeit less
statistically significant peak is present in the likelihood at smaller scales, with
a ∆χ2 ≃ 3.5, whose presence might be related to the WMAP7 preference for
a negative value of the running of the scalar spectral index parameter; (v) the
inclusion of the LRG-7 data do not change significantly the best fit model, but
allows to better constrain the amplitude of the oscillations.

10. C.R. Argüelles, R. Ruffini, I. Siutsou and B. Fraga; “On the distribution
of dark matter in galaxies: quantum treatments”; Journal of the Korean
Physical Society, submitted, (2013).
The problem of modeling the distribution of dark matter in galaxies in terms of
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equilibrium configurations of collisionless self-gravitating quantum particles
is considered. We first summarize the pioneering model of a Newtonian selfgravitating Fermi gas in thermodynamic equilibrium developed by Ruffini
and Stella (1983), which is shown to be the generalization of the King model for
fermions. We further review the extension of the former model developed by
Gao, Merafina and Ruffini (1990), done for any degree of fermion degeneracy
at the center (θ0 ), within general relativity. Finally, we present here for the first
time the solutions of the density profiles and rotation curves corresponding to
the Gao et. al. model, which have a definite mass Mh and circular velocity vh ,
at the halo radius rh of the configurations, typical of spiral galaxies. This treatment allow us to determine a novel core-halo morphology for the dark matter
profiles, as well as a novel particle mass bound associated with them.

11. B. Fraga, C.R. Argüelles, R. Ruffini and I. Siutsou; “Semi-degenerate
self-gravitating system of fermions as dark matter on galaxies I: Universality laws”; Proceedings of the XIII Marcel Grossmann, submitted,
(2013).
We propose a model of self-gravitating fermions in general relativity to describe the dark matter (DM) halos and the central objects in galaxies. We obtain a universal density profile composed by a flat core for small radii and a
plateau and a tail that is inversely proportional to the square of the radius for
the halo region. We fit the free parameters of the model using galactic observables such as the constant rotation velocity, the mass of the central object and
the halo radius, concluding that the particle mass should be tens of keV. We
also show that our model is in agreement with the universality laws recently
proposed by Gentile et. al. and Boyarsky et. al, and we compare our model
with other profiles commonly used in the literature.

12. M. Benetti, M. Gerbino, W. H. Kinney, E. W. Kolb, M. Lattanzi, A. Melchiorri, L. Pagano, A. Riotto. Cosmological data and indications for
new physics (pending acceptance of publication on JCAP Journal of
Cosmology and Astroparticle Physics, arXiv:1303.4317)
Data from the Atacama Cosmology Telescope (ACT) and the South Pole Telescope (SPT), combined with the nine-year data release from the WMAP satellite, provide very precise measurements of the cosmic microwave background
(CMB) angular anisotropies down to very small angular scales. Augmented
with measurements from Baryonic Acoustic Oscillations surveys and determinations of the Hubble constant, we investigate whether there are indications
for new physics beyond a Harrison-Zel’dovich model for primordial perturbations and the standard number of relativistic degrees of freedom at primordial
recombination. All combinations of datasets point to physics beyond the minimal Harrison-Zel’dovich model in the form of either a scalar spectral index different from unity or additional relativistic degrees of freedom at recombination
(e.g., additional light neutrinos). Beyond that, the extended datasets including
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either ACT or SPT provide very different indications: while the extended-ACT
(eACT) dataset is perfectly consistent with the predictions of standard slowroll inflation, the extended-SPT (eSPT) dataset prefers a non-power-law scalar
spectral index with a very large variation with scale of the spectral index. Both
eACT and eSPT favor additional light degrees of freedom. eACT is consistent with zero neutrino masses, while eSPT favors nonzero neutrino masses at
more than 95% confidence.

13. M. Benetti. ”Updating constraints by Planck data on inlationary features model” (accepted by Phys. Rev. D, arXiv:1308.6406)
We present new constraints on possible features in the primordial inflationary
density perturbations power spectrum in light of the recent Cosmic Microwave
Background Anisotropies measurements from the Planck satellite. We found
that the Planck data hints for the presence of features in two different ranges
of angular scales, corresponding to multipoles 10 < l < 60 and 150 < l < 300,
with a decrease in the best fit χ2 value with respect to the featureless ”vanilla”
LCDM model of ∆χ2 around 9 in both cases.

4.4. Invited talks at international conferences
1. “Physics of non-dissipative ultrarelativistic photospheres“
(G.V. Vereshchagin)
On recent developments in theoretical and experimental general relativity, gravitation and relativistic field theories: XIII Marcel Grossmann
Meeting, Stockholm, 1-7 July 2012.
2. ”Photon thick and photon thin relativistic outflows and GRBs”
(I.A. Siutsou, R. Ruffini and G.V. Vereshchagin)
On recent developments in theoretical and experimental general relativity, gravitation and relativistic field theories: XIII Marcel Grossmann
Meeting, Stockholm, 1-7 July 2012.
3. ”Monte Carlo simulations of the photospheric emission in GRBs”
(D. Begue, I.A. Siutsou and G.V. Vereshchagin)
On recent developments in theoretical and experimental general relativity, gravitation and relativistic field theories: XIII Marcel Grossmann
Meeting, Stockholm, 1-7 July 2012.
4. ”Phase space evolution of pairs created in strong electric fields” (A.
Benedetti, R. Ruffini and G.V. Vereshchagin) On recent developments
in theoretical and experimental general relativity, gravitation and relativistic field theories: XIII Marcel Grossmann Meeting, Stockholm, 1-7
July 2012.
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5. ”Applications of the Boltzmann equation: from an interacting plasma
toward the photospheric emission of a GRB” (A. Benedetti, R. Ruffini
and G.V. Vereshchagin) Erasmus Mundus School, Nice, France, 3rd –
19th September, 2012.
6. ”Photospheric emission from thermally accelerated relativistic outflows”
GRBs, their progenitors and the role of thermal emission, Les Houches,
France, 2-7 October, 2011
(G.V. Vereshchagin, R. Ruffini and I.A. Siutsou)
7. “Thermalization of the pair plasma”
(G.V. Vereshchagin, A.G. Aksenov and R. Ruffini)
From Nuclei to White Dwarfs and Neutron Stars, Les Houches, France,
3-8 April, 2011
8. ”Photospheric emission from relativistic outflows: 1DHD”
(G.V. Vereshchagin, R. Ruffini and I.A. Siutsou)
Recent News from the MeV, GeV and TeV Gamma-Ray Domains,
Pescara, Italy, 21-26 March, 2011
9. ”Thermalization of degenerate electron-positron plasma”
I.A. Siutsou, A.G. Aksenov, R. Ruffini and G.V. Vereshchagin
IRAP Ph.D. Erasmus Mundus School—May 27, 2011, Nice, France
10. ”Semidegenerate self-gravitating systems of fermions as central objects
and dark matter halos in galaxies”
(I. A. Siutsou, A. Geralico and R. Ruffini)
Recent News from the MeV, GeV and TeV Gamma-Ray Domains, March
24, 2011, Pescara, Italy
11. ”Thermalization of degenerate electron-positron plasma”
(I.A. Siutsou, A.G. Aksenov, G.V. Vereshchagin and R. Ruffini)
3rd Galileo-Xu Guangqi Meeting—October 12, 2011, Beijing, China
12. ”Photospheric emission of relativistically expanding outflows”
(I.A. Siutsou, G.V. Vereshchagin and R. Ruffini)
12th Italian-Korean Symposium on Relativistic Astrophysics—July 5,
2011, Pescara, Italy
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13. On the frequency of oscillations in the pair plasma generated by a
strong electric field.
(Alberto Benedetti, W.-B. Han, R. Ruffini, G.V. Vereshchagin)
IRAP Ph.D. Erasmus Mundus Workshop, April 5, 2011, Pescara (Italy)
14. Oscillations in the pair plasma generated by a strong electric field
(Alberto Benedetti, W.-B. Han, R. Ruffini, G.V. Vereshchagin)
Italian-Korean Meeting, July 4-9, 2011, Pescara (Italy)
15. Electron-Positron plasma oscillations: hydro-electrodynamic and kinetic approaches
(Alberto Benedetti, R. Ruffini, G.V. Vereshchagin)
IRAP Ph.D. Erasmus Mundus School, September 7, 2011, Nice (France)
16. Boltzmann equation: from an interacting plasma toward the photospheric emission of a GRB
(Alberto Benedetti, A. Aksenov, R. Ruffini, I. Siotsou, G.V. Vereshchagin)
IRAP Ph.D. Erasmus Mundus Workshop, October 6, 2011, Les Houches
(France)
17. Electron-Positron plasma oscillations: hydro-electrodynamic and kinetic approaches.
(Alberto Benedetti, A. Aksenov, R. Ruffini, I. Siutsou, G.V. Vereshchagin)
Galileo-Xu Guanqui Meeting, October 12, 2011, Beijing (China)
18. “Inflation in a general reionization scenario ”
(S. Pandolfi)
Essential Cosmology for the Next Generation, Puerto Vallarta, Mexico,
January 10-14, 2011
19. “Constraints on Inflation in extended cosmological scenarios ”
(S. Pandolfi)
28 January 2011, Dark Cosmlogy Center, Copenhagen, Denmark.
20. “Theoretical Development toward the Planck mission ”
(S. Pandolfi)
IRAP PhD and Erasmus MundusWorkshop: Workshop on Recent
News from the GeV and TeV Gamma-RayDomains: Results and
Interpretations,21-26 March 2011, ICRANet (Pescara), Italy.
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21. “Joint Astrophysical and Cosmological constrains on reionization ”
(S. Pandolfi)
DAVID WORKSHOP VI, Scuola Normale Superiore, Pisa, October 1820 2011
22. “New constraints on features in the primordial spectrum ”
(M. Benetti)
3rd Galileo- Xu Guangqi meeting, Beijing (China), October 11-15, 2011.
23. “Thermalization of the pair plasma”
(G.V. Vereshchagin with A.G. Aksenov and R. Ruffini)
Korean Physical Society 2010 Fall Meeting, Pyeong-chang, Korea, 20-22
October, 2010.
24. “The spatial structure of expanding optically thick relativistic plasma
and the onset of GRBs”
(G.V. Vereshchagin with A.G. Aksenov, G. de Barros and R. Ruffini)
GRB 2010 / Dall’eV al TeV tutti i colori dei GRB, Secondo Congresso
Italiano sui Gamma-ray Burst, Cefalu’ 15-18 June 2010.
25. “From thermalization mechanisms to emission processes in GRBs”
(G.V. Vereshchagin)
XII Marcel Grossmann Meeting, Paris, 12-18 July 2009.
26. “Kinetics of the mildly relativistic plasma and GRBs”
(A.G. Aksenov R. Ruffini, and G.V. Vereshchagin)
“The Sun, the Stars, the Universe, and General Relativity” - International conference in honor of Ya. B. Zeldovich 95th Anniversary, Minsk,
Belarus, April 19-23, 2009.
27. “Pair plasma around compact astrophysical sources: kinetics, electrodynamics and hydrodynamics”
(G.V. Vereshchagin and R. Ruffini)
Invited seminar at RMKI, Budapest, February 24, 2009.
28. “Thermalization of the pair plasma with proton loading”
(G.V. Vereshchagin, R. Ruffini, and A.G. Aksenov)
Probing Stellar Populations out to the Distant Universe, Cefalu’, Italy,
September 7-19, 2008.
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29. “Thermalization of the pair plasma with proton loading”
(G.V. Vereshchagin, R. Ruffini, and A.G. Aksenov)
3rd Stueckelberg Workshop, Pescara, Italy, 8-18 July, 2008.
30. “Thermalization of the pair plasma”
(G.V. Vereshchagin, R. Ruffini, and A.G. Aksenov)
31. “Non-singular solutions in Loop Quantum Cosmology”
(G.V. Vereshchagin)
2nd Stueckelberg Workshop, Pescara, Italy, 3-7 September, 2007.
32. “(From) massive neutrinos and inos and the upper cutoff to the fractal
structure of the Universe (to recent progress in theoretical cosmology)”
(G.V. Vereshchagin, M. Lattanzi and R. Ruffini)
A Century of Cosmology, San Servolo, Venice, Italy, 27-31 August, 2007.
33. “Pair creation and plasma oscillations”
(G.V. Vereshchagin, R. Ruffini, and S.-S. Xue)
4th Italian-Sino Workshop on Relativistic Astrophysics, Pescara, Italy,
20-29 July, 2007.
34. “Thermalization of electron-positron plasma in GRB sources”
(G.V. Vereshchagin, R. Ruffini, and A.G. Aksenov)
Xth Italian-Korean Symposium on Relativistic Astrophysics, Pescara,
Italy, 25-30 June, 2007.
35. “Kinetics and hydrodynamics of the pair plasma”
(G.V. Vereshchagin, R. Ruffini, C.L. Bianco, A.G. Aksenov)
36. “Pair creation and plasma oscillations”
(G.V. Vereshchagin, R. Ruffini and S.-S. Xue)
Cesare Lattes Meeting on GRBs, Black Holes and Supernovae,
Mangaratiba-Portobello, Brazil, 26 February - 3 March 2007.
37. “Cavallo-Rees classification revisited”
(G.V. Vereshchagin, R.Ruffini and S.-S. Xue)
On recent developments in theoretical and experimental general relativity, gravitation and relativistic field theories: XIth Marcel Grossmann
Meeting, Berlin, Germany, 23-29 July, 2006.
38. “Kinetic and thermal equilibria in the pair plasma”
(G.V. Vereshchagin)
The 1st Bego scientific rencontre, Nice, 5-16 February 2006.
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39. “From semi-classical LQC to Friedmann Universe”
(G.V. Vereshchagin)
Loops ’05, Potsdam, Golm, Max-Plank Institut für Gravitationsphysik
(Albert-Einstein-Institut), 10-14 October 2005.
40. “Equations of motion, initial and boundary conditions for GRBs”
(G.V. Vereshchagin, R. Ruffini and S.-S. Xue)
IXth Italian-Korean Symposium on Relativistic Astrophysics, Seoul, Mt.
Kumgang, Korea, 19-24 July 2005.
41. “On the Cavallo-Rees classification and GRBs”
(G.V. Vereshchagin, R. Ruffini and S.-S. Xue)
II Italian-Sino Workshop on Relativistic Astrophysics, Pescara, Italy, 1020 June, 2005.
42. “New constraints on features in the primordial spectrum ”
(M. Benetti)
Essential Cosmology for the Next Generation Ph.D School, January 1621 2012, Cancun, Mexico
43. “New constraints on features in the primordial spectrum ”
(M. Benetti)
XIth School of Cosmology, Gravitational Lenses: their impact in the
study of galaxies and Cosmology, Ph.D School, September 17-22 2012,
Cargese, France
44. “New constraints on variations of the fine structure constant from CMB
anisotropies ”
(E. Menegoni)
XIst Cosmology School, held at IESC, in Cargese, France, from 17th to
21th of September, 2012.
45. “The Fine Structure Constant and the CMB Damping Scale ”
(E. Menegoni)
13th Marcel Grossmann Meeting-MG13, Stockholms Universitet, in
Stockholm, Sweden, from 1th − 7th of July, 2012.
46. “New constraints on variations of the fine structure constant from CMB
anisotropies ”
(E. Menegoni)
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Cosmology on the Beach: Essential Cosmology for the Next Generation, conference organized by Berkeley Center for Cosmological Physics
(USA) and Istituto Avanzado de Cosmologia (Mexico) Cancun, Mexico,
January 16-20, 2012.
47. “New Horizons for Observational Cosmology ”
(M. Benetti)
Ph.D School, June 30th-July 6th 2013, Varenna, Italy
48. “BLACK HOLES IN GAMMA RAY-BURSTS AND GALACTIC NUCLEI ”
(R. Ruffini, C.R. Arguelles, B.M.O. Fraga, A. Geralico, H. Quevedo and
J.A. Rueda, and I. Siutsou)
3rd GalileoXuguangqi Meeting, Beijing, China, 1115 October 2011

4.5. Lecture courses
1. “Relativistic kinetic theory and its applications in astrophysics and cosmology”, 4 lectures
(G.V. Vereshchagin)
IRAP Ph.D. Erasmus Mundus September school, Nice, 2 – 20 September, 2013.
2. “Relativistic Boltzmann equations”, 2 lectures
(G.V. Vereshchagin)
Second Bego Rencontre, IRAP Ph.D. Erasmus Mundus school, Nice, 16
– 31 May, 2013.
3. “First light from Gamma Ray Bursts”, 3 lectures
(G.V. Vereshchagin)
IRAP Ph.D. Erasmus Mundus September school, Nice, 3 – 21 September, 2012.
4. “Relativistic kinetic theory and its applications in astrophysics and cosmology”, 5 lectures
(G.V. Vereshchagin)
XV Brazilian School of Cosmology and Gravitation, Mangaratiba - Rio
de Janeiro – Brazil, August 19 - September 1, 2012.
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5. ”Pair plasma in GRBs and cosmology”
(G.V. Vereshchagin)
2 lectures, IRAP Ph.D. Erasmus Mundus September school, 12 – 23
September, 2011, University of Nice Sophia Antipolis, Nice, France.
6. “Relativistic kinetic theory and its applications in astrophysics and cosmology”
(G.V. Vereshchagin)
Lecture course for International Relativistic Astrophysics PhD, Erasmus
Mundus Joint Doctorate Program from the
European Commission, September 6-24, 2010, University of Nice
Sophia Antipolis, Nice, France.
7. “Relativistic kinetic theory and its applications”, IRAP Ph.D. lectures
(G.V. Vereshchagin)
February 1-19, 2010, Observatoire de la Cote d’Azur, Nice, France.
8. Inflationary Constraints and reionization
(S. Pandolfi)
IRAP Ph.D. Lectures in Nice, Observatoire de la Cote d’Azur, 12-16
February 2010
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A. Relativistic degeneracy in
nonequilibrium
electron-positron plasma
The description of processes involving electron-positron plasma is required
in many phenomena in physics and astrophysics (Ruffini et al., 2010). The
standard cosmological model includes lepton era with electron-positron
plasma at high temperature and initially in thermal equilibrium, see e.g.
Weinberg (2008). Strong electromagnetic fields are generated in laser experiments aiming at production of electron-positron pairs (Gerstner, 2010;
Chen et al., 2009). When electromagnetic field invariants E2 − H2 and E · H
approach critical value, vacuum breakdown is predicted (Schwinger, 1951) to
lead to copious pair production, ultimately forming electron-positron plasma
(Mustafa and Kämpfer, 2009). Strong electromagnetic fields are thought to
occur in astrophysical conditions, near such compact objects as black holes
(Damour and Ruffini, 1975), hypothetical strange stars (Alcock et al., 1986;
Usov, 1998) and possibly neutron stars (Belvedere et al., 2012).
Pair production by vacuum breakdown or by laser beam interactions is
in principle the out of equilibrium process. Relaxation of electron-positron
plasma to thermal equilibrium has been considered in Aksenov et al. (2007,
2009). There relativistic Boltzmann equations with exact QED collision
integrals taking into account all relevant two-particle (Bhabha scattering,
Møller scattering, Compton scattering, pair creation and annihilation) and
three-particle (relativistic bremsstrahlung, three photon annihilation, double
Compton scattering, and radiative pair production) interactions were solved
numerically. It was confirmed that a metastable state called ”kinetic equilibrium” (Pilla and Shaham, 1997) exists in such plasma, which is characterized
by the same temperature of all particles, but nonnull chemical potentials.
Such state occurs when the detailed balance of all two-particle reactions is
established. It was pointed out that direct and inverse three-particle interactions become relevant when kinetic equilibrium has been reached. These
three-particle interactions are shown to be essential (Aksenov et al., 2007) in
bringing electron-positron plasma to thermal equilibrium, as they are particle
non-conserving processes.
In Aksenov et al. (2010) relaxation timescales for optically thick electronpositron plasma in a wide range of temperatures and proton loadings were

739

A. Relativistic degeneracy in nonequilibrium electron-positron plasma
computed numerically using the kinetic code developed in Aksenov et al.
(2007, 2009). These timescales were previously estimated in the literature
by order of magnitude arguments using the reaction rates of the dominant
processes (Gould, 1981; Stepney, 1983). It was shown that these numerically obtained timescales differ from previous estimations by several orders
of magnitude. In the description of plasma Boltzmann statistics of particles was used in all these works. However, electrons, positrons and photons are quantum particles fulfilling Fermi-Dirac and Bose-Einstein statistics, respectively. This leads to change of reaction rates considered firstly
in Uehling and Uhlenbeck (1933); Uehling (1934). The role of relativistic degeneracy in pair plasma in establishing thermal equilibrium has never been
studied. In this Chapter we bridge this gap.
We generalize previous works on thermalization of uniform isotropic neutral pair plasma. In addition to collision integrals for two-particle interactions
expressed through QED matrix elements we take into account also threeparticle interactions in the same way. Plasma degeneracy is accounted for
by quantum corrections to collision integrals with the corresponding Pauli
blocking and Bose enhancement factors. In Sec. A.1 basic parameters of pair
plasma are introduced. In Sec. A.2 concepts of kinetic and thermal equilibria and their relations to detailed balance conditions are recalled. In Sec. A.3
relativistic Boltzmann equation is introduced. In Sec. A.3.1 two-particle collision integrals are described. In Sec. A.3.2 three-particle collision integrals
are introduced. In Sec. A.4 details of adopted numerical scheme are given.
In Sec. A.5 our numerical results of integration of Boltzmann equations for
several interesting cases are described. Conclusions follow in Sec. A.6.

A.1. Basic parameters
The qualitative character of processes in electron-positron plasma is determined by a number of parameters, which we recall below, for details see
Aksenov et al. (2009).
The average energy per particle hεi determines wether plasma is in relativistic
or in non-relativistic domain. We consider mildly relativistic plasma with
0.01 .

hεi
. 10,
m e c2

(A.1.1)

where me is electron mass, c is the speed of light. This range contains both
relativistic and non-relativistic domains. The upper limit is chosen to avoid
thermal production of other particles such as neutrinos and muons, while the
lower limit is required to have sufficient pair density (Aksenov et al., 2010).
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Figure A.1.: Number density-energy density diagram of relativistic electronpositron plasma. Solid curve shows critical particle density ncr (ρ), obtained
from Eq. (A.2.1) with ξ = 0. Dashed line corresponds to transition from
nondegenerate D > 1 to degenerate D < 1 plasma, where D is defined by
Eq. (A.1.2).
The degeneracy parameter (Groot et al., 1980, p. 352) is defined as
D=

1
,
nλ3th

(A.1.2)

ch̄
is the thermal wave-length,
kT
k is Boltzmann constant, T is temperature, h̄ = h/(2π ), h is Planck constant.
In Fig. A.1 on the number density–energy density diagram for relativistic
electron-positron plasma we show nondegenerate (D > 1) and degenerate
(D < 1) regions.
The plasma parameter g is defined as
where n is number density of particles, λth =

g=

1
,
nλ3D

where the Debye length (Groot et al., 1980, p. 351) is
r

kT


, D > 1,

4πe2 n
λD = r


EF


, D < 1,
4πe2 n

(A.1.3)

(A.1.4)

e is electron charge, and EF is the Fermi energy. For g ≪ 1 plasma is called
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ideal, and Boltzmann equation for one-particle distribution functions can be
used for its description. This is indeed the case for relativistic plasma, as
discussed in Groot et al. (1980, p. 352).
The classicality parameter defined by
κ=

e2
α
= ,
h̄vr
βr

(A.1.5)

where α is the fine-structure constant, vr = β r c is mean relative velocity of the
particles, determines the type of cross section to be used in charged particle
collisions. In relativistic plasma κ ≪ 1, which requires quantum description.
The Coulomb logarithm defined by
Λ=

Mλ D Γr vr
,
h̄

(A.1.6)

where M is the reduced mass of charged particles, Γr = (1 − β2r )−1/2 , characterizes the strength of screening in Coulomb interactions.
Finally, the optical depth τ characterizes intensity of interactions between
photons and other particles. We discuss the computation of this important
parameter in details in the following Chapters. In static relativistic plasma,
which is the case in this Chapter, the optical depth can be estimated as
τ = σnl,

(A.1.7)

where n is electron density, σ is Thompson cross section, and l is plasma
linear dimension. In this Chapter we assume τ ≫ 1.

A.2. Kinetic and thermal equilibria
The concepts of kinetic and thermal equilibria play important role in description of relativistic plasma. They both are connected with conditions of detailed balance established for two-particles and three-particles interactions,
respectively.

A.2.1. Two-particle interactions and kinetic equilibrium
Kinetic equilibrium (Rybicki and Lightman, 1979; Pilla and Shaham, 1997) is
defined as the state with vanishing difference between the rates of direct
and inverse interactions for each of the two-particle processes. Such state
is characterized by two parameters: common temperature of all particles T
and non-null chemical potential µ. Both these parameters can be found from
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Table A.1.: Two-particle processes in electron-positron plasma and detailed
balance conditions
Binary interactions
Conditions
Møller and Bhabha scattering
1
e1± e2± ←→ e1±′ e2±′
n± =
ǫ± − µ ±
exp kT± + 1
±
∓
±′
∓′
e e ←→ e e
T+ = T−
Compton scattering
1
e± γ ←→ e± γ′
nγ =
ǫγ − µ γ
exp kTγ − 1
T± = Tγ
Pair production and annihilation
γγ′ ←→ e± e∓

2µγ = µ+ + µ−

given energy density ρ and number density n by the system of equations
!

Z ∞ √ 2
Z ∞
3
3
2

ǫ ǫ −1
8πme c
ǫ


2
n=
dǫ +
dǫ ,

3
ǫ/θ
−
ξ
ǫ/θ
−
ξ −1

h
+1

1 e
0 e

(A.2.1)
!

√

Z
Z

∞
∞ ǫ2 ǫ2 − 1
ǫ3
8πm4e c5



dǫ
+
dǫ ,
2
ρ
=

h3
eǫ/θ −ξ + 1
eǫ/θ −ξ − 1
0

1

kT
ε
is dimensionless energy, θ =
is dimensionless temper2
me c
m e c2
µ
ature and ξ =
is dimensionless chemical potential.
kT
For instance, the detailed balance in electron-positron pair creation and annihilation process
e1+ + e2− ←→ γ3 + γ4
(A.2.2)
where ǫ =

is described by the condition



f γ (ε 4 )
1+
=
gγ h −3



f + (ε 1 )
f − (ε 2 )
= f γ (ε 3 ) f γ (ε 4 ) 1 −
1−
, (A.2.3)
g+ h −3
g− h −3

f γ (ε 3 )
f + (ε 1 ) f − (ε 2 ) 1 +
gγ h −3



where f α (ε) are distribution functions of particle species α, gα = 2 are spin
weights of particles. Energies of interacting particles related by the conser-
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vation law ε 1 + ε 2 = ε 3 + ε 4 . The distribution functions f α are normalized as
nα (t) =

Z

f α (~p, t)d3~p,

(A.2.4)

where nα are the corresponding number densities. Similar conditions hold
for the detailed balance conditions in all other two-particle interactions listed
in Tab. A.1. Combining these conditions and requiring that distribution functions for electrons and positrons (photons) have Fermi-Dirac (Bose-Einstein)
form we arrive to (Aksenov et al., 2009)
θ = θ+ = θ− = θγ ,

ξ = ξγ = ξ+ = ξ−.

(A.2.5)

In fact, the chemical potential in kinetic equilibrium is constrained by the
condition ξ ≤ 0. The equality in this relation implies that there is a critical
number density ncr given by Eq. (A.2.1) with ξ = 0. Since in two-particle
processes the total number of particles (number density) is conserved, for
n > ncr Bose condensation of photons is expected. However, in reality threeparticle interactions do change the number of particles bringing the system
to thermal equilibrium with ξ = 0 (Khatri et al., 2012).

A.2.2. Three-particle interactions and thermal equilibrium
Thermal equilibrium is defined as the state with vanishing difference between
the rates of direct and inverse interactions of all processes. It was shown in
Aksenov et al. (2007) that in electron-positron plasma two-particle processes
are insufficient to bring the non-equilibrium system to thermal equilibrium.
The necessary condition for reaching thermal equilibrium is detailed balance
in three-particle processes.
For instance, the detailed balance in double Compton scattering
e1± + γ2 ←→ e3± + γ4 + γ5

(A.2.6)

is described by the condition




f γ (ε 4 )
f γ (ε 5 )
f ± (ε 3 )
f ± (ε 1 ) f γ (ε 2 )
1−
1+
1+
=
2h−3 2h−3
2h−3
2h−3
2h−3



f γ (ε 2 )
f ± (ε 3 ) f γ (ε 4 ) f γ (ε 5 )
f ± (ε 1 )
=
1−
1+
. (A.2.7)
2h−3 2h−3 2h−3
2h−3
2h−3
Provided that kinetic equilibrium is established, this condition, as any of the
corresponding conditions of all three-particle processes, constrains the chemical potential to vanish, ξ = 0.
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Table A.2.: Particle interactions in the pair plasma.
Two-particle processes
Compton scattering
e± γ−→e±′ γ′
Coulomb, Møller and Bhabha scattering
e1± e2± −→ e1±′ e2±′
e+ e− −→ e+′ e−′
Creation/annihilation
e+ e− ←→ γ1 γ2

Three-particle processes
Double Compton
e± γ←→e±′ γ′ γ′′
Bremmstrahlung
e1± e2± ←→e1±′ e2±′ γ
e+ e− ←→e+′ e−′ γ
Three-photon annihilation
e+ e− ←→γ1 γ2 γ3
Pair creation/annihilation
γ1 γ2 ←→e+ e− γ′
e± γ←→e±′ e+ e−

A.3. Boltzmann equations
In uniform and isotropic electron-positron plasma relativistic Boltzmann equations for distribution functions f α have the following form
(Aksenov et al., 2007):
d
f α (p, t) =
dt

∑
q


q
q
ηα − χα f α (p, t) ,

(A.3.1)

where the sum enumerated by index q is taken over all two- and threeq
q
particle processes q listed in Tab. A.2, ηα and χα are, respectively, emission
and absorption coefficients.

A.3.1. Two-particle collision integrals
Consider interaction of two incoming particles of species I and I I in quantum
states 1 and 2, producing two outgoing particles of species I I I and IV in
quantum states 3 and 4. Let initial particle momenta be ~p1 in a given range
d3~p1 and ~p2 in d3~p2 , and final particle momenta be ~p3 in d3~p3 and ~p4 in d3~p4 ,
respectively. This process can be symbolically represented as follows
I1 + I I2 −→ I I I3 + IV4 .

(A.3.2)

The corresponding inverse process is thus
I I I3 + IV4 −→ I1 + I I2 .

(A.3.3)
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Energy and momentum conservations read
ε̂ = ε 1 + ε 2 = ε 3 + ε 4 ,

~pˆ = ~p1 + ~p2 = ~p3 + ~p4 .

(A.3.4)

The number of collisions per unit time and volume is, see e.g.
Landau and Lifshitz (1981, Eq. (2.1)),
dN
= d3~p1 d3~p2 d3~p3 d3~p4 ×
dVdt



f (~p , t)
× W(1,2|3,4) f I (~p1 , t) f I I (~p2 , t) 1 ± I I I −33
2h



f IV (~p4 , t)
1±
2h−3



, (A.3.5)

where W is the transition function, linked to QED matrix elements of the
reaction M f i as
W(1,2|3,4)

h̄2 c6 | M f i |2
=
δ(ε 1 + ε 2 − ε 3 − ε 4 )δ3 (~p1 + ~p2 − ~p3 − ~p4 ),
2
(2π ) 16ε 1 ε 2 ε 3 ε 4
(A.3.6)



δ is Dirac delta-function, and 1 ± f α (~p, t)/( gα h−3 ) are Bose enhancement
(sign ”+”) and Pauli blocking (sign ”−”) factors. Matrix elements can be
found, for example, in Berestetskii et al. (1982), Eqs. (86.6, 88.4, 81.7, 81.17).
Then collision integral for the particle I in the state 1 is
Z

η I (~p1 , t) − χ I (~p1 , t) f I (~p1 , t) = d3~p2 d3~p3 d3~p4 ×




f I (~p1 , t)
f I I (~p2 , t)
× W(3,4|1,2) f I I I (~p3 , t) f IV (~p4 , t) 1 ±
1±
−
2h−3
2h−3



f IV (~p4 , t)
f I I I (~p3 , t)
1±
. (A.3.7)
− W(1,2|3,4) f I (~p1 , t) f I I (~p2 , t) 1 ±
2h−3
2h−3
Specifically, for a scattering with I = I I I and I I = IV the inverse process
is the same as the direct one since pairs of indices (1, 2) and (3, 4) can be interchanged. The relation W(1,2|3,4) = W(3,4|1,2) holds for all processes listed
in Tab. A.1. When incoming or outgoing particles coincide (I = I I and/or
I I I = IV) quantum indistinguishability gives the term 12 in front of the corresponding emission and absorption coefficients, see e.g. Ehlers (1973, p. 76),
Groot et al. (1980, p. 18).
There are 4 delta-functions in Eq. (A.3.6) representing conservation of energy and momentum (A.3.4). Three integrations over momentum of particle
I I I can be performed immediately
Z
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d~p3 δ3 (~p1 + ~p2 − ~p3 − ~p4 ) −→ 1.

(A.3.8)

A.3. Boltzmann equations
In the integration over energy ε 4 of particle IV it is necessary to take into
account that ε 3 is now a function of energy and angles of particles I and I I,
as well as angles of particle IV, so we have
Z

dε 4 δ(ε 1 + ε 2 − ε 3 − ε 4 ) −→

1
,
1 − ( β 3 /β 4 )~n3 · ~n4

(A.3.9)

~n = ~p/p is the unit vector in the direction of particle momentum, p =
wherep
|~p| = (ε/c)2 − m2 c2 is the absolute value of particle momentum, β = pc/ε,
and a dot denotes scalar product of 3-vectors. We use spherical coordinates
in momentum space: {ε, µ, φ}, µ = cos ϑ, where ε is the particle energy, and ϑ
and φ are polar and azimuthal angles, respectively. Then energy and angles
of particle I I I and energy of particle IV follow from energy and momentum
conservations (A.3.4) and relativistic energy-momentum relation, namely
q
~p3 = ~pˆ − ~p4 ,
ε 4 = c p24 + m2IV c2 ,
ε 3 = ε̂ − ε 4 ,
q
AB ± A2 + 4m2IV c2 ( B2 − 1)
,
(A.3.10)
p4 =
2( B2 − 1)
c
ε̂
c
ˆ
B = ~n4 · ~p.
A = [ p̂2 + (m2I I I − m2IV )c2 ] − ,
c
ε̂
ε̂

Then we introduce these relations into collision integral (A.3.7). We also
use spherical symmetry in momentum space to fix angles of the particle I:
µ1 = 1, φR1 = 0, and to perform the integration over azimuthal angle of particle I I: dφ2 −→ 2π, setting φ2 = 0 in the remaining integrals. Then final
expression for collision integral is
η I (ε 1 , t) − χ I (ε 1 , t) f I (ε 1 , t) =
Z

p2 p4 | M f i |2
dε 2 dµ2 dµ4 dφ4 ×
×
ε 1 ε 3 [1 − ( β 3 /β 4 )~n3 · ~n4 ]




f I I (ε 2 , t)
f I (ε 1 , t)
1±
−
× f I I I (ε 3 , t) f IV (ε 4 , t) 1 ±
2h−3
2h−3



f IV (ε 4 , t)
f I I I (ε 3 , t)
1±
. (A.3.11)
−
f I (ε 1 , t) f I I (ε 2 , t) 1 ±
2h−3
2h−3
h̄2
=
32π

747

A. Relativistic degeneracy in nonequilibrium electron-positron plasma
For numerical integration, however, another expression is proved useful
η I (ε, t) − χ I (ε, t) f I (ε, t) =
"Z
p2 p4 | M f i |2
h̄2
=
dε 3 dε 4 dµ4 dµ2 dφ2 × δ(ε 1 − ε) ×
×
32π
ε 1 ε 3 [1 − ( β 1 /β 2 )~n1 · ~n2 ]



f I I (ε 2 , t)
f I (ε 1 , t)
1±
−
× f I I I (ε 3 , t) f IV (ε 4 , t) 1 ±
2h−3
2h−3
Z
p2 p4 | M f i |2
×
− dε 2 dµ2 dµ4 dφ4 ×
εε 3 [1 − ( β 3 /β 4 )~n3 · ~n4 ]


#
f I I I (ε 3 , t)
f IV (ε 4 , t)
× f I (ε, t) f I I (ε 2 , t) 1 ±
1±
, (A.3.12)
2h−3
2h−3
where the first term, i.e. emission coefficient, is expressed in the form ready
for replacement by the sum over incoming particles I I I and IV. In this term
ε 1 , µ1 , φ1 , ε 2 are given by relations (A.3.10) with indices exchange 1 ↔ 3, 2 ↔
4, I ↔ I I I, I I ↔ IV.
This collision integral of any of two-particle processes is a four-dimensional
integral in momentum space. In Sec. A.4 we show how such integral is computed numerically on finite grid.

A.3.2. Three-particle collision integrals
Consider interaction of two incoming particles of species I and I I in quantum
states 1 and 2, producing three outgoing particles of species I I I, IV, and V
in quantum states 3, 4, and 5. Let particle momenta be ~p1 and ~p2 before the
interaction, and ~p3 , ~p4 , and ~p5 after interaction, respectively. This process can
be represented as
I1 + I I2 −→ I I I3 + IV4 + V5 .
(A.3.13)
The corresponding inverse process is
I I I3 + IV4 + V5 −→ I1 + I I2 .

(A.3.14)

Energy and momentum conservations give
ε 1 + ε 2 = ε 3 + ε 4 + ε 5,

~p1 + ~p2 = ~p3 + ~p4 + ~p5 .

(A.3.15)

The number of collisions of the direct process (A.3.13) per unit time and
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volume is
dN
= d3~p1 d3~p2 d3~p3 d3~pk d3~p5 × W(1,2|3,4,5) × f I (~p1 , t) f I I (~p2 , t)×
dVdt




f I I I (~p3 , t)
f IV (~p4 , t)
f V (~p5 , t)
× 1±
1±
1±
. (A.3.16)
2h−3
2h−3
2h−3
For the inverse process (A.3.14) this number is
dN
= d3~p1 d3~p2 d3~p3 d3~p3 d3~p5 ×
dVdt
× W(3,4,5|1,2) × f I I I (~p3 , t) f IV (~p4 , t) f V (~p5 , t)×



f I I (~p2 , t)
f I (~p1 , t)
1±
. (A.3.17)
× 1±
2h−3
2h−3
Then collision integral for particle I in the state 1 becomes
Z

η I (~p1 , t) − χ I (~p1 , t) f I (~p1 , t) = d3~p2 d3~p3 d3~p4 d3~p5

× W(3,4,5|1,2) × f I I I (~p3 , t) f IV (~p4 , t) f V (~p5 , t)×



f I (~p1 , t)
f I I (~p2 , t)
× 1±
1±
−
2h−3
2h−3
− W(1,2|3,4,5) × f I (~p1 , t) f I I (~p2 , t)×




f IV (~p4 , t)
f V (~p5 , t)
f I I I (~p3 , t)
1±
1±
, (A.3.18)
× 1±
2h−3
2h−3
2h−3
where the first term in square parenthesis corresponds to emission of particle
I in inverse process (A.3.14), while the second term corresponds to absorption
of particle I in direct process (A.3.13). So far we considered the case when
all incoming and outgoing particles are different. When the same particle
is present among incoming and outgoing ones, the collision integral for this
particle species becomes more complicated.
Consider, for instance, the case when I = V. This particle disappears from
the quantum state 1 and appears in the quantum state 5 in the direct process
(A.3.13). The same particle disappears from the quantum state 5 and appears
in the quantum state 1 in the inverse process (A.3.14). Consequently two
terms in the collision integral on the RHS of Boltzmann equation (A.3.1) are
ready to be written. These are the absorption coefficient χ I (~p1 , t) f I (~p1 , t) in
the direct process (A.3.13) and the emission coefficient η I (~p1 , t) in the inverse
process (A.3.14). Both these terms appear in Eq. (A.3.18). However, indices
denoted with arabic numbers enumerate quantum particle states, which are
arbitrary. Consequently, indices 1 and 5 can be interchanged both in direct
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(A.3.13) and inverse (A.3.14) processes. Then two new terms in collision integral for particle I in state 1 appear: emission coefficient η I (~p1 , t) in direct process I5 + I I2 −→ I I I3 + IV4 + I1 , and absorption coefficient χ I (~p1 , t) f I (~p1 , t)
in inverse process I I I3 + IV4 + I1 −→ I5 + I I2 . Combining all four terms, the
collision integral in this case becomes
Z

η I (~p1 , t) − χ I (~p1 , t) f I (~p1 , t) = d3~p2 d3~p3 d3~p4 d3~p5 ×

× −W(1,2|3,4,5) × f I (~p1 , t) f I I (~p2 , t)×




f I I I (~p3 , t)
f IV (~p4 , t)
f I (~p5 , t)
× 1±
1±
1±
+
2h−3
2h−3
2h−3

+ W(3,4,5|1,2) × f I I I (~p3 , t) f IV (~p4 , t) f I (~p5 , t)×



f I I (~p2 , t)
f I (~p1 , t)
1±
−
× 1±
2h−3
2h−3
+ W(5,2|3,4,1) × f I (~p5 , t) f I I (~p2 , t)×




f IV (~p4 , t)
f I (~p1 , t)
f I I I (~p3 , t)
1±
1±
+
× 1±
2h−3
2h−3
2h−3
− W(3,4,1|5,2) × f I I I (~p3 , t) f IV (~p4 , t) f I (~p1 , t)×



f I I (~p2 , t)
f I (~p5 , t)
1±
. (A.3.19)
× 1±
2h−3
2h−3
Generally speaking, such four terms should be present in collision integral of
any reaction for a particle specie which is present both among incoming and outgoing
particles, unless the process is a scattering. This statement is valid for arbitrary
number of incoming and outgoing particles. It is not limited to QED but
applies to any quantum field theory in general.
All three-particle QED processes listed in Tab. A.2, with exception of threephoton annihilation, are indeed represented by four terms in collision integrals. Such four terms for double Compton scattering with corresponding
symmetrization factors were considered by Chluba (2005). It should be noted,
that the detailed balance conditions discussed in Sec. A.2.2 may be obtained
(Lightman, 1981; Thorne, 1981) with only two terms in collision integrals,
without interchanging the states 1 and 5. However, the structure of all four
coefficients is different, and their presence in collision integral (A.3.19) is essential.
In three-particle processes transition function W can be expressed through
the differential cross-section dσ. Using the definition of dσ (Berestetskii et al.,
dN
1982, Eq. (64.18)) and its relation to number of collisions
per unit time
dVdt
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in unit volume (A.3.16), given by Eq. (12.7) in Landau and Lifshits (1994), we
have
p
[ε 1 ε 2 − (~p1 · ~p2 )c2 ]2 − (m I m I I c4 )2
dσ. (A.3.20)
W(1,2|3,4,5) d3~p3 d3~p4 d3~p5 = c
ε1ε2
The differential cross section in turn can be expressed through dimensionless
matrix element squared X, see Jauch and Rohrlich (1976, Eq. (11.31)). Then
we obtain
W(1,2|3,4,5) =

αre2
c7 X
δ(ε initial − ε final )δ3 (pinitial − p final ), (A.3.21)
×
2
ε1ε2ε3ε4ε5
(4π )

e2
is the classical electron radius. For double Compton scatm e c2
tering X is given by Eqs. (3), (9), (10) of Mandl and Skyrme (1952). For relativistic bremsstrahlung X = 16A, where A is given by Eqs. in Appendix B of
Haug and Nakel (2004).

where re =

Matrix elements for all other processes of Tab. A.2 can be obtained from
the ones of double Compton scattering and of relativistic bremsstrahlung by
the substitution law, given in Jauch and Rohrlich (1976, Sec. 8.5). For example, exchanging initial photon with the final electron or positron in double
Compton scattering
e1− + γ2 −→ e3− + γ4 + γ5 ,

(A.3.22)

we obtain three-photon annihilation process
e1− + e3+ −→ γ2 + γ4 + γ5 .

(A.3.23)

The matrix element squared of this process (A.3.23) can then be obtained from
the one of double Compton process (A.3.22) with the following substitution
law

~p3 −→ −~p3 ,

ε 3 −→ −ε 3 ,

~p2 −→ −~p2 ,

ε 2 −→ −ε 2 .

(A.3.24)

The detailed balance condition for three-particle processes gives
h3 W(1,2|3,4,5) = 2W(3,4,5|1,2) .

(A.3.25)

Following the same line of reasoning as in the derivation of Eq. (A.3.12), we
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arrive to the collision integral in the form
η I (ε, t) − χ I (ε, t) f I (ε, t) =
"Z
αre2 c
=
dε 3 dε 4 dµ4 dε 5 dµ5 dφ5 dµ2 dφ2 × δ(ε 1 − ε)×
8π
p2 p4 p5 X
×
ε 1 ε 3 [1 − ( β 1 /β 2 )~n1 · ~n2 ]



f I (ε 1 , t)
f I I (ε 2 , t)
× f I I I (ε 3 , t) f IV (ε 4 , t) f V (ε 5 , t) 1 ±
1±
−
2h−3
2h−3
Z
p2 p4 p5 X
×
− dε 2 dµ2 dµ4 dφ4 dε 5 dµ5 dφ5 ×
εε 3 [1 − ( β 3 /β 4 )~n3 · ~n4 ]



#
f I I I (ε 3 , t)
f IV (ε 4 , t)
f V (ε 5 , t)
× f I (ε, t) f I I (ε 2 , t) 1 ±
,
1±
1±
2h−3
2h−3
2h−3

×

(A.3.26)

where again the form of the first integral is ready to be substituted by corresponding sum over incoming particles I I I, IV, and V. In this first integral,
i.e. in the emission coefficient, in order to find energy and angles of particle I and energy of particle I I relations (A.3.10) should be used with indices
exchange 1 ↔ 3, 2 ↔ 4, I ↔ I I I, I I ↔ IV, and
ε̂ = ε 3 + ε 4 + ε 5 ,

~pˆ = ~p3 + ~p4 + ~p5 .

(A.3.27)

In the absorption coefficient in order to find energy and angles of particle I I I
and energy of particle IV from relation (A.3.10) instead of (A.3.4) the following relations must be used
ε̂ = ε 1 + ε 2 − ε 5 ,

~pˆ = ~p1 + ~p2 − ~p5 .

(A.3.28)

This collision integral (A.3.26) of any of three-particle processes is a sevendimensional integral in momentum space. In the next Section we show how
such integral is computed numerically on finite grid.

A.4. The numerical scheme
The main difficulty arising in computation of collision integrals in comparison with previous works (Aksenov et al., 2007, 2009, 2010) is that particle
emission and absorbtion coefficients contain not only distribution functions
of incoming particles, but also those of outgoing particles. Therefore we
adopt a different approach which we refer to as ”reaction-oriented” instead
of ”particle-oriented” one used earlier.
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The phase space is divided in zones. The zone Ωαa,j,k for particle specie α
corresponds to energy ε a , cosine of polar angle µ j and azimuthal angle φk ,
where indices run in the following ranges 1 ≤ a ≤ amax , 1 ≤ j ≤ jmax , and
1 ≤ k ≤ kmax . The zone boundaries are ε a∓1/2 , µ j∓1/2 , φk∓1/2 . The length of
the a-th energy zone Ωαa is ∆ε a ≡ ε a+1/2 − ε a−1/2 . On finite grid f α does not
depend on µ and φ, and number density of particle α in zone a is
Yaα (t) = 4π

Z ε
a+1/2
ε a−1/2

c −3 ε

q

ε2 − m2α c4 f α (ε, t)dε =
q
= 4πc−3 ε a ε2a − m2α c4 f α (ε a , t)∆ε a . (A.4.1)

In this variables discretized Boltzmann equation for particle I and energy
zone a reads
h
i
dYaα (t)
I
I
I
(A.4.2)
= ∑ ηa (t) − χ a (t)Ya (t) ,
dt
where the sum is taken over all processes involving particle I. Emission and
absorption coefficients on the grid are obtained by integration of (A.3.12) for
two-particle processes and of (A.3.26) for three-particle processes over the
zone. The corresponding integrals are replaced by sums on the grid. For
instance, absorption coefficient for incoming particle I in two-particle process
(A.3.2) is
χ aI (t)YaI (t) =

h̄2 c4
8(4π )2

∑
b,j,s,k

∆µ j ∆µs ∆φk × | M f i |2 ×

#
"

YdIV (t)
YaI (t) YbI I (t)
YcI I I (t)
p4
1±
×
× 1±
×
,
ε 3 [1 − ( β 3 /β 4 )~n3 · ~n4 ]
εa
εb
ȲcI I I
ȲdIV
(A.4.3)
where index j denotes polar angle zone of incoming particle I I, index s denotes polar angle zone of outgoing particle IV, index k denotes azimuthal
angle zone of outgoing particle IV, and
Ȳaα

= 4π

Z ε
a+1/2
ε a−1/2

c

−3

ε

q

ε2 − m2α c4 2h−3 dε =

= 8π (hc)

−3

εa

q

ε2a − m2α c4 ∆ε a . (A.4.4)

Emission coefficient of particle I in process (A.3.3) from integration of (A.3.12)
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is
ηaI (t) =

h̄2 c4
8(4π )2

∑
c,d,j,s,k

Ca (ε 1 )∆µ j ∆µs ∆φk × | M f i |2 ×

#
"

YbI I (t)
YcI I I (t) YdIV (t)
YaI (t)
p2
1±
×
× 1±
,
×
ε 1 [1 − ( β 1 /β 2 )~n1 · ~n2 ]
εc
εd
ȲaI
ȲbI I
(A.4.5)
where index j denotes polar angle zone of incoming particle IV, index s denotes polar angle zone of outgoing particle I I, index k denotes azimuthal
angle zone of outgoing particle I I, and

ε a − ε1


, ε a −1 < ε 1 < ε a ,


ε a − ε a −1



Ca ( ε 1 ) = ε a +1 − ε 1 , ε a < ε 1 < ε a +1 ,
(A.4.6)


ε
−
ε
a
a +1




0,
otherwise.

In
R integration of (A.3.12) over the zone one can integrate out the δ-function
δ(ε 1 − ε)dε 1 −→ 1. However, when energies of incoming particles are fixed
on the grid, the energies of outgoing particles are not on the grid. Hence an
interpolation (A.4.6) is adopted, which enforces the exact number of particles
and energy conservation in each two-particle process due to redistribution
of outgoing particle α with energy ε over two energy zones Ωαn , Ωαn+1 with
ε n < ε < ε n +1 .
The redistribution of final particles should also satisfy requirements of
quantum statistics. Therefore if a process occurs, when final particle should
be distributed over the quantum states which are fully occupied, such process is forbidden. Thus we introduce the Bose enhancement/Pauli blocking
coefficients in (A.4.3) and (A.4.5) as
!


Ynα+1 (t)
Yaα (t)
Ynα (t)
1±
.
(A.4.7)
= min 1 ±
,1±
Ȳaα
Ȳnα
Ȳnα+1
The sum over angles µ j , µs , φk can be found once and for all at the beginning of the calculations. We then store in the program for each set of the
incoming and outgoing particles the corresponding terms and redistribution
coefficients given by Eq. (A.4.6).
Extension of this scheme to three-particle interactions is straightforward.
However, unlike two-particle case where pairs of indices I, I I and I I I, IV
can be interchanged, in three-particle case there is no such symmetry. Then
we give absorption and emission coefficients for incoming and outgoing par-
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ticles in processes (A.3.13) and (A.3.14) separately. Considering the direct
process (A.3.13), finite difference representation of absorption coefficient for
incoming particle I in (A.3.26) is
χ aI (t)YaI (t) =

αre2 c3
2(4π )2

∑
b,j,s,k, f ,p,r

∆µ j ∆µs ∆φk ∆ε f ∆µ p ∆φr ×

YaI (t) YbI I (t)
p4 p5
×
×
×X×
ε 3 [1 − ( β 3 /β 4 )~n3 · ~n4 ]
εa
εb
#"
#
"

YfV (t)
YdIV (t)
YcI I I (t)
1±
× 1±
1±
, (A.4.8)
ȲcI I I
ȲdIV
ȲfV
and emission coefficient for outgoing particle I I I is
ηcI I I (t) =

αre2 c3
2(4π )2

∑
a,b,j,s,k, f ,p,r

∆µ j ∆µs ∆φk ∆ε f ∆µ p ∆φr ×

p4 p5
Y I (t) YbI I (t)
× a
×
ε 3 [1 − ( β 3 /β 4 )~n3 · ~n4 ]
εa
εb
#"
#

"
YfV (t)
YdIV (t)
YcI I I (t)
1±
, (A.4.9)
× 1±
1±
ȲcI I I
ȲdIV
ȲfV

× Ca ( ε 3 ) × X ×

where indices f , p, r denote energy, polar angle and azimuthal angle zone of
outgoing particle V, respectively. Considering the inverse process (A.3.14),
emission coefficient for the outgoing particle I is
ηaI (t) =

αre2 c5 h3
4(4π )3

∑
c,s,k,d,j, f ,p,r

∆µs ∆φk ∆µ j ∆µ p ∆φr ×

V
p2
YcI I I (t) YdIV (t) Yf (t)
× C a ( ǫ1 ) × X ×
×
ε 1 [1 − ( β 1 /β 2 )~n1 · ~n2 ] ε c
εd
εf
#
"

I I (t)
I
Y
Y (t)
1 ± b II
, (A.4.10)
× 1± a I
Ȳa
Ȳb
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while absorption coefficient for the incoming particle I I I is
χcI I I (t)YcI I I (t)

αre2 c5 h3
=
4(4π )3

∑
s,k,d,j, f ,p,r

∆µs ∆φk ∆µ j ∆µ p ∆φr ×

V
p2
YcI I I (t) YdIV (t) Yf (t)
×X×
×
ε 1 [1 − ( β 1 /β 2 )~n1 · ~n2 ] ε c
εd
εf
#
"

YbI I (t)
YaI (t)
× 1±
1±
, (A.4.11)
ȲaI
ȲbI I

where indices s and k denote polar and azimuthal angle zones of outgoing
particle I I, respectively; index j denotes polar angle zone of incoming particle
IV, and indices f , p, r denote energy, polar angle and azimuthal angle zone
of particle V, respectively.
In these sums (A.4.8–A.4.11) summation over angles µ j , µs , φk , µ p , φr again
can be performed once and for all at the beginning of the calculations. Representation of discretized collisional integral for particle I and energy zone a
in processes (A.3.2, A.3.3, A.3.13, A.3.14) is
#
"

IV ( t )
I I I (t) 
Y
dYaI
Y
+
1 ± d IV
= − ∑ A × YaI (t)YbI I (t) × 1 ± c I I I
dt
Ȳc
Ȳd
#
"

I I (t)
I (t) 
Y
Y
+ ∑ B × YcI I I (t)YdIV (t) × 1 ± a I
−
1 ± b II
Ȳa
Ȳb
"
#"
#

IV ( t )
I I I (t) 
YfV (t)
Y
Y
1 ± d IV
1±
+
− ∑ C × YaI (t)YbI I (t) × 1 ± c I I I
Ȳc
Ȳd
ȲfV
"
#

I I (t)
I (t) 
Y
Y
1 ± b II
+ ∑ D × YcI I I (t)YdIV (t)YfV (t) × 1 ± a I
, (A.4.12)
Ȳa
Ȳb
where constant coefficients A, B, C, D are obtained from the summation over
angles in the sums (A.4.3, A.4.5, A.4.8, A.4.10). The full Boltzmann equation
(A.4.2) contains similar sums for all processes from Tab. A.2. Each individual
term in these sums appears in the system of discretized Boltzmann equations
four or five times in emission and absorption coefficients for each particle
entering a given process. Then each term can be computed only once and
added to all corresponding sums, that is the essence of our ”reaction-oriented”
approach.
In our method exact energy and number of particles conservation laws are
satisfied. The number of energy intervals is typically 20, while internal grid
of angles has 32 points in µ and 64 in φ. The system under consideration has
several characteristic times for different processes, and therefore the result-
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ing system of ordinary differential equations (A.4.2) is stiff. We use Gear’s
method (Hall and Watt, 1976) to integrate the system numerically.

A.5. Characteristic time scales of plasma
relaxation
We solved numerically Boltzmann equation (A.3.1) in two cases. Initially
only photons are present with constant spectral energy density and total energy density ρ = 1023 erg/cm3 and ρ = 1029 erg/cm3 . Such energy densities
corresponds to the temperature θ in thermal equilibrium of 0.3 and 8, respectively.
In Figs. A.2 and A.3 we present number density, energy density, temperature and chemical potential of photons and pairs in both cases. We also show
the difference between quantum and Boltzmann statistics by including and
omitting the Pauli blocking and Bose enhancement factors in evolution equations (A.4.12). Time is expressed in units of Compton time
τC =

1
,
σT n± c

(A.5.1)

where n± is number density of pairs in thermal equilibrium, σT is Thomson
cross section.
Timescales of relaxation to thermal equilibrium for quantum (classical)
statistics nearly coincide: 15τC (18τC ) for ρ = 1023 erg/cm3 , and 27τC (23τC )
for ρ = 1029 erg/cm3 . Inspection of Figs. A.2 and A.3 indicates that both
temperatures and chemical potentials of leptonic and photon components become nearly equal when the total number density of particles shown by blue
curves is almost constant. This fact indicates that three-particle interactions
become relevant when almost detailed balance (kinetic equilibrium) is established by two-particle interactions (Aksenov et al., 2007). Notice, however,
that due to energy dependence of reaction rates the characteristic timescale on
which kinetic equilibrium is established is larger than Compton time (A.5.1).
For the same reason the characteristic timescale on which thermal equilibrium is established is smaller than the simple estimate α−1 τC . Thus the ratio
of the timescales of kinetic and thermal equilibrium is no longer α but higher.
This fact shows why the exact treatment of three-particle interactions, especially for high energy densities, becomes important.
In Figs. A.4 and A.5 we show spectral evolution for both our initial conditions. The final spectra shown for t = 103 τC are in good agreement with
Planck/Fermi-Dirac distribution functions, correspondingly, obtained for the
given energy density, typically within 5 % accuracy. Notice that at the Compton time both electron/positron and photon spectra are far from equilibrium
shape, with the only exception of leptonic spectrum for ρ = 1023 erg/cm3 .
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Figure A.2.: Comparison of evolution of number n and energy ρ densities, dimensionless temperature θ, chemical potential ξ, for quantum (solid
curves) and classical (dotted curves) statistics with total energy density ρ =
1023 erg/cm3 . Black and red curves correspond to photons and pairs, respectively, blue curve gives the sum of densities.
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Figure A.3.: The same as in Fig. A.2, but for total energy density ρ =
1029 erg/cm3 .
This quick relaxation of leptonic component is due to large Coulomb logarithm for non-relativistic temperatures.

A.6. Conclusions
In this Chapter we consider relaxation of nonequilibrium optically thick pair
plasma to complete thermal equilibrium by integrating numerically relativistic Boltzmann equations with exact QED two-particle and three-particle collision integrals. Quantum nature of particle statistics is accounted for in collision integrals by the corresponding Bose enhancement and Pauli blocking
factors.
We point out that unlike classical Boltzmann equation for binary interactions such as scattering, more general interactions are typically described by
four collision integrals for each particle that appears both among incoming
and outgoing particles.
The partial summations over angles in three-particle processes appears to
be the most time-consuming part of the numerical solution of Boltzmann
equation. Typical number of points in calculations is 1012 .
Our numerical results indicate that the rates of three-particle interactions
become comparable to those of two-particle ones for temperatures exceed-
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ing the electron rest-mass energy. Thus three particle interactions such as
relativistic bremsstrahlung, double Compton scattering, and radiative pair
creation become essential not only for establishment of thermal equilibrium,
but also for correct estimation of interaction rates, energy losses etc.
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B. Phase space evolution of pairs
created in strong electric fields
B.1. Introduction
Quantum electrodynamics predicts that vacuum breakdown in a strong electric field E comparable to the critical value Ec = m2e c3 /eh̄ where me is the electron mass, e is its charge, c is the speed of light and h̄ is the Planck constant
results in non-perturbative electron-positron pair production Sauter (1931);
Heisenberg and Euler (1935); Schwinger (1951). Nonlinear effects in high intensity fields can be observed already in undercritical electric field, see e.g.
Bula et al. (1996); Burke et al. (1997). Considerable effort has been made over
last two decades in increasing the intensity of high power lasers in order to
explore these high field regimes. Yet, the Schwinger field Ec is far from being
reached, see e.g. for recent review Di Piazza et al. (2012). There are indications that such technology is limited to undercritical fields due to occurrence
of avalanches Bell and Kirk (2008); Bulanov et al. (2010) which deplete the
external field faster than it can potentially grow. Some authors Fedotov et al.
(2010) went that far as to claim that “the critical QED field strength can be
never attained for a pair creating electromagnetic field”.
While dynamical mechanisms involving increase of initially small electric field toward its critical value appear problematic because of avalanches,
existence of overcritical electric field in which pair production is blocked
Usov (1998) is widely discussed in astrophysical context in compact stars,
e.g. hypothetical quark stars Alcock et al. (1986); Usov (1998), neutron stars
Belvedere et al. (2012), see also Ruffini et al. (2010) for review. Pair production in such overcritical field may occur due to several reasons, e.g. heating
Usov (2001) or gravitational collapse of the compact object. Assuming existence of such overcritical electric field in this paper we revisit the issue of
conversion of energy from initial electric field into electron-positron plasma
once the blocking is released.
The most general framework for considering the problem of back reaction of created matter fields on initial strong electric field is QED. Up to now
the problem has been treated in QED in 1+1 dimension case for both scalar
Kluger et al. (1991) and fermion Kluger et al. (1992) fields. It was shown
there that pair creation is followed by plasma oscillations due to back reaction of pairs on initial electric field. The results were compared with the
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solutions of the relativistic Vlasov-Boltzmann equations and shown to agree
very well. The Vlasov type kinetic equation for description of e+ e− plasma
creation under the action of a strong electric field was used previously e.g.
in the following works Kajantie and Matsui (1985); Smolyansky et al. (1997);
Schmidt et al. (1998). The back reaction problem in this framework was
considered by Gatoff et al. (1987); Kluger et al. (1998). The kinetic theory
to description of the vacuum quark creation under action of a supercritical
chromo-electromagnetic field was applied by Bloch et al. (1999); Vinnik et al.
(2001). Kinetic equations for electron-positron-photon plasma in strong electric field were obtained in Blaschke et al. (2011) from the Bogoliubov-BornGreen-Kirkwood-Yvon hierarchy.
Much simpler model was developed later, starting from Vlasov-Boltzmann
equations Ruffini et al. (2003b) and assuming that all particles are in the same
momentum state at a given time, that allowed to consider pair-photons interactions. In this way the system of partial integro-differential equations
was reduced to the system of ordinary differential equations which was integrated numerically. This model was studied in details in Ruffini et al. (2007);
Benedetti et al. (2011), where existence of plasma oscillations was confirmed
and extended to undercritical electric fields. It was also shown that photons
are generated and reach equipartition with pairs on a time scale much longer
than the oscillation period.
In this work for the first time we study the entire dynamics of energy conversion from initial strong electric field, ending up with thermalized electronpositron-photon plasma which is assumed to be optically thick. With this
goal we generalize previous treatments Kluger et al. (1991)-Benedetti et al.
(2011). In particular, we relax the delta-function approximation of particle
momenta adopted in Ruffini et al. (2003b). In contrast, we obtain the system of partial integro-differential equations which is solved numerically on
large timescales, exceeding many orders of magnitude several characteristic
timescales of the problem under consideration.
We adopt a kinetic approach in which collisions can be naturally described,
assuming invariance under rotations around the direction of the electric field.
In this perspective we solve numerically the relativistic Vlasov-Boltzmann
equations with collision integrals computed from the exact QED matrix elements for the two particle interactions Aksenov et al. (2009), namely electronpositron annihilation into two photons and its inverse process, Bhabha,
Möller and Compton scatterings.
The paper is organized as follows. In the next section we introduce the
general framework, then we report our results. Details about the computation are presented further. Conclusions follow.
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Based on the symmetry of the problem we consider axially symmetric momentum space. Hence, the momentum of the particle is described by two
components, one parallel (pk ) and one orthogonal (p⊥ ) to the direction of the
initial electric field. Then the azimuthal angle (φ) describes the rotation of p⊥
around pk . These momentum space coordinates are defined in the following
intervals pk ∈ (−∞, +∞), p⊥ ∈ [0, +∞), φ ∈ [0, 2π ]. Within the chosen phase
space configuration, the prescription for the integral over the entire momenR +∞
R
R 2π R +∞
dp
dp⊥ p⊥ and the relativistic
dφ
→
tum space is d3 p
k
−∞
0
0
energy is given by the following equation
q
ǫ = p2k + p2⊥ + m2 ,
(B.2.1)

where m is the mass of the considered particle. In the previous equation and
hereafter we set c = h̄ = 1.

In the adopted kinetic scheme the Distribution Function (DF) is the basic
object we are dealing with and all the physical quantities can be extracted
from it. Denoting with ν the kind of particle, the DF f ν is commonly used in
textbooks such that the corresponding number density is given by its integral
over the entire momentum space
nν =

Z

3

d p f ν = 2π

Z +∞
−∞

dpk

Z +∞
0

dp⊥ p⊥ f ν .

(B.2.2)

Due to the assumed axial symmetry, f does not depend on φ and consequently it is a function of the two components of the momentum only
f ν = f ν ( pk , p⊥ ) . In this paper we use Fν = 2πǫ f ν which allows to
write down Boltzmann-Vlasov equations in conservative form Aksenov et al.
(2004, 2009), essential for numerical computations. The energy density for
each type of particle is given by its integral over the parallel and orthogonal
component of the momentum
ρν =

Z +∞
−∞

dpk

Z +∞
0

dp⊥ Fν .

(B.2.3)

In isotropic momentum space this DF is reduced to the spectral energy density dρν /dǫ.
The time evolution of electron and positron DFs is described by the rela-
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tivistic Boltzmann-Vlasov equation
∂F± ( pk , p⊥ )

∂F± ( pk , p⊥ )
=
± eE
∂t
∂pk


∗q
q
= ∑ η± ( pk , p⊥ ) − χ± ( pk , p⊥ ) F± ( pk , p⊥ ) +
q

+ S( pk , p⊥ , E) ,

∗q

(B.2.4)

q

where η± , χ± are the emission and absorption coefficients due to the interaction denoted by q, and the source term S is the rate of pair production. The
sum over q covers all the 2-particle QED interactions considered in this work.
In particular the electron-positron DFs in Eq. (B.2.4), varies due to the acceleration by the electric field, the creation of pairs due to vacuum breakdown
and the interactions, see B.3.1 for details. Indeed, the Vlasov term describes
the mean field produced by all particles, plus the external field. In our approach particle collisions, including Coulomb ones, are taken into account by
collision terms. Particle motion between collisions is assumed to be subject
to external field only, and the mean field is neglected. This is an assumption,
but in dense collision dominated plasma such as the one considered in this
paper this assumption is justified, see e.g. Groot et al. (1980). The rate of pair
production already distributes particles in the momentum space according to
Ruffini et al. (2010)

|e E|
S( pk ,p⊥ , E) = − 3
ǫ p⊥ ×
me (2π )2
!#
"
π (m2e + p2⊥ )
δ( pk ) .
× log 1 − exp −
|e E|

(B.2.5)

For E < Ec this rate is exponentially suppressed. Besides, Eq. (B.2.5) already
indicates that pairs are produced with orthogonal momentum, up to about
me ( E/Ec ) but at rest along the direction of the electric field.
The Boltzmann equation for photons is
∂Fγ ( pk , p⊥ )
∂t



∗q
q
= ∑ ηγ ( pk , p⊥ ) − χγ ( pk , p⊥ ) Fγ ( pk , p⊥ ) ,

(B.2.6)

q

and their DF changes due to the collisions only. In more detail, photons
must be produced first by annihilating pairs, then they affect the electronpositron DF through Compton scattering. Besides, also photons annihilation
into electron-positron pairs becomes significant at later times. Eqs. (B.2.6)
and (B.2.4) are coupled by means of the collision integrals, therefore they are
a system of partial integro-differential equations that must be solved numer-
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ically. Efficient method for solving such equations in optically thick case was
developed in Aksenov et al. (2004) and later generalized in Aksenov et al.
(2009), see B.3.2 and B.3.3 for details.
It is well known Ruffini et al. (2003b, 2007) that both acceleration and pair
creation terms in Eq. (B.2.4) operate on a much shorter time-scale than interactions with photons described by collision terms in Eqs. (B.2.4) and (B.2.6).
For this reasons we run two different classes of simulations, one neglecting
collision integrals which is referred to as ”collisionless” and another one including them called ”interacting”.

B.3. Computational scheme
The discretization of the phase space is done defining a finite number of elementary volumes which are uniquely identified by triplets of integer numbers (i, k, l ). Their values run over the ranges {1, 2, ..., I − 1, I }, {1, 2, ..., K −
1, K } and {1, 2, ..., L − 1, L} respectively. Since we are dealing with an axially
symmetric phase space with respect to the direction of the electric field, the
parallel momentum is aligned with it while the orthogonal component lays
on the plane orthogonal to this preferential axis. Each elementary volume
encloses only one momentum vector which can be written explicitly in cylindrical coordinates as (pki , p⊥k , φl ). The corresponding boundaries are marked
by semi-integer indices [ pki−1/2 , pki+1/2 ], [ p⊥k−1/2 , p⊥k+1/2 ], [φl −1/2 , φl +1/2 ].
Due to axial symmetry, the DFs do not depend on the azimuthal angle φ and
the index l will be used only to identify angles explicitly. We use also the
symbol ν which identifies the kind of particle under consideration, {γ, −, +}
for photons, electrons and positrons respectively. From these definitions, the
energy of a particle with mass mν corresponding to the grid point (i, k ) is
q
ǫνik = m2ν + p2ki + p2⊥k , (mγ = 0, m± = me ) .
(B.3.1)
In this finite difference representation the distribution function has a
Klimontovich form and can be seen as a sum of Dirac deltas centered on
the grid points (i, k ) and multiplied by the energy density of particles on the
same grid point Fνik
Fν ( pk , p⊥ ) =

∑ δ( pk − pki ) δ( p⊥ − p⊥k ) Fνik ,

(B.3.2)

ik

where ∑ik = ∑iI=1 ∑kK=1 . From the definition above and from Eq. (B.2.3) the
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energy and number densities of particle ν are given by
ρν =

∑ Fνik ,

(B.3.3)

ik

nν =

∑ nνik ,

(B.3.4)

ik

where nνik = Fνik /ǫνik . Then the mean parallel momentum, its mean squared
value and the mean squared value of the orthogonal momentum are

h pk iν =

1
nν

∑ nνik pki ,

(B.3.5)

h p2k iν =

1
nν

∑ nνik ( pki − h pk iν )2 ,

(B.3.6)

∑ nνik p2⊥k .

(B.3.7)

1
h p2⊥ iν =
nν

ik

ik

ik

Due to axial symmetry the mean orthogonal momentum must be null identically h p⊥ iν = 0 .

B.3.1. Acceleration and electric field evolution
Once electrons and positrons are produced, they are accelerated by the electric field toward opposite directions. The time derivative of the electron or
positron parallel momentum dpk± in the presence of an electric field E is
given by the equation of motion
dpk±
dt

= ±eE,

(B.3.8)

where the sign + (−) refer to the positron (electron) and −e is the electron
charge.
Numerically, we move particles from one cell to another one such that the
number of particles is conserved and Eq. (B.3.8) is satisfied. Acceleration
causes the changing with time of F±ik which can written as follows


∂F±ik
= ± αi−1k F±i−1k + αik F±ik + αi+1k F±i+1k ,
∂pk
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where the coefficients α−,0,+ are defined below
ǫ±ik

1
,
ǫ±i−1k pki − pki−1
1
1
αik =
−
,
p k i − p k i −1
p k i +1 − p k i
1
ǫ
.
αi+1k = ±ik
ǫ±i+1k pki+1 − pki

αi−1k =

(B.3.10)
(B.3.11)
(B.3.12)

Also the electric field evolves according to the Maxwell equations. Once
the currents of the moving pairs are computed, the time derivative of the
electric field is known. Consequently a new ordinary differential equation
must be added to the system of Eqs. (B.2.4) and (B.2.6). However, due to
the uniformity and homogeneity of the physical space, we can describe the
electric field simply using the energy conservation law.

B.3.2. Emission and absorption coefficients
In kinetic theory the time derivative of the DF f ν due to interactions between
particles is generally written as Mihalas and Mihalas (1984)
∂ f ν (p)
∂t

=∑
coll

q



q
q
ην ( p ) − χ ν ( p )



f ν (p) ,

(B.3.13)

where q is the label of a specific 2-particle interaction. Eq. (B.3.13) represents a
coupled system of partial integro-differential equations and can be rewritten
as follows


∂Fν (p)
∗q
q
(B.3.14)
= ∑ ην (p) − χν (p) Fν (p) ,
∂t
q
coll
∗q

q

where ην = 2 π ǫ p⊥ ην . The right hand side of the previous equation contains the so called ”collision integrals” used in Eqs. (B.2.4) and (B.2.6).
In order to describe how the collision integrals are computed, we write
down schematically a general 2-particles interaction as
1
p1

2
p2

→

3
p3

4
p4

which means that particles 1 and 2 having respectively momenta p1 and p2
are absorbed; while in the same process particles 3 and 4 with momenta p3
and p4 are produced. The considered interactions are shown in Table (B.1).
From the kinetic theory, the absorption and emission coefficients for the spec-
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Table B.1.: Exemplification of the schematic interaction for each of the considered QED 2-particles interactions.
Interaction

1

2

3

4

Pair Annihilation
Pair Creation
Compton Scattering
Bhabha Scattering
Möller Scattering

e−
γ
e±
e±
e±

e+
γ
γ
e∓
e±

γ
e−
e±
e±
e±

γ
e+
γ
e∓
e±

ified process are given by
χ1 ( p1 ) f 1 ( p1 ) =

Z

χ2 ( p2 ) f 2 ( p2 ) =

Z

η3 ( p 3 ) =

Z

η4 ( p 4 ) =

Z

3

d p2

Z

3

d p3

Z

d3 p4 ×

Z

d3 p4 ×

Z

d3 p4 ×

Z

d3 p3 ×

× w1,2;3,4 f 1 (p1 ) f 2 (p2 ) ,

(B.3.15)

× w1,2;3,4 f 1 (p1 ) f 2 (p2 ) ,

(B.3.16)

× w1,2;3,4 f 1 (p1 ) f 2 (p2 ) ,

(B.3.17)

× w1,2;3,4 f 1 (p1 ) f 2 (p2 ) ,

(B.3.18)

d3 p1

d3 p1

d3 p1

Z

Z

Z

d3 p3

d3 p2

d3 p2

where the integrals must be calculated all over the phase space. The ”transition rate” w1,2;3,4 is given by Landau and Lifshitz (1981)
2

w1,2;3,4

Mfi
1
=
×
(2π )2 16ǫ1 ǫ2 ǫ3 ǫ4

× δ ( ǫ1 + ǫ2 − ǫ3 − ǫ4 ) δ ( 3 ) ( p 1 + p 2 − p 3 − p 4 )

(B.3.19)

and it contains all the informations about the probability that such a process
occurs. The Dirac Delta’s are needed to satisfy the energy and momentum
conservation laws.
Eqs. (B.3.15)-(B.3.18) can be discretized using the integral prescriptions
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given below
χ1i1 k1 F1i1 k1 =
χ2i2 k2 F2i2 k2 =
∗
η3i
=
3 k3
∗
η4i
=
4 k4

Z

Z

Z

Z

Vi1 k1
Vi2 k2
Vi3 k3
Vi4 k4

d3 p ǫp χ1 ( p ) f 1 ( p ) ,

(B.3.20)

d3 p ǫp χ2 ( p ) f 2 ( p ) ,

(B.3.21)

d 3 p ǫ p η3 ( p ) ,

(B.3.22)

d 3 p ǫ p η4 ( p ) ,

(B.3.23)

where Vin kn is the volume in the phase space which contains only the grid
point with pkin and p⊥kn . It is actually a ring with inner radius p⊥k−1/2 , outer
radius p⊥k+1/2 and thickness pki+1/2 − pki−1/2 . An explicit expression for the
collision integrals can be obtained inserting Eqs. (B.3.15)-(B.3.18) into the corresponding Eqs. (B.3.20)-(B.3.23). Then we replace all the integrals over the
entire momentum space with a sum of integrals over the elementary volumes
Vik
Z
Z
d3 p

→

∑
ik

Vik

d3 p .

(B.3.24)

Even if the sums are different, as well as the integrands, we have exactly the
same sequence of integrals in all the emission and absorption coefficients.
Due to this fact, we can now adopt the same treatment in order to simplify
their expressions.
Let us note first that the interaction cross section is invariant by rotations
around an arbitrary axis, therefore one angle can be fixed. In this respect we
set φ1 = 0 and the corresponding integral gives a constant factor 2π. Dirac
Deltas in the transition rate w1,2;3,4 are used to eliminate three integrals over
pk4 , p⊥4 , φ4 and one integration over φ2 . This procedure is explained in all
detail in the following section where the kinematics is studied. However, as
a consequence of these choices, the momentum of the particle 4 could differ
with respect to those ones selected for the discrete and finite computational
grid. For this reason Eq. (B.3.20) is no longer valid and must be modified.
This is done ”distributing” the particle 4 over three grid points such that
number of particles, energy and momentum are conserved Aksenov et al.
(2009). Once the correct cells are specified, we label them with letters a, b, c
and consequently the indexes i a , k a , ib , k b , ic , k c are used to identify the corresponding momentum components on the momentum grid. Hence, Eq.
(B.3.23) must be replaced with three equations
∗
η4i
r kr

=

Z

Vir kr

d 3 p ǫ p η4 ( p ) ,

r = { a, b, c} .

(B.3.25)
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The emission coefficients in the previous set must be multiplied by the relative weights x a , xb , xc . In fact the time derivative of the total energy, number
of particles and momentum of the system must be null identically
ρ̇ =

∑ Ḟνik = 0 ,

(B.3.26)

νik

ṅ =

∑
νik

h ṗk i = ∑
νik

Ḟνik
= 0,
ǫνik

(B.3.27)

Ḟνik
p = 0,
ǫνik ki

(B.3.28)

where the notation Q̇ means the time derivative dQ/dt due to interactions
only. In the previous set of equations, we used only the parallel momentum
since the conservation of the orthogonal one is their direct consequence.
The relative weights can be determined uniquely solving the previous
system of algebraic equations. Using Dirac Deltas inside integrals, we can
rewrite the absorption and emission coefficients as discrete sums

∑∑

χ1i1 k1 F1i1 k1 = ǫ1i1 k1

Ri1 k1 i2 k2 i3 k3 F2i2 k2 F1i1 k1 ,

(B.3.29)

Ri1 k1 i2 k2 i3 k3 F1i1 k1 F2i2 k2 ,

(B.3.30)

i2 k 2 i3 k 3

∑∑

χ2i2 k2 F2i2 k2 = ǫ2i2 k2

i1 k 1 i3 k 3

∗
η3i
= ǫ3i3 k3
3 k3

∑∑

Ri1 k1 i2 k2 i3 k3 F1i1 k1 F2i2 k2 ,

(B.3.31)

i1 k 1 i2 k 2

∗
= xr ǫ4ir kr
η4i
r kr

∑∑

Ri1 k1 i2 k2 i3 k3 F1i1 k1 F2i2 k2 ,

(B.3.32)

i1 k 1 i2 k 2

where the index r spans the set { a, b, c} and the following coefficient is used
R i1 k 1 i2 k 2 i3 k 3 =

× ∑ J Mfi
l3

1
2
4(2π )3 ǫ1i
2

p⊥k3
2
ǫ3i3 k3
ǫ
1 k 1 2i2 k 2

ǫ4

×

(φl3 +1/2 − φl3 −1/2 ) .

(B.3.33)

The Jacobian, due to the energy to angle change of variable, is given by Eq.
(B.3.52) operating the substitution φ1 = 0
J=

ǫ4 /p⊥k2
.
sin φ2 ( p⊥k3 cos φl3 − p⊥k1 ) − p⊥k3 cos φ2 sin φl3

(B.3.34)

Let us note that in Eqs. (B.3.33) and (B.3.34) we used ǫ4 and φ2 because they
are obtained from conservation laws and could not be associated with grid
values and consequently labeled by indexes. Inserting Eqs. (B.3.29)-(B.3.32)
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into Eqs. (B.3.26)-(B.3.28) we get a system of three algebraic equations

∑ xr ǫ4ir kr = ǫ4 ,

(B.3.35)

r

∑ xr = 1 ,

(B.3.36)

r

∑ x r p k ir = p k4 .

(B.3.37)

r

Eqs. (B.3.35), (B.3.36) and (B.3.37) state that the global conservation laws are
a consequence of the conservation laws for each specific interaction. Now we
can solve the system for the 3 unknown xr and its solution reads
h
i
x a = p k 4 ( ǫ b − ǫ c ) + p k b ( ǫ c − ǫ4 ) + p k c ( ǫ4 − ǫ b ) D − 1 ,
h
i
x b = p k 4 ( ǫ c − ǫ a ) + p k a ( ǫ4 − ǫ c ) + p k c ( ǫ a − ǫ4 ) D − 1 ,
h
i
x c = p k 4 ( ǫ a − ǫ b ) + p k a ( ǫ b − ǫ4 ) + p k b ( ǫ4 − ǫ a ) D − 1 ,
where the common denominator is

D = p k a ( ǫb − ǫc ) + p k b ( ǫc − ǫ a ) + p k c ( ǫ a − ǫb ) .

(B.3.38)

Since Ri1 k1 i2 k2 i3 k3 does not depend on the DFs, it can be computed only once
before the numerical computation is performed. Looking at Eqs. (B.3.29)(B.3.32), we easily see that some summations can be also computed as soon
as the Ri1 k1 i2 k2 i3 k3 are known. Therefore we introduce the following quantities
A1i1 k1 i2 k2 = ǫ1i1 k1

∑ R i1 k 1 i2 k 2 i3 k 3 ,
i3 k 3

A2i2 k2 i1 k1 = ǫ2i2 k2

∑ R i1 k 1 i2 k 2 i3 k 3 ,
i3 k 3

B3i3 k3 i1 k1 i2 k2 = ǫ3i3 k3 Ri1 k1 i2 k2 i3 k3 ,
r
= xr ǫ4ir kr Ri1 k1 i2 k2 i3 k3 ,
B4i
3 k 3 i1 k 1 i2 k 2
and the final expression for their time derivatives are
χ1i1 k1 F1i1 k1 =

∑ A1i1 k1 i2 k2 Fi1 k1 Fi2 k2 ,
i2 k 2

χ2i2 k2 F2i2 k2 =

∑ A2i2 k2 i1 k1 Fi1 k1 Fi2 k2 ,
i1 k 1

∗
η3i
=
3 k3
∗
η4i
=
r kr

∑ ∑ B3i3 k3 i1 k1 i2 k2 Fi1 k1 Fi2 k2 ,
i1 k 1 i2 k 2

∑ ∑ B4ir 3 k3 i1 k1 i2 k2 Fi1 k1 Fi2 k2 .

i1 k 1 i2 k 2
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The emission coefficients requires ( I × K )2 operations for each time step
which must be multiplied by another factor ( I × K ) due to the computation of
the analytical jacobian needed by the adopted method. As a result we have a
total of about ( I × K )3 calculations at each time step which puts strong limits
on the maximum number of grid points I and K.
In order to describe processes with different timescales we use the Gear’s
method for stiff ODE’s used in Aksenov et al. (2009). In fact, this numerical approach has an adaptive time step which becomes small when the DF
time derivative is large, on the contrary it becomes large when the DF time
derivative is small.

B.3.3. Two particle kinematics
The interaction between two particles, 1 and 2, that gives the particle 3 and 4
as a product can be represented schematically as follows
1+2 → 3+4.

(B.3.39)

Each particle has 3 phase space coordinates (pνk , pν⊥ , φν ), therefore we have a
total of 12 variables for the 2-particles interactions we are dealing with. Since
each interaction conserves momentum and energy, they reduce to 8 independent degrees of freedom. That means that 4 quantities can be determined
uniquely once the others are specified. For us, the 8 independent variables
are p1k , p1⊥ , φ1 , p2k , p2⊥ , p3k , p3⊥ , φ3 ; then p4k , p4⊥ , φ4 , φ2 are functions of the
previous ones.
The conservation of the parallel momentum gives us the corresponding
component of the 4-th particle
p 4k = p 1k + p 2k − p 3k .

(B.3.40)

The orthogonal momentum for the same particle can be worked out using
the energy conservation law
ǫ1 + ǫ2 = ǫ3 + ǫ4

(B.3.41)

and using the definition of the energy given by Eq. (B.2.1) as follows
r
p4⊥ = (ǫ1 + ǫ2 − ǫ3 )2 − p24 − m24 ,
(B.3.42)
k

where p4k has been obtained in Eq. (B.3.40). From the conservation of the
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orthogonal momentum we have the following relations
p1⊥ cos φ1 + p2⊥ cos φ2 = p3⊥ cos φ3 + p4⊥ cos φ4
p1⊥ sin φ1 + p2⊥ sin φ2 = p3⊥ sin φ3 + p4⊥ sin φ4

(B.3.43)
(B.3.44)

from which we can write down analytical expressions for φ4 and φ2 . Unfortunately for the previous system of equations we have two valid solutions.
For φ2 we have the following equation
a cos φ2 + b sin φ2 + c = 0 ,

(B.3.45)

where the coefficients are given by
a = p1⊥ cos φ1 − p3⊥ cos φ3 ,
b = p1⊥ sin φ1 − p3⊥ sin φ3 ,

(B.3.46)
(B.3.47)

c=

(B.3.48)

a2 + b2 + p22⊥ − p24⊥

.

2 p 2⊥

The solution of eq. (B.3.45) are given by the following conditions
• if b 6= 0, a2 + b2 6= 0, c = a  
⇒ φ2 = −2 arctan a ,
b

• if b = 0, c = a

⇒

φ2 = π ,
√
2 − c2 6 = 0
• if a 6= c, a2 + b2 − ac − b 
a2 + b√

2 + b2 − c2
b
−
a
⇒ φ2 = 2 arctan
,
a−c

√
2 − c2
a2 + b√
• if a 6= c, a2 + b2 − ac + b 

2 + b2 − c2
b
+
a
⇒ φ2 = 2 arctan
.
a−c
Once φ2 has been chosen, φ4 can be easily obtained from the Eqs. (B.3.43)
and (B.3.44).
The Jacobian of Eq. (B.3.34) has been computed using the following identity for the Dirac Delta
δ( f ( x )) =

δ( x − x )

∑ |(d f /dx)i x | ,
i

(B.3.49)

i

where f is a function such that f ( xi ) = 0. In our framework the function
inside the Dirac delta is given by the energy conservation
f (φ2 ) = ǫ1 + ǫ2 − ǫ3 − ǫ4 (φ2 ) ,

(B.3.50)
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where φ2 is now the independent variable. From the previous equation we
compute its derivative with respect to φ2 and the value φ2∗ such that f (φ2∗ ) =
0. Rewriting explicitly Eq. (B.3.49) we have that
δ( f (φ2 )) =

δ(φ2 − φ2∗ )
= J δ(φ2 − φ2∗ ) ,
|(d f /dφ2 )φ2∗ |

(B.3.51)

where the explicit equation for J is
J=

ǫ4
.
p2⊥ |sin(φ2 − φ4 )|

(B.3.52)

B.4. Results
In this section we describe our results for the collisionless and interacting systems separately. The boundary condition is set when the initial electric field
E0 and the initial DF Fν0 ( pk , p⊥ ) are specified. For simplicity we performed
several runs with different initial electric fields, but always with no particles
at the beginning. When in addition to external electric field also particles
are present from the beginning, oscillations still occur, but with higher frequency, as given by the plasma frequency Benedetti et al. (2011). So we start
computations with DFs null identically in the whole momentum space and
our initial conditions can be written as

E0 = ξ Ec ,
ξ = {1, 3, 10, 30, 100}
Fν0 ( pk , p⊥ ) = 0 , p⊥ ∈ [0, +∞) , pk ∈ (−∞, +∞) .
Consequently electrons and positrons are produced exclusively by the
Schwinger process.
In order to interpret meaningfully our results, we introduce first some useful quantities. Initially the energy is stored in the electric field and it fixes the
energy budget available as given by
ρ0 =

E02
.
8π

(B.4.1)

We expect therefore the final state of the equilibrated thermal electronpositron-photon plasma to be characterized by the temperature
s
r
ρ0
E0
≃ 1.7
MeV ,
(B.4.2)
Teq = 4
4σ
Ec
where σ is the Stefan-Boltzmann constant. The total energy density of pairs
ρ± and photons ργ are related to the actual and initial electric fields, E and
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E0 , by the energy conservation law
ρ± = ρ+ + ρ− =

E02 − E2
− ργ .
8π

(B.4.3)

Following Benedetti et al. (2011), we define the maximum achievable pairs
number density
E02
,
(B.4.4)
nmax =
8 π me
which corresponds to the case of conversion of the whole initial energy density into electron-positron rest energy density
ρ±rest = (n− + n+ ) me ,

(B.4.5)

where n− and n+ are the electrons and positrons number densities respectively. From the electrons and positrons DFs we can extrapolate their bulk
parallel momentum h pk i as defined in Eq. (B.3.5) and the symmetry of our
problem implies that h pk− i = −h pk+ i. We make use of this identity to define
the kinetic energy density of pairs

v
!2
u
u h pk i


±
+ 1 − 1 .
(B.4.6)
ρ±kin = ρ±rest t
me

Therefore ρ±kin is the energy density as if all particles are put together in the
momentum state with pk = h pk i and p⊥ = 0 while their rest energy density
is ρ±rest . The difference between the total energy density and all the others
defined above is denoted as internal energy density
ρ±in = ρ± − ρ±rest − ρ±kin .

(B.4.7)

The term ”internal” refers here to the dispersion of the DF around a given
point with coordinates (h pk i , h p⊥ i) in the momentum space.

B.4.1. Collisionless systems
Since interactions with photons operate on much larger time scale than the
pair creation by vacuum breakdown we first present the results obtained
solving the relativistic Boltzmann equation (B.2.4) for electrons and positrons
q
∗q
with χ± = η± = 0. With these assumptions we expect the following results
to be closely related to those reported in Benedetti et al. (2011).
For all the explored initial conditions, there are important analogies between the approach adopted in Benedetti et al. (2011) and the one presented
in this work. For each initial field the first half period of the oscillation t1

777

B. Phase space evolution of pairs created in strong electric fields

Figure B.1.: Evolution of electric field E and pairs bulk parallel momentum
h pk i± obtained from the numerical solution of Eq. (B.2.4) setting E0 = 30 Ec .

Figure B.2.: Evolution with time of the pairs energies as defined by Eqs.
(B.4.3), (B.4.5), (B.4.6) and (B.4.7) for the collisionless case E0 = 30 Ec . All
of them are normalized by the total initial energy ρ0 given by Eq. (B.4.1).
is nearly equal to the corresponding one obtained in Benedetti et al. (2011).
Also the evolution with time of h pk i± during this time lapse is very similar
to the result given by their analytic method. The time evolution of electric
field E and h pk i± in Compton units with tc = 1/me are shown in Fig. B.1 for
E0 = 30 Ec .
In addition to these similarities some new important features emerge from
the current study. The manifestation of these new aspects is represented in
Fig. B.2 where we show how the various forms of e± energy defined in the
previous paragraph evolve with time. These energy densities are normalized
to the total initial energy density ρ0 defined by Eq. (B.4.1). One of the most
important evidences of this figure is that the rest energy density of pairs ρ±kin
saturates to a small fraction of the maximum achievable one. This is in contrast with the result presented in Benedetti et al. (2011) where the value given
in Eq. (B.4.4) was reached asymptotically.
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Table B.2.: Square root of the mean squared value of orthogonal h p2⊥ i± and
parallel h p2k i± momentum, parallel momentum pk1 , in units of me , and number density n1 of pairs at the first zero of the electric field, saturation number
density ns normalized by the maximum achievable one given by Eq. B.4.4 for
different initial electric fields.
E
Ec
1
3
10
30
100

q

h p2⊥ i±
0.4
0.8
1.3
2.0
3.5

q

h p2k i±
75
37
35
87
127

h p k i1
160
82
77
192
284

n1
nmax
0.006
0.018
0.013
0.005
0.003

ns
nmax
0.018
0.037
0.041
0.016
0.011

As a consequence the energy is mainly converted into other forms, namely
the kinetic ρ±kin and internal ρ±int ones. Both these quantities oscillate with
the same frequency but with shifted phase. Relative maxima and minima
of ρ±kin correspond to the peaks of the bulk parallel momentum shown in
Fig. B.1 as can be grasped from its definition in Eq. (B.4.6). Looking at Fig.
B.2 we see their relative importance changing progressively with time. Even
if they oscillate, the internal component dominates over the kinetic one as
time advances. This trend points out that all the initial energy will be converted mostly into internal energy, while the contribution of the kinetic one
will eventually be small.
In this respect, from the electron and positron DFs we obtain the mean
squared values of the parallel and orthogonal momentum as defined by Eqs.
(B.3.6) and (B.3.7). These quantities give us some insight about the spreading
of the DF along the parallel and orthogonal components of the momentum. In
Tab. B.2 we report their values at the end of runs with different initial fields.
It is clear that the larger the initial electric field the larger is h p2⊥ i± . This is
a direct consequence of the rate of pair production given by Eq. (B.2.5) that
already distributes particle along the orthogonal direction in the momentum
space.
The mean squared value of the parallel momentum h p2k i± reaches a minimum value between 3 and 10 critical electric fields. This minimum was first
found in Ruffini et al. (2007), see Fig. 3 in that paper. In Tab. B.2 we report
also h pk i±1 which is the peak value of the bulk parallel momentum at the
moment when electric field vanishes for the first time. We see from the table
that also this quantity has a minimum in the same range of initial fields as
h p2k i± . Both these minima are linked to the combined effects of pairs creation
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and acceleration processes.
However, it is important to compare h p2k i± and h p2⊥ i± for different initial
fields. Indeed, this juxtaposition gives us quantitative informations about
the anisotropy of the DFs in the phase space. Looking at the numerical values we observe how this anisotropy decreases with the increase of the initial
electric field, which points out how an eventual approach toward isotropy,
and therefore thermalization, would be much more difficult for lower initial
fields.
In Tab. B.2 we compare also two different number densities n1 and ns normalized to the maximum achievable one. The first is the number density of
pairs at the first zero of the electric field t1 . The second is the saturation number density of pairs at the end of the run. We found that the values of n1
are very close to the same densities computed in Benedetti et al. (2011) with a
significant amount of pairs produced already in a very small time lapse. Let
us note that there are maxima of both n1 and ns in the range between 1 and
10 Ec in correspondence with minima of h p2k i± and h p2⊥ i± .

B.4.2. Interacting systems
Now we turn to the dynamics of our system on much larger time scales. As
discussed above, in long run interactions between created pairs become important. We consider 2-particle interactions listed in Tab. B.1 and describe
them by the collision integrals in Eqs. (B.2.4) and (B.2.6) using the same range
of initial fields used for the collisionless systems. More sparse computational
grid is used as calculation of collision terms imply performing multidimensional integrals in the phase space, see section B.3.2.
The larger the electric field the higher the rate of pairs production and consequently their number density. Since the interaction rate is proportional to
particle number densities, we expect them to be important sooner for higher
initial field. In this respect, it is worth mentioning that in Benedetti et al.
(2011) the time tγ was estimated at which the optical depth for electronpositron annihilation equals unity τ (tγ ) = 1. There, it was found that tγ
decreases when the initial electric field increases. Besides, the order of magnitude of their estimations is in agreement with the time at which the photons
number density is around a few percent of the pairs number density.
In the previous subsection dedicated to collisionless systems, we described
the anisotropy of the pairs DF by means of the mean squared value of parallel and orthogonal momentum reported in Tab. B.2. In that case, we knew
approximately the range of orthogonal momentum in which the most part
of electrons and positron were located and the orthogonal grid was chosen
and kept fixed from the beginning. This choice was possible because the
dispersion along the orthogonal direction was determined uniquely by the
rate S. The extension of the grid was chosen in such a way that the value of
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Figure B.3.: Energy densities of pairs and photons obtained from the numerical solution of Eqs. (B.2.4) and (B.2.6) with initial field E0 = 100 Ec .
each DF at the grid boundaries was small compared to the maximum value.
For the reason that interactions redistribute particles in the phase space and
tend to isotropize their distributions, the orthogonal grid must be extended
to values comparable to the kinetic equilibrium temperature. To do that, we
use initially an orthogonal grid with the same extension as in the collisionless system. We extend it later when particles are scattered toward higher
orthogonal momenta and therefore the tails of the DF at the boundaries is not
negligible. The extension of the parallel grid remains essentially the same as
the collisionless case.
In order to correctly describe the pairs acceleration process, the time step
of the computation must be a small fraction of their oscillation period. This
constraint prevents us to study the evolution up to the kinetic equilibrium
within a reasonable time. After hundreds of oscillations, the energy density
carried by the electric field is a small fraction of the pairs and photons energy densities. In other words, most energy has already been converted into
electron-positron plasma. Due to this fact, the acceleration of electrons and
positrons does not affect their DFs appreciably. This allows us to neglect the
presence of the electric field hereafter. To do that we use the distribution
function at this instant as initial condition for a new computation in which
the condition E = 0 is imposed. By neglecting oscillations induced by the
electric field the constraint on the time step of the numerical calculation is
released, and it is now determined by the rate of the interactions.
In Fig. B.3 we show the time evolution of the pairs and photons energy
densities for E0 = 100 Ec . From this plot we can understand the hierarchy
of time scales associated to the distinct physical phenomena we are dealing
with. In presence of an overcritical electric field, electron-positron pairs start
to be produced in a shortest time according to Eq. (B.2.5). As soon as they are
created, electrons and positrons are accelerated toward opposite directions
as the back reaction effect on the external field. The characteristic duration
of this back reaction corresponds approximately to the first half oscillation
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Figure B.4.: Phase space distributions of electrons (left column) and photons
(right column) for the initial condition E0 = 100 Ec . Top: 2.3 · 102 tc , middle:
2.3 · 102 tc , bottom: 4.6 · 106 tc .
period. At early times, even after many oscillations, the energy density of
photons is negligible compared to that of pairs, meaning that interactions do
not play any role. Such a starting period, during which the real system can
be considered truly collisionless, exists independently on the initial electric
field even if its duration depends on it. From Fig. B.3 it is clear that the
photons energy density increases with time as a power law approaching the
pairs energy density.
Only when hundreds oscillations have taken place, interactions start to affect the evolution of the system appreciably and can not be neglected any
further. The slope of the photons curve in B.3 reduces indicating that pairs
annihilation has become less efficient than the photons annihilation process.
Now the evolution of the system is mostly governed by interactions. Möller,
Bhabha and Compton scatterings give rise to momentum and energy exchange between electron, positron and photon populations. Besides the same
collisions have the tendency to distribute particles more isotropically in the
momentum space. After some time, the photons energy density becomes
equal and then overcomes the pairs energy density. This growth continues
until the equilibrium between pairs annihilation and creation processes is established e− e+ ↔ γγ. For this reason both pairs and photons curve are flat
on the right of Fig. B.3, see also Aksenov et al. (2007). However, at this point
the DF is not yet isotropic in the momentum space indicating that the ki-
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netic equilibrium condition is not yet satisfied. In fact, kinetic equilibrium is
achieved only at later times when also Möller, Bhabha and Compton scatterings are in detailed balance. At that time the electron-positron-photon plasma
can be identified by a common temperature and nonzero chemical potential.
This is also the last evolution stage attainable by our study because only 2particle interactions are taken into account while thermalization is expected
to occur soon after kinetic equilibrium if also 3-particle interactions would be
included Aksenov et al. (2009).

As an example, in Fig. B.4 density plots of f − and f γ are shown on the
left and right columns respectively, for the initial condition E0 = 100. Their
time evolution starts from the top line to the bottom one corresponding to
three different times. After 2.3qtc both DFs are highly anisotropic as it is well
established by the ratio R = h p2k i± /h p2k i± = 0.06. At this stage, the elec-

tric field is highly overcritical and a very small fraction of initial energy has
been converted into rest mass energy of electrons and positrons. For this reason e− e+ are easily accelerated up to relativistic velocities explaining why the
electron DF is shifted on the right side of the phase space plane characterized
by pk > 0. At this instant electrons are characterized by a relativistic bulk
velocity corresponding to a Lorentz gamma factor 170. On the second line
the time is 2.3 · 102 tc and the DFs are still anisotropic if we look at the parameter R introduced above. However the situation is different with respect
to the previous stage because the electric field is only slightly overcritical
and many more pairs and photons have been generated. As a consequence
interaction rates are much larger than before and an efficient momentum exchange between electron and positron populations occurs. Both small electric
field and collisions prevent particles to reach ultra-relativistic velocities and
for this reason the electron DF is now perfectly symmetric with respect to the
plane pk = 0. Only later on, at 4.6 · 106 tc for the bottom line, collisions dominate the evolution of the system whereas the presence of the electric field can
be safely neglected. The pictures show a prominent DFs widening toward
higher orthogonal momenta which is confirmed by the value R ≃ 0.23. This
remarkable evidence allows us to predict the forthcoming fate of the system
to be an electron-positron-photon plasma in thermal equilibrium. The DFs
isotropy in the momentum space not only indicates that the kinetic equilibrium condition is approached but also that the system is going to lose information about the initial preferential direction of the electric field. In the case
of isotropic DF, the timescale on which thermal equilibrium is achieved can
be estimated as τth ≃ 1/(nσT ) Aksenov et al. (2009). For our anisotropic DF
the thermalization timescale is remarkably longer.
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B.5. Conclusions
From the conceptual point of view the discovery of plasma oscillations
Kluger et al. (1991) as result of back reaction has been an important step. The
next step has been the analysis of creation of photons from pairs Ruffini et al.
(2003b). In this paper we have studied all these phenomena in great details
adopting a kinetic approach with two dimensional phase space. We have
found anisotropy in momentum distributions of pairs and photons, which
we consider one of the main results of this paper. Another important result
is the importance of internal energy which limits heavily the efficiency of energy conversion into electron-positron pairs. Both these effects could be in
principle considered as phenomenological evidences of an overcritical electric field, even if they manifest themselves on a very short time scale.
For the first time we studied the entire dynamics of energy conversion
from initial overcritical electric field, ending up with thermalized electronpositron-photon plasma. Such conversion occurs in a complicated sequence
of processes starting with Schwinger pair production which is followed by
oscillations of created pairs due to back-reaction on initial electric field, then
production of photons due to annihilation of pairs and finally isotropization
of created electron-positron-photon plasma. We solved numerically the relativistic Vlasov-Boltzmann equations for electrons, positrons and photons,
with collision integrals for 2-particle interactions computed from exact QED
matrix elements.
In order to appreciate the consequences of the kinetic treatment and the relevance of interactions separately, two different computations have been performed for every single initial condition. We called them collisionless and interacting systems in view of the fact that collision terms have been discarded
and accounted for, respectively. The collisionless runs allowed us to compare
our results with those obtained earlier, and to resolve better the momentum
space of pairs. In this way we found that number density of pairs always
saturates without exceeding 5 per cent of the maximum achievable number
density (B.4.4), in contrast to earlier works. This number is not far from the
thermal number density of pairs obtained from the temperature (B.4.2). In
particular, for the largest field E0 = 100 Ec we obtained almost 30 per cent of
the thermal number density of pairs when the interactions are not yet important. It is interesting that the energy stored in initial electric field is mainly
converted into internal and kinetic energies of pairs, but the former becomes
predominant as time advances. Even if the distribution in momentum space
reminds Maxwellian, also at the very beginning it is highly anisotropic, with
the dispersion along the direction of electric field exceeding orders of magnitude that in orthogonal direction. We conclude that simultaneous production
of pairs and their acceleration in the same electric field is responsible for such
peculiar form of DF of particles.
We found that interactions become important at later times with respect
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to the average oscillation period, in agreement with estimates performed in
Benedetti et al. (2011). For higher initial fields interactions become significant
earlier and for each initial condition there is a characteristic time scale after
which they can not be neglected. We find that photons initially follow the
distribution of pairs with nonzero parallel bulk momentum.
The first equilibrium manifests itself when the perfect symmetry between
pair annihilation and creation rates is established. Only later on, when scatterings have distributed particles isotropically in the momentum space, the
kinetic equilibrium is reached. In such state the electron-positron-photon
plasma is generally described by a common temperature and nonzero chemical potentials for all particles and its evolution toward thermal equilibrium
is well understood Aksenov et al. (2007).
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C. Electron-positron plasma in
GRBs and in cosmology
C.1. Introduction
Electron-positron plasmas are discussed in connection with astrophysical phenomena such as Galactic Center, microquasars, Gamma-Ray Bursts
(GRBs), as well as laboratory experiments with high power lasers, for details
see Ruffini et al. (2010). According to the standard cosmological model, such
plasma existed also in the early Universe. It is naturally characterized by the
energy scale given by the electron rest mass energy, 511 keV. It is interesting that at the epoch when Universe had this temperature, several important
phenomena took place almost contemporarily: electron-positron pair annihilation, the Big Bang Nucleosynthesis (BBN) and neutrino decoupling.
Electron-positron plasma also is thought to play an essential role in GRB
sources, where simple estimates for the initial temperature give values in
MeV region. Such plasma is energy dominated and optically thick due to
both Compton scattering and electron-positron pair creation, and relaxes to
thermal equilibrium on a time scale less than 10−11 sec, see Aksenov et al.
(2007). The latter condition results in self-accelerated expansion of the plasma
until it becomes either transparent or matter dominated.
In the literature there have been several qualitative arguments mentioning
possible similarities between electron-positron plasmas in the early Universe
and in GRB sources. However, until now there is no dedicated study which
draws analogies and differences between these two cases. This paper aims in
confronting dynamics and physical conditions in both cases.

C.2. General equations
The framework which describes electron-positron plasma both in cosmology
and in GRB sources is General Relativity. Both dynamics of expansion of
the Universe, and the process of energy release in the source of GRB should
be considered within that framework. Hydrodynamic expansion of GRB
sources may, however, be studied within much simplier formalism of Special Relativity.
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We start with Einstein equations
1
8πG
Rµν − gµν R = 4 Tµν ,
2
c

(C.2.1)

where Rµν , gµν and Tµν are respectively Ricci, metric and energy-momentum
tensors, G is Newton’s constant, c is the speed of light, and the energymomentum conservation, following from (C.2.1)
√

1 ∂( − g Tµ ν )
ν
− Γλνµ Tλ ν = 0,
(C.2.2)
Tµ ;ν = √
ν
−g
∂x
µ

where Γνλ are Cristoffel symbols and g is determinant of the metric tensor.
We assume for the energy-momentum tensor
T µν = p gµν + ωU µ U ν ,

(C.2.3)

where U µ , is four-velocity, ω = ρ + p is proper enthalpy, p is proper pressure
and ρ is proper energy density.
When plasma is optically thick, radiation is trapped in it and entropy conservation applies. It may be obtained multiplying (C.2.2) by four-velocity

(C.2.4)
−U µ Tµ ν ;ν = U µ ρ;µ + ωU µ ;µ = 0.

Using the second law of thermodynamics
d

ω
n

= Td

σ

1
+ dp,
n
n

(C.2.5)

where σ = ω/T is proper entropy density, T is temperature, one may rewrite
(C.2.4) as
(C.2.6)
(σU µ );µ = U µ σ;µ + σU µ ;µ = 0.
Baryon number conservation equation has exactly the same form

(nU µ );µ = U µ n;µ + nU µ ;µ = 0.

(C.2.7)

d
Now recalling that U µ ∂x∂µ = dτ
and U µ ;µ = d ln V/dτ, where V is comoving volume, τ is the proper time, from (C.2.4) and (C.2.7) we get

dρ + ωd ln V = 0,

d ln n + d ln V = 0,

(C.2.8)

p

Finally, introducing the thermal index γ = 1 + ρ restricted by the inequality
1 ≤ γ ≤ 4/3 we obtain from (C.2.4) the following scaling laws
ρV γ = const,
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nV = const.

(C.2.9)

C.2. General equations
Both these conservations laws are valid for the early Universe and GRB plasmas.
One can obtain the corresponding scaling laws for comoving temperature
by splitting the total energy density into nonrelativistic (with γ = 1) and
ultrarelativistic (with γ = 4/3) parts with ρ → nmc2 + ε, where m is the
mass of particles1 , ε is proper internal energy density. The entropy of the
ultrarelativistic component is then σ = 34 Tε , and (C.2.6) gives
εV
= const.
T

(C.2.10)

For ε ≫ nmc2 , which is the energy dominance condition, internal energy
plays dynamical role by influencing the laws of expansion. For ε ≪ nmc2 ,
which is the matter dominance condition, internal energy does not play any
dynamical role, but determines the scaling law of the temperature. In order
to understand the dynamics of thermodynamic quantities in both early Universe and in GRBs, one should write down the corresponding equations of
motion.

C.2.1. Early Universe
For the description of the early Universe we take the Robertson-Walker metric with the interval


dr2
2
2 2
2
2
2
2
2
2
ds = −c dt + a (t)
(C.2.11)
+ r dϑ + r sin ϑdϕ ,
1 − kr2
where a (t) is the scale factor and k = 0, ±1 stands for the spatial curvature.
In homogeneous and isotropic space described by (C.2.11), Einstein equations (C.2.1) are reduced to Firedmann equations together with the continuity
equation


da
dt

2

+ c2 k =

8πG 2
ρa ,
3c2

 2
8πG
d2 a
da
+ c2 k = − 2 pa2 ,
2a 2 +
dt
dt
c
dρ 3 da
+
(ρ + p) = 0,
dt
a dt

(C.2.12)
(C.2.13)
(C.2.14)

where a is the scale factor. Notice, that only two equations in the system
above are independent. The continuity equation (C.2.14) follows from the
1 Nonrelativistic

component is represented by baryons. For simplicity we assume only one
sort of baryons, say protons, having mass m. Ultrarelativistic component is represented
by photons and electron-positron pairs.
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Einstein equations (C.2.12) and (C.2.13) as the energy conservation. In fact,
(C.2.14) may be also obtained from the entropy conservation (C.2.4). The comoving volume in Friedmann’s Universe scales with a as V = a3 , so (C.2.14)
and the first equality in (C.2.9) are equivalent.
On the radiation dominated stage of the Universe expansion one has
ρ ∝ V −4/3 ∝ a−4 ,

n ∝ V −1 ∝ a −3 ,

(C.2.15)

while on the matter dominated stage
ρ ∝ n ∝ V −1 ∝ a −3 .

(C.2.16)

Entropy conservation (C.2.10) leads to the unique temperature dependence
on the scale factor
T ∝ V −1/3 ∝ a−1 .
(C.2.17)
The corresponding time dependence of thermodynamic quantities may be
obtained from solutions of Friedmann equation (C.2.12) and continuity equation (C.2.14), see e.g. Weinberg (2008).

C.2.2. GRBs
Different situation takes place for the sources of GRBs. Assuming spherical
symmetry for the case of GRB the interval2 is
ds2 = −c2 dt2 + dr2 + r2 dϑ2 + r2 sin2 ϑdϕ2 .

(C.2.18)

Optically thick to Compton scattering and pair production electron-positron
plasma in GRB sources is radiation dominated. Its equations of motion follow
from the energy-momentum conservation law (C.2.2) and baryon number
conservation law (C.2.7). Initially plasma expands with acceleration driven
by the radiative pressure.
In spherically symmetric case the number conservation equation (C.2.7) is

∂ (nΓ)
1 ∂  2 p 2
+ 2
r n Γ − 1 = 0,
(C.2.19)
∂t
r ∂r
Integrating this equation over the volume from certain ri (t) to re (t) which we
dri (t)
e (t)
= β(ri , t), drdt
= β(re , t), and
assume to be comoving with the fluid dt
ignoring a factor 4π we have
2 General Relativity effects may be included by taking Schwarzschild or Kerr-Newman met-

ric. However, we are interested in optically thick plasma which expands with acceleration
and propagates far from its source, where the spatial curvature effects may be neglected.
For this reason we simplify the treatment and adopt a spatially flat metric.
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Zre

ri

∂
∂t

Zre

∂ (nΓ) 2
r dr +
∂t

Zre

ri


∂  2 p 2
r n Γ − 1 dr =
∂r

(C.2.20)

dr
dre
n(re , t)Γ(re , t)re2 + i n(ri , t)Γ(ri , t)ri2 +
dt
dt
ri
q
q
+re2 n(re , t) Γ2 (re , t) − 1 − ri2 n(ri , t) Γ2 (ri , t) − 1 =

(nΓ) r2 dr −

d
=
dt

Zre

(nΓ) r2 dr = 0,

ri

Since we deal with arbitrary comoving boundaries, this means that the total
number of particles integrated over all differential shells is conserved

N = 4π

R
Z(t)

nΓr2 dr = const,

(C.2.21)

0

where R(t) is the external radius of the shell.
Following Piran et al. (1993) one can transform (C.2.19) from the variables
(t, r ) to the new variables (s = t − r, r ) and then show that



1 ∂  2 p 2
∂
n
√
.
(C.2.22)
r n Γ −1 = −
∂s Γ + Γ2 − 1
r2 ∂r
For ultrarelativistic expansion velocity Γ ≫ 1, the RHS in (C.2.22) tends to
zero, and then the number of particles in each differential shell between the
boundaries ri (t) and re (t) is also conserved with a good approximation, i.e.
dN = 4πnΓr2 dr ≈ const.

(C.2.23)

Relations (C.2.21) and (C.2.23) then imply

4π

Zre 

ri

nΓr

2



h

dr = 4π n(r, t)Γ(r, t)r




2

i Zre

dr

(C.2.24)

ri

= 4π nΓr2 ∆ ≈ const,
where the first argument of functions n(r, t) and Γ(r, t) is restricted to the interval ri < r < re , and consequently ∆ ≡ re − ri ≈ const. Taking into account
that ri (t) and re (t) are arbitrary, this means that ultrarelativistically expand-
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ing shell preserves its width measured in the laboratory reference frame. This
fact has been used in Ruffini et al. (2000) and referred there as the constant
thickness approximation.
The volume element measured in the laboratory reference frame is dV =
4πr2 dr, while the volume element measured in the reference frame comoving with the shell is dV = 4πΓr2 dr. Comoving volume of the expanding
ultrarelativistic shell with Γ ≃ const will be
V = 4πΓ

Z r

r −∆

r2 dr ≃ 4πΓr2 ∆.

(C.2.25)

Then we rewrite the conservation equations (C.2.9) as
1

ρ γ Γr2 = const,

nΓr2 = const,

(C.2.26)

Unlike the early Universe, where both energy and entropy conservations reduce to (C.2.14), in the case of GRBs the energy conservation is a separate
equation coming from the zeroth component of (C.2.2) as

( T0 ν ) ;ν = ωU0 U ν ;ν + U ν (ωU0 );ν = 0.

(C.2.27)

which independently of γ gives
ρΓ2 r2 = const.

(C.2.28)

From (C.2.26) and (C.2.28) we then find
Γ∝r

2( γ −1)
2− γ

,

2

n ∝ r − 2− γ ,

2γ

ρ ∝ r − 2− γ .

(C.2.29)

For the ultrarelativistic equation of state with γ = 4/3 we immediately obtain
Γ ∝ r,

n ∝ r −3 ,

ρ ∝ r −4 .

(C.2.30)

Taking into account that the relation between the comoving and the physical
coordinates in cosmology is given by the scale factor a, it follows from (C.2.30)
that both energy density and baryonic number density behave as in the radiation dominated Universe, see (C.2.15). This analogy between the GRB source
and the Friedmann Universe is noticed by Shemi and Piran (1990), Piran et al.
(1993).
In the presence of baryons as the pressure decreases, plasma becomes matter dominated and expansion velocity saturates. Hence for the nonrelativistic
equation of state with γ = 1 different scaling laws come out
Γ = const,

n ∝ r −2 ,

ρ ∝ r −2 .

(C.2.31)

Transition between the two regimes (C.2.30) and (C.2.31) occurs at the radius
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Rc = B−1 R0 , where R0 is initial size of plasma.
Therefore, one may reach the conclusion that for comoving observer
the radiation-dominated plasma looks indistinguishable from a portion of
radiation-dominated Universe. However, this is true only in the absence of
pressure gradients. Strong gradients are likely present in GRB sources, and
they should produce local acceleration in the radiation-dominated electronpositron plasma, making it distinct from the early Universe, where matter
inhomogeneities are known to be weak.
It is easy to get from (C.2.26) and (C.2.28) for internal energy density and
temperature
ε ∝ r −4 ,
and

ε ∝ r −8/3 ,

T ∝ r −1 ,
T ∝ r −2/3 ,

R0 < r < R c ,
Rc < r < Rtr ,

(C.2.32)
(C.2.33)

where Rtr is the radius at which the outflow becomes transparent. The outflow may become transparent for photons also at the acceleration phase, provided that Rtr < Rc . For instance, a pure electron-positron plasma gets transparent at the acceleration phase.

C.3. Heavy elements
Cosmological nucleosynthesis is a well established branch of cosmology.
Classical computations made in the middle of the XXth century revealed that
heavy elements cannot be built in the early Universe. Hydrogen and helium
contribute approximately 3/4 and 1/4, leaving some room, much less than 1
per cent for deuterium, tritium and lithium. All the heavier elements must
have been produced in stars.
Some of these stars, as indicated by observations, end their life as progenitors of GRBs. For this reason it is likely that initially in the source of GRBs elements heavier than hydrogen are present. In this section we consider chemical evolution of plasma in the sources of GRBs.
Assume that in the source of a GRB the amount of energy E0 is released
in the volume with linear size R0 during the time ∆t, making this region
optically thick to Compton scattering and pair production. The amount of
baryons which may be present as well is parametrized by


Mc2



 E0 , ∆t ≪ R0 /c,
B≃
(C.3.1)


2

Ṁc


, ∆t ≫ R0 /c,
L
where L = dE/dt is the luminosity, Ṁ = dM/dt is the mass ejection rate
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and M is total baryonic mass. Ultrarelativistic outflow is generated through
thermal acceleration of baryons by the radiative pressure if plasma is initially
energy dominated, i.e.
B ≪ 1.
(C.3.2)

In the case of instant energy release with time interval ∆t ∼ R0 /c initial temperature in the source of GRB may be estimated neglecting the baryonic contribution, provided (C.3.2) is satisfied as
T0 ≃

3E0
4πaR30

!1/4

1/4 −3/4
≃ 6.5E54
R8
MeV,

(C.3.3)

where a = 4σSB /c, σSB is the Stefan-Boltzmann constant and the last value
is obtained by substituting numerical values for E0 = 1054 E54 erg and R0 =
108 R8 cm.
As it has been shown in Kafexhiu (2010) for temperatures above 1 MeV
even low density plasma with density n = 1018 cm−3 quite quickly destroys
all heavier nuclei, and the final state contains just protons and neutrons and
some small traces of Deuterium and 4 He. The timescale of this process (∼
10−2 sec for T0 = 1 MeV) strongly depends on temperature, but the rates
of almost all reactions increase with temperature, and correspondingly the
abundances of nuclei evolve much faster. Therefore, nuclei disintegration is
fast enough to occur before plasma starts to expand and cool on the timescale
R0 /c.
During early stages of plasma expansion its temperature decreases in the
same way as it happened in the early Universe. Therefore similar synthesis of light elements to BBN occurs also in sources of GRBs. Most important is, however, another similarity with the early Universe: it is well known
that practically all free neutrons have been captured into elements heavier
than hydrogen. So we do not expect dynamically important free neutrons
present in GRB plasma after it started to expand and cool down unless they
are engulfed by the expanding plasma later. The role of such free neutrons
have been considered in the literature, see e.g. Derishev et al. (2000) and
Beloborodov (2010).

C.4. Recombination
On the radiation dominated phase both in the early Universe and in GRB
plasma entropy conservation (C.2.4) results in decrease of temperature.
When the comoving temperature decreases below the hydrogen ionization
energy, Ei = 13.6 eV, the formation of neutral hydrogen is expected.
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C.4.1. Early Universe
In the early Universe, after the BBN epoch and electron-positron annihilation,
cosmological plasma consists of fully ionized hydrogen, helium and small
admixture of other light elements. The temperature continues to decrease
until it gets sufficiently low to allow formation of neutral atoms: that is the
moment in the cosmic history where the formation of the Cosmic Microwave
Background Radiation (CMB) happens.
The theory of cosmological recombination of hydrogen, based on three
level approximation, has been developed in Zeldovich et al. (1968) and
Peebles (1968) in the late 60s. The only modification that such theory undergone in the later years is the account for dark matter and addition of more levels to the model, currently about 300. There is a basic difference with respect
to the equilibrium recombination essentially by the process e + p ↔ H + γ,
described by the Saha equation


ne n p
ge g p (2πme kT )3/2
Ei
=
,
exp −
nH
gH
kT
h3

(C.4.1)

where gi are statistical weights, h is Planck’s constant. This difference is due
to the presence of the 2p quantum level, which produces Ly-α photons. The
absorption of such photons is very strong. However, ionization from the 2p
level requires only Ei /4. Therefore the formation of neutral hydrogen proceeds through the 2s − 1s transition in the presence of abundant Ly-α photons.
In fact, the early Universe would become transparent for radiation even if
formation of hydrogen would have been forbidden, see e.g. Naselsky et al.
(2011). The optical depth to Thomson scattering is
τ=

Z t0

σT nb cdt ≃
h

i1/2
3
−2 Ω b
4 × 10
h Ω Λ + Ω m (1 + z )
−1 ,
Ωm
t

(C.4.2)

where σT is the Thomson cross section, Ωi = ρi /ρc , ρc = 3H 2 c2 /8πG,
H = 100h km s/Mpc and b, m, Λ stand for, respectively baryons, dark matter and cosmological constant contributions to the total energy density of the
Universe. For large z we have
τ (z∗ ) = 1,

2/3 1/3 −2/3
Ωm h
.
z∗ ≃ 8.4Ω−
b

For typical values Ωb h2 ≃ 0.02, Ωm ≃ 0.3, and h ≃ 0.7 we have z∗ ≃ 60.
At such redshift the Universe would be expected to become transparent to
Thomson scattering. That is exactly what happens in plasma in GRB sources.
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Below we show that, unlike radiation-dominated cosmological expansion
where comoving quantities also fulfill relations (C.2.32), the comoving temperature in GRB outflows remains always high enough to prevent recombination of hydrogen.

C.4.2. GRBs
During both acceleration and coasting phases the comoving temperature decreases with radius, see (C.2.32) and (C.2.33). The optical depth to Compton scattering may be computed and the corresponding photospheric radius
may be obtained, see Ruffini et al. (2013b) where ultrarelativistic outflows
were analysed in details. In particular, comoving temperature at the photosphere decreases with the baryonic loading B both at acceleration and coasting phases. However, when the outflow reaches the radius Rs = B−2 R0 , the
comoving temperature becomes independent from B. In that regime the expression for the photospheric radius is
Rtr =



σE0 B
4πm p c2

1/2

,

(C.4.3)

where m p and σ are proton mass and Thompson cross section, respectively.
Indeed, using (C.3.3), (C.4.3), (C.2.32) and (C.2.33) in the case of instant energy release we have
Tmin




Rc 2/3
= BT0
=
Rtr
 
−1/3

σ
3 1/4
=
( E0 R0 )−1/12 .
4πa
4πm p c2

(C.4.4)
(C.4.5)

Notice how extremely insensitive this value is with respect to the remaining
parameters E0 and R0 ! Expressed in units of typical energy and size
(s)

Tmin ≃ 42 ( E54 R8 )−1/12

eV.

(C.4.6)

In the case of gradual energy release with ∆t ≫ R0 /c and constant luminosity
and mass ejection rate the initial temperature is
T0 ≃

796

L
16πσSB R20

!1/4

,

(C.4.7)
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and similar expression to (C.4.4) may be derived
Tmin =



1
16πσSB

1/4 

σ
4πm p c2

−1/3

−1/3
,
L−1/12 R1/6
0 ∆t

(C.4.8)

which may be rewritten, introducing L = 1050 L50 erg/s and ∆t = 1∆t1 s, as
(w)

−1/12 1/6 −1/3
Tmin ≃ 17L50
R8 ∆t1

eV.

(C.4.9)

Even if (C.4.9) appears to be less stringent that (C.4.6), they are both quite
insensitive to initial parameters. As a result, even if the comoving temperature decreases very much compared to its initial value, typically on the order
of MeV, at the photospheric radius it is always well above the characteristic
temperature 0.3 eV at which recombination happens Bernstein and Dodelson
(1990), thus preventing formation of neutral hydrogen. In fact, if such hydrogen would be formed the cross section of interaction of expanding particles
with the circumburst medium would drastically decrease. As a consequence
no aferglow would be observed.
A simplified way to look at this lower bound on the comoving temperature at the photosphere is to say that if a fraction ǫ of solar mass is released
in the volume having radius δ solar Schwarzschild radii, then its minimum
comoving temperature before transparency is
(s)

Tmin ≃ 66 (ǫδ)−1/12

eV,

(C.4.10)

in the case of instant energy release and
(w)

Tmin ≃ 2.8ǫ−1/12 δ1/6 ∆t1−1/4

eV,

(C.4.11)

in the case of gradual energy release during time ∆t1 . Clearly in both cases
δ > 1, and likely ǫ < 1. Notice, that while in the case of instant energy release the lower bound on temperature decreases with increasing δ, it instead
increases in the case of gradual energy release.
The baryon to photon ratio in GRB plasma like in cosmology is large. This
ratio may be estimated as
mp 1
nγ
−1
−1
≃ 1.8 × 105 B−
,
=
2 hεi
nB
me B hεi

(C.4.12)

where B−2 = 10−2 B, and hεi is average photon energy in the source of GRB
in units of electron rest mass energy. Thus the optical depth of electrons is
much larger than the one of photons and it is given in Groot et al. (1980)
nγ
nγ
τe
= log Λ +
≃
,
τγ
ne
nB

(C.4.13)
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where Λ is the Coulomb logarithm. It means that electrons are kept in
equilibrium with photons when the latter already decoupled from them
Grimsrud and Wasserman (1998). In other words, electrons are forced to keep
the local temperature of photons. This may lead to efficient Comptonization
of the photon flow when it is decoupled from plasma and is passing through
electrons having locally different temperature.
As soon as plasma gets collisionless, laboratory spectrum of photons,
baryons and electrons is maintained. If it was thermal at decoupling it will
remain so. This shows another difference with respect to cosmology, where
energy of all particles decoupled from the thermal bath decreases due to the
cosmological expansion. For that reason in cosmology only the shape of the
spectrum is conserved with expansion, but not the temperature.
Therefore, we have reached the conclusion that hydrogen recombination
which is responsible for transparency of cosmological plasma does not occur in GRB plasma. This difference in physical conditions may result in deviations from black body spectrum, as observed in GRBs. Available studies of photospheric emission in GRBs in the literature show that deviations from the perfectly thermal spectrum come mostly from three effects:
a) dynamical and ultrarelativistic character of plasma outflows and geometric effects Ruffini et al. (2013b); b) ”fuzzy photosphere” effect Pe’er (2008);
Beloborodov (2011) and c) possible dissipation mechanisms at the photosphere Beloborodov (2010); Toma et al. (2011); Ryde et al. (2011).
Recently we presented a theory of photospheric emission from relativistic outflows, see Ruffini et al. (2013b). Assuming that the spectrum of radiation in the comoving reference frame is the perfect black body one, we have
shown that the spectrum seen by a distant observer may be essentially nonthermal due to both geometric and dynamical special relativistic effects. The
possibility that the spectrum of photospheric emission is nonthermal also in
the comoving frame is under investigation.

C.5. Conclusions
Regarding the dynamical aspects, there is an apparent similarity between the
electron-positron plasma in the early Universe and the one in GRB sources.
For an observer comoving with the radiation-dominated plasma in GRB
source it may look indistinguishable from a portion of radiation-dominated
Universe. However, this is true only in the absence of pressure gradients.
Strong gradients are likely present in GRB sources, and they should produce local acceleration in the radiation-dominated electron-positron plasma,
making it distinct from the early Universe, where matter inhomogeneities are
known to be weak.
There is also an apparent similarity with respect to the nucleosynthesis
phenomenon. Given that the temperature reached in GRB sources, see Eq.
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(C.3.3), may be as high as several MeV, nuclear reactions are expected to operate on timescales of 10−2 sec or shorter. That is on the order of magnitude
of dynamical timescale of the GRB sources. It means that reprocessing of nuclear abundances may likely take place in GRB sources. Since observations
imply that GRBs may originate from compact stellar objects elements heavier
than helium are likely to be present in GRB sources. Such heavy elements are
then destroyed, resulting mainly in protons with small admixture of helium.
Thus, similarly to the early Universe, we do not expect dynamically important free neutrons present in GRB plasma after it started to expand and cool
down unless they are engulfed by the expanding plasma later.
Finally, there is an important difference between the electron-positron
plasma in the early Universe and the one in GRB sources. We show in this
paper that unlike the primordial plasma which recombines to form neutral
hydrogen, and emits the Cosmic Microwave Background Radiation, GRB
plasma does not cool down enough to recombine. Therefore GRB plasma
always becomes transparent due to Compton scattering.
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D. Theory of photospheric
emission from relativistic
outflows
D.1. Introduction
High Lorentz factors of the bulk motion of various outflows are common in relativistic astrophysics.
The best known examples are Active Galactic Nuclei (see Maraschi (2003) and references therein), microquasars (Mirabel and Rodrı́guez, 1999; Eikenberry et al., 2001) and GammaRay Bursts (GRBs) (see e.g. Piran (2004) and references therein). In the latter
case outflows indeed reach ultrarelativistic velocities.
The fireshell model of GRBs, see e.g. the review presented in Ruffini et al.
(2009a) and references therein, assumes that the GRBs originate from almost
instantaneous creation of electron-positron plasma in the process of vacuum
polarization occurring in the formation of a black hole (Damour and Ruffini,
1975; Preparata et al., 1998). For earlier treatment of instantaneous release
of energy E0 in a region of radius R0 by unspecified mechanism, see also
Goodman (1986); Shemi and Piran (1990). Optically thick electron-positron
plasma formed in the source expands and reaches ultrarelativistic velocities
of bulk motion. This relativistically expanding plasma appears to a distant
observer as a thin shell with constant width l = R0 measured in laboratory frame (Ruffini et al., 1999). This result has been obtained previously assuming instantaneous energy release in Piran et al. (1993). Interaction of the
expanding plasma with a baryonic remnant with mass M loads the plasma
with baryons but does not change the width of the shell if the baryonic loading parameter B = Mc2 /E0 satisfies the inequality B < 10−2 (Ruffini et al.,
2000), where c is the speed of light. When relativistically expanding plasma
becomes transparent to its own radiation, photons start to propagate freely
towards the observer (Bianco et al., 2001). This first electromagnetic signal
from GRB is called proper GRB or P-GRB (Ruffini et al., 2001a). It has been
identified in many GRBs, see Ruffini et al. (2009a) and references therein.
Such an emission has been also studied within the fireball model of GRBs,
see e.g. the review by Meszaros (2006) and references therein, where it is
called photospheric emission. Also in the fireball model there is an expansion of an optically thick plasma with a baryon contamination, see e.g.
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(Piran, 1999), however the baryons are present in the plasma since the beginning and not engulfed during the expansion, so there is no constraint
on the baryonic loading parameter. A detailed comparison between the
two models has been presented in (Bianco et al., 2006; Muccino et al., 2013).
Within the fireball model the relativistic wind model is used (Paczynski,
1986, 1990; Grimsrud and Wasserman, 1998; Mészáros and Rees, 2000;
Daigne and Mochkovitch, 2002; Rees and Mészáros, 2005; Pe’er and Ryde,
2011; Beloborodov, 2011). It is assumed that the wind emerges from the
source with radius R0 having luminosity L(t) = dE/dt = const and mass
ejection rate Ṁ = dM/dt = const. There is an approximate analytic solution
of relativistic hydrodynamic equations for this model under the condition
that the Lorentz factor of radial motion Γ ≫ 1 (Paczynski, 1986, 1990). This
solution can be divided in two phases: accelerating and coasting ones. At
accelerating phase
Γ ≃ r/R0 ,
R0 < r < ηR0 ,
(D.1.1)
while at coasting phase
Γ ≃ η = const,

r > ηR0 ,

(D.1.2)

where r is radius and η = L/( Ṁc2 ) is dimensionless entropy
(Mészáros and Rees, 2000). Continuity equation implies for laboratory density of baryons
  −2
r
n = n c Γ ≃ n0
,
(D.1.3)
R0
where nc is the comoving number density of baryons and n0 is its value at the
base of the wind.
The solutions of relativistic hydrodynamic equations (D.1.1), (D.1.2), and
(D.1.3) are also valid in thin shell model of fireball (Piran, 1999; Meszaros,
2006) provided that Γ ≫ 1. In the case of thin shell l ≃ R0 and r should be
interpreted as radial position of the shell, which satisfies equations of motion
(D.1.1) and (D.1.2).
These equations are also valid as asymptotic regimes in the fireshell model.
It should be noted, however, that the dynamics in the fireshell model is
much more rich and complex and predicts at least four different dynamical regimes (see for details Ruffini et al. (2000)): 1) the self acceleration of
the pure e+ e− plasma in vacuum up to relativistic velocities; 2) the engulfment of the baryonic remnant; 3) the further self acceleration of the
newly formed e+ e− -baryon plasma; 4) the coasting phase. All these dynamical regimes are tightly interconnected: any attempt to interpret the observational data with a piecewise analysis of single regimes, without taking into due account the entire previous history of the system, is not viable (see e.g. Ruffini et al. (2001b)). Moreover, the dynamical equations of
the fireshell model are not only energy-momentum and baryon number con-
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servation equations which asymptotically result in equations (D.1.1), (D.1.2),
and (D.1.3), see e.g. Ruffini and Vereshchagin (2013). To this set of equations
the rate equation for electron-positron pairs is also added for self-consistency
(Ruffini et al., 1999, 2000). The difference in dynamics of relativistic shells in
the fireball and fireshell models is discussed in details by Bianco et al. (2006).
In what follows we present a treatment of the photospheric emission from
relativistic outflows under the main assumption that the dynamics of the
outflow is the one given by either equation (D.1.1) or (D.1.2). In this sense
the results we obtain are valid in limiting cases. These results are not directly applicable for GRB models where complete dynamics of the relativistic
shell is considered, such as the fireshell model. We consider spherically symmetric ultrarelativistic outflow with Γ ≫ 1 as a wind with finite duration
∆t (Daigne and Mochkovitch, 2002). The width of such outflow is given by
l ≃ c∆t. When ∆t = R0 /c the thin shell model is recovered with B = η −1 ,
E0 = L∆t, and M = Ṁ∆t, while for ∆t ≫ R0 /c the steady wind model is
obtained.
The structure of the paper is as follows. In Section 2 we compute the optical
depth and photospheric radius of the relativistic outflow. In Section 3 we
discuss radiation diffusion in an expanding relativistic outflow. Observed
light curves and spectra are computed in Sections 4 and 5. In Section 6 we
discuss main results obtained in this work and their implications for GRBs.
Conclusions follow.

D.2. Optical depth and photospheric radius
The optical depth along the light-like world line L is defined as (Ehlers, 1973)
τ=

Z

L

σjµ dx µ ,

(D.2.1)

where σ is cross section, jµ is the 4-current of particles, and dx µ is the element
of the world line.
Consider the light-like world line starting at time t at the interior boundary
r = R of the outflow and directed outwards. The optical depth given by
equation (D.2.1) is then (see e.g. Abramowicz et al. (1991))
τ=

Z R+∆R
R

σn (1 − β cos θ )

dr
,
cos θ

(D.2.2)

where β ≃ 1 − 1/2Γ2 , r is used as a parameter along the world line, R + ∆R
is the radial coordinate at which the world line crosses the outer boundary
of the outflow, and θ is the angle between the world line and the velocity
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Figure D.1.: Geometry of the outflow and variables used. Observer is located
to the right at infinity.
vector of the outflow, n is the laboratory number density of electrons1 . The
quantity ∆R is found from the equation of motion of the outflow. In particular, for outflow expanding with constant velocity (coasting phase) one
has from (D.1.2) for its outer boundary r (t) = βct + l. For radially directed light-light world line r (t) = ct. Equating these expressions, we find
ct = ∆R = l/(1 − β) ≃ 2Γ2 l. Geometry of the outflow and variables used are
illustrated by Fig. D.1.
When contribution of positrons to (D.2.2) can be neglected, the density of
electrons coincides with density of baryons given by equation (D.1.3). Hence
using (D.1.1) and (D.1.2) and assuming σ = const, three asymptotic expressions for the optical depth along the line of sight are recovered from (D.2.2):
respectively, one for accelerating phase and two for coasting phase, namely

where


 3
1
R0


,
 τ0


6
R




 
R0
1
τ=
τ0
,

2
R

2η






 τ R0 l ,
0 2
R
τ0 = σn0 R0 =

R0 ≪ R ≪ ηR0 ,

(D.2.3a)

ηR0 ≪ R ≪ 2η 2 l,

(D.2.3b)

R ≫ 2η 2 l,

(D.2.3c)

σL
σE0
=
,
2
4πm p c R0 lη
4πm p c3 R0 η

(D.2.4)

and m p is the mass of proton.
The photospheric radius R ph is defined by equating expression (D.2.3) to
1 If
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positrons are also present in the outflow, their contribution has also to be added.
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unity

R ph


 τ 1/3
0


,
τ0 ≪ η 3 ,
R

0

6




τ0
=
η 3 ≪ τ0 ≪ η 4 l/R0 ,
R0 2 ,


2η






(τ0 R0 l )1/2 ,
τ0 ≫ η 4 l/R0 .

(D.2.5)

It is worth noting that the lower limit in the integral (D.2.2) corresponds to
R ph .
Let us discuss for completeness the case when the number density
of positrons exceeds the number density of baryons. Note that a pure
electron-positron plasma reaches thermal equilibrium before expansion
(Aksenov et al., 2007, 2010) and it remains accelerating until it becomes transparent to radiation. Due to exponential dependence of thermal pair density on the comoving temperature Tc and hence on radial coordinate, transparency is reached at
kTc± ≃ 0.04me c2
(D.2.6)
rather independent of initial conditions (k being Boltzmann constant and me
−1/4
being electron mass). Given initial temperature T0 = 16πσSB R20 /L
where σSB is the Stefan-Boltzmann constant, and adiabaticity of expansion
with Tc = T0 R0 /r (see, e.g. Ruffini and Vereshchagin (2013)), we find
R±
ph

1
= ±
Tc

LR20
16πσSB

!1/4

.

(D.2.7)

3
For typical parameters of GRBs we have R±
ph < 10 R0 . Note that the optical depth for an expanding electron-positron-photon shell computed by
Shemi and Piran (1990) is incorrect since it uses asymptotics (D.2.3c), which
never applies to the pure e+ e− outflows. The correct result (D.2.6) can
be found e.g. in Grimsrud and Wasserman (1998), Li and Sari (2008), and
Toma et al. (2011).

Let us interpret the formula (D.2.3). On the one hand, equations (D.2.3a)
and (D.2.3b) imply that the radial distance ∆R is sufficiently large so that the
number density substantially decreases between R and R + ∆R. In this respect the outflow is “a thick wind”, even if the laboratory thickness of the
outflow may be small, l ≪ R. We refer to this case as a photon thick outflow.
On the other hand, equation (D.2.3c) implies that the number density of the
outflow does not change substantially along the radial distance ∆R. In this
respect the outflow is “a thin shell” even if the duration is long ∆t ≫ R0 /c.
We refer to this latter case as a photon thin outflow. In particular, a geometrically thin ultrarelativistically expanding shell may be both photon thin or
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photon thick.
Similar consideration may be applied to a part of the outflow with thickness ξ, see Fig. D.1. It is clear then, that even in a photon thick outflow there
is always a photon thin layer located near the outer boundary. During acceleration phase such a photon thin part accounts for a fraction not larger than
Γ−1 of the entire width of the outflow2 .
Note that within the relativistic wind model asymptotic expressions (D.2.3a) and (D.2.3b) for the optical depth were obtained by
Mészáros and Rees (2000). Their formulas coincide with ours up to a numerical factor which comes from the integration over the radial coordinate.
However these authors neglected the third possibility (D.2.3c) with the folτ0 R0
lowing validity condition Rc0 ≪ ∆t ≪
. At the same time, expressions
4η 4 c
(D.2.3b) and (D.2.3c) were obtained by Daigne and Mochkovitch (2002), who
did not consider accelerating phase and ignored asymptotics (D.2.3a).
The optical depth within the relativistic thin shell model was computed in
Shemi and Piran (1990) and Mészáros et al. (1993) and by Ruffini et al. (1999,
2000). In all these works only asymptotic expression (D.2.3c) is used. It is possible, however, that initial conditions satisfy the inequality τ0 ≪ 4η 4 which
for coasting phase results in asymptotics (D.2.3b) used in Nakar et al. (2005).
All asymptotic solutions for the optical depth (D.2.3) have been considered
by Mészáros et al. (2002) and by Toma et al. (2011).

D.3. Photon diffusion
In previous discussion we did not consider the diffusion of radiation out of
the outflow by random walks of photons. The effect of radiative diffusion
in GRBs has been discussed for the first time by Preparata et al. (2000), who
determined the energy flux from optically thick plasma considering temperature gradient near its boundary. Diffusion crossing time on which photon
is expected to cross the outflow with comoving radial thickness lc = Γl is
t D,c = lc2 /Dc . Diffusion coefficient is Dc = (cλc )/3 = c/(3σnc ), where λc and
nc are comoving mean free path of photons and comoving electron number
density, respectively.
One may find the radial position R D at which the outflow arrives by the
time t D,c . At this time, measured from the beginning of expansion, photons
actually cross entire width of the outflow by diffusion. Neglecting initial brief
acceleration phase, when diffusion is irrelevant, from the equation of motion
of the outflow R = βct ≃ Γctc (tc being comoving time), and taking into
2 Formally photon thin accelerating solution exists, and it is given by the last line in equation

(D.2.3). However, its validity condition is l ≪ R20 /R = R0 /Γ.
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account equations (D.1.2) and (D.2.4) we obtain

1/3
.
R D = τ0 η 2 R0 l 2

(D.3.1)

This diffusion radius should be compared with photospheric radius
(D.2.5). It follows that the photospheric radius of photon thick (thin) outflow
is smaller (larger) than its diffusion radius R ph ≪ R D (R ph ≫ R D ). It means
that diffusion is irrelevant for description of photon thick outflow. It also implies that in photon thin outflows radiation decouples not at the photospheric
radius, defined by equation (D.2.5), but at the diffusion radius, when the expanding plasma is still opaque according to equation (D.2.3). In that case
photon decoupling occurs at the photosphere which is located near the outflow boundaries. Photons are transferred to this photosphere by diffusion. In
this sense the characteristic radius of the photospheric emission from photon
thin outflows is not the photospheric radius (D.2.5), but the radius of diffusion given by the equation (D.3.1). In what follows we consider decoupling
of photons from photon thick and photon thin outflows separately.

D.4. Photospheric emission from photon thick
outflows
D.4.1. Geometry and dynamics of the photosphere
The photosphere of accelerating steady wind is shown in Fig. D.2. This surface has a concave shape. The photosphere of coasting steady relativistic
wind with Γ = const is analyzed by Abramowicz et al. (1991). The form of
this surface, which also has concave shape, is (Pe’er, 2008)
!
r
θ
−β ,
(D.4.1)
= τ0
R0
sin θ
see Fig. D.3. The curvature of this surface is smaller than that of accelerating
steady wind. In both cases these photospheres appear for a distant observer
as static spots with radius
ρ = πτ0 R0
(D.4.2)
and temperature decreasing from the center to the edge.
Now consider dynamic properties of the photosphere of photon thick outflow as seen by a distant observer. The arrival time of radiation is defined as
t a = t − r cos θ/c,

(D.4.3)

see e.g. Bianco et al. (2001); Ruffini et al. (2001a). Therefore photons emit-
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ted at the same time but from points with different θ are detected at different arrival times; vice versa, photons detected at the same values of the
arrival time have been emitted at different times and from points with different θ. The “equitemporal surfaces” (EQTS, see e.g. Bianco et al. (2001, 2011);
Bianco and Ruffini (2004, 2005a,b)) are the surface locus of points emitting
photons with the same value of the arrival time t a (i.e. they are the shapes
which we would see at each fixed value of the arrival time t a if we were able
to spatially resolve the emission coming from the outflow). In the following
we will use the acronym PhE (“Photospheric EQTS”) to refer to the EQTS of
the photospheric emission we are discussing.
In this section we consider two different cases. In accelerating photon thick
case the photospheric radius is reached at the acceleration phase. In coasting
photon thick case the photospheric radius is reached at the coasting phase.
Clearly, coasting photon thick outflow had a previous acceleration episode
which is not considered here.
Dynamic PhE of the photon thick outflow initially has convex shape, but
progressively becomes concave, see Fig. D.2 and Fig. D.3 for accelerating and
coasting cases, respectively. This PhE in both cases approaches the photosphere of steady wind. In the coasting case the approach to that surface
is only asymptotic, while in the accelerating case the photosphere actually
reaches it at finite arrival time. The external boundary of the PhE for a given
t a shown in Fig. D.3 is defined by the condition that the optical depth for
photons emitted from the outermost layer of the outflow equals unity. Notice
that this boundary is wider than the relativistic beaming surface (these are
tube and cone for accelerating and coasting outflows, respectively). As soon
as the inner boundary the outflow reaches the photospheric radius, the inner
boundary of the PhE expands with t a and observer sees the switching off of
the wind.

D.4.2. Observed flux and spectrum
The basis of spectrum and flux calculation is radiative transfer equation for
specific intensity Iν along the ray (see e.g. Rybicki and Lightman (1979), p. 11)
dIν
= jν − κν Iν ,
ds

(D.4.4)

where jν is monochromatic emission coefficient for frequency ν, κν is absorption coefficient and s is distance, measured along the ray, see Fig. D.1.
Spectral intensity of radiation at infinity on a ray coming to observer at
some arrival time t a is given by formal solution of this equation (Beloborodov,
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Figure D.2.: Dynamics of the photosphere of the accelerating photon thick
outflow. PhE for selected arrival times with logarithmic spacing is shown
by thin black curves (arrival time increases from left to right). This PhE approaches the photosphere of steady accelerating wind shown by thick black
curve. The surface of relativistic beaming cos θ = β given by ρ = R0 is
shown by thick black horizontal line. As soon as PhE reaches the photosphere
of steady accelerating wind, the volume producing photospheric emission
keeps expanding and its boundary for selected arrival times with logarithmic spacing are shown by dashed curves (arrival time increases from bottom
to top). Range of observed temperatures of emission is illustrated by color,
with T0 being the temperature at R = R0 . The probability density function
of photon last scattering, integrated over angles P(r ) in steady accelerating
wind is illustrated by red thick curve. Here R ph = 100R0 .
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Figure D.3.: The same as in Fig. D.2 for a photon thick coasting outflow. PhEs
are illustrated by thin curves for selected arrival times with logarithmic spacing, and tend to the photosphere of steady coasting wind, equation (D.4.1),
with increasing time. Thick black curve is the boundary of PhEs. Notice this
surface is different from the relativistic beaming cone, shown by dashed black
line. TLOS is the temperature at the line of sight at the photospheric radius.
Red thick curve shows the probability density function of photon last scattering, integrated over angles P(r ) in steady coasting wind. Here Γ = 100.
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2011)
Iν (ν, ρ, t a ) =

Z

Iν (ν, r, θ, t)

d
{exp[−τ (ν, r, θ, t)]} ds
ds
Z

=

Iν (ν, r, θ, t) exp[−τ (ν, r, θ, t)] dτ, (D.4.5)

where Iν (r, θ, t) is the source function, equal to the ratio of emission and absorption coefficients Iν = jν /κν , optical depth τ is given by
τ=

Z ∞
s

κν ds,

(D.4.6)

coinciding with equation (D.2.1), and variables (r, θ, t) are connected by t a =
t − (r/c) cos θ and ρ = r sin θ, see Fig. D.1.
Total observed flux is an integral over all rays
Fν (ν, t a ) = 2π∆Ω

Z

Iν (ν, ρ, t a ) ρ dρ ,

(D.4.7)

where ∆Ω is the solid angle of the observer’s detector as seen from the outflow in the laboratory frame and 2πρdρ is an element of area in the plane of
the sky.
We assume that emissivity jν is thermal and isotropic in comoving frame
of the outflow and comoving κν,c = const. The laboratory source function is
then
2h
ν3


,
(D.4.8)
Iν (ν, r, θ, t) = 2
c exp hνΓ(1− β cos θ ) − 1
kTc (r,t)

where h is the Planck constant. This approximation is justified when the
radiation field is tightly coupled to the matter. The photospheric emission
comes from entire volume of the outflow (see also Bianco et al. (2001)) and
the computational method sketched above is closely related to that used by
Beloborodov (2011), where the concept of “fuzzy photosphere” was introduced. This method will be referred to as fuzzy photosphere approximation.
Most of energy reaching observer is emitted from the region near the PhE,
where the probability density function along the ray
P(r, θ, t) = P0

d
exp[−τ (r, θ, t)]
ds

(D.4.9)

with P0 being normalization, reaches the maximum. For this reason the dynamics of PhE studied in the previous section determines both light curves
and spectra of observed photospheric emission. When the time dependence
in this equation is discarded this P(r, θ ) coincides with the probability density function of the last scattering defined in (Pe’er, 2008). Assuming that
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all the energy comes from the PhE only, i.e. a surface instead of the volume
discussed above, the computation may be reduced to one dimensional integration by substitution of the function P with a Dirac delta. Such more crude
approximation, in contrast to the fuzzy photosphere one, will be referred to
as sharp photosphere approximation.
For photon thick outflow the optical depth becomes function of r and θ
only and the comoving temperature also depends only on radius. In this respect the photon thick case is similar to the steady wind. Then the integrand
in equation (D.4.7) does not depend on time and only limits of integration
provide time dependence due to motion of the outflow boundaries. Interesting consequence of ultrarelativistic motion of the outflow is that even geometrically thin outflow l ≪ R at a given arrival time spans large interval
of laboratory radius ∆r = 2Γ2 l. The probability density function (D.4.9) integrated over angles is shown in Figs. D.2 and D.3 for accelerating and coasting
photon thick outflows.
The observed flux of photospheric emission from accelerating outflow is
illustrated in Fig. D.4 by thick red curve (fuzzy photosphere) and by dotted
blue curve (sharp photosphere). The characteristic raising and decaying time
is in both cases
R20
R
δt =
= 0 ,
(D.4.10)
( R ph c)
Γ ph c
where Γ ph is the Lorentz factor at the photospheric radius R ph . There is no
simple analytic expression describing full light curve, however its decreasing
part is close to a power law with index −4.7 and −6.5 within fuzzy and sharp
photosphere approximations, respectively. As minimal duration of the photon thick outflow ∆t is of order R0 /c, then ∆t ≫ δt and the light curve has
almost rectangular shape.
Such accelerating outflow appears to a distant observer as a spot with size
ρ = ( R20 − (t a /c)2 )1/2 , for − R0 /c ≤ t a ≤ 0. As soon as the PhE reaches
the corresponding accelerating steady wind photosphere at t a = 0 the spot
size starts to increase almost linearly with time ρ ≃ R0 + ct a . Finally, as
the innermost part of the outflow reaches the photospheric radius the spot
transforms to a ring with rapidly decreasing width and brightness.
The observed photospheric emission of the coasting photon thick outflow
results in the flux changing as
h
i
2
F = Fmax 1 − (t p /t a ) ,
(D.4.11)
with

tp =

R ph
,
2η 2 c

(D.4.12)

i.e. increase up to the saturation value Fmax ∝ L, see the raising part of the
light curve in Fig. D.5, both in sharp and fuzzy photosphere approximations.
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Figure D.4.: The light curve of photospheric emission from the photon thick
accelerating outflow in fuzzy (red curve) and sharp photosphere approximations (dashed blue curve). Here R ph = 100R0 , and ∆t = 2δt, see equation
(D.4.10) below.
Radius of the visible spot then reaches its maximal size, equation (D.4.2). As
arrival time exceeds t p + ∆t the innermost part of the outflow approaches
the wind photosphere, equation (D.4.1), along the line of sight and the spot
transforms to a ring, the flux decreases rapidly in both approximations


1
1
2
F ∝ tp
.
(D.4.13)
−
(t a − ∆t)2 t2a
3
For t a ≫ ∆t it behaves as F ∝ t−
a , see the decreasing part of the light curve
in Fig. D.5. Similarly to the accelerating photon thick outflow the light curve
for ∆t ≫ t p has almost rectangular shape due to the fact that its increase and
decay times are much shorter than ∆t.
Accelerating photon thick outflows exhibit photospheric spectra close to
thermal ones, see Fig. D.6. In ultrarelativistic case spectra computed using both sharp and fuzzy photosphere approximations are very close to each
other. Both have small deviations from thermal spectrum in the low energy
part with the corresponding Band low energy indices α = 0.82 and α = 0.71,
respectively.
In contrast, the spectrum of photospheric emission of the coasting photon
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Figure D.5.: The same as in Fig. D.4 for a photon thick coasting outflow. Here
Γ = 100 and ∆t = 5t p , see equation (D.4.12) below.
thick outflow is significantly wider that the thermal spectrum, see Fig. D.7.
This spectrum is composed of various Planck spectra (multicolor black body
of Pe’er and Ryde (2011)), as illustrated by Fig. D.3. Low energy part is described by a power law with Band indices respectively α = 0.34 and α = 0,
for sharp and fuzzy photosphere approximations.
After initial phase of evolution, namely rising of the low-energy part, spectra do not evolve until observer detects emission from the innermost part of
the outflow. At that moment there is a transition to another phase characterized by the fast decrease of both temperature and flux. Considering timeintegrated spectrum we find that as characteristic times of the first and third
phases are much less than that of the second one, the spectrum is close to the
instantaneous one described above.

D.4.3. Comparison with previous works
Now we compare the results with the ones obtained by other methods.
Beloborodov (2011) considered the photospheric emission from steady wind
both at acceleration and coasting phases and solved the corresponding steady
radiative transfer equation. His main conclusion is that in addition to usual
relativistic beaming leading to anisotropy of radiation in laboratory frame, in
the coasting wind another anisotropy in the comoving frame of the outflow
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Figure D.6.: Instantaneous spectrum of photospheric emission of accelerating photon thick outflow in fuzzy (blue thick curve) and sharp photosphere
approximation (black thick curve). Dashed red curve represents the thermal
spectrum with the temperature at the line of sight TLOS at the photospheric
radius. Lorentz factor at photospheric radius is Γ ph = 100.
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Figure D.7.: The same as in Fig. D.6 for a photon thick coasting outflow with
Lorentz factor Γ = 100.
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is developing. This comoving anisotropy results from the fraction of photons
which already underwent their last scattering in the bulk photon field of the
outflow. The anisotropy of such photons grows with increasing radius for
geometrical reasons. Since the amount of such photons increase with radius
the entire photon field becomes increasingly anisotropic.
For the finite photon thick outflow the radiative transfer problem becomes
explicitly time dependent. The expanding outflow at a given laboratory
time spans only a finite part of the probability density distribution shown
in Figs. D.2 and D.3, that results in difference in observed spectra for finite
and infinite cases.
The effect of additional comoving anisotropy on the source function found
by Beloborodov (2011) is actually small. The difference between the probability of last scattering given by equation (D.4.9) and the corresponding function
in a steady wind does not exceed several percent.
Our method is also similar to the one used by Pe’er (2008) and by
Pe’er and Ryde (2011) who described the late-time photospheric emission of
switching off relativistic wind considering the probability density function
for the last scattering of photons, see equation (D.4.9). An additional approximation adopted by these authors is the possibility to split radial and angular dependencies. Actually Pe’er (2008) computes not the traditional energy
flux understood as energy crossing unit area in unit time, but photon flux as
number of photons crossing unit area in unit time. For this reason his decay
2
law for photon flux at late times is F ob (t a ) ∝ t−
a . Lorentz transformation of
the photon energy from the comoving frame to the laboratory one results in
additional multiplier (1 − β cos θ )−1 in the energy flux that leads to the ob3
served flux F ∝ t−
a , which agrees with our result in equation (D.4.13), see
also Pe’er and Ryde (2011).
We conclude that the fuzzy photosphere approximation in fact follows
closely methods of Pe’er and Ryde (2011) and Beloborodov (2011). In fact we
obtained similar results for the probability of last scattering as more sophisticated treatment of radiation transfer (Beloborodov, 2011). The sharp photosphere approximation provides good description of light curves including
their raising and decaying parts. The observed spectrum from accelerating
outflow is also well described in this approximation, while there is some
difference for the coasting case. The advantage of sharp photosphere approximation for computing observed light curves and spectra is evident for
intrinsically variable and dynamic outflows. The relations between the results of the fireshell model and the ones by Pe’er and Ryde (2011) and by
Beloborodov (2011) is currently under consideration.
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D.5. Photospheric emission from photon thin
outflows
Now we turn to photon thin outflows. In Section D.3 we pointed out that
most of the radiation leaves the outflow not at its photospheric radius, but
earlier, before the diffusion radius. Given that opacity of the outflow is still
large, the emission escapes only from a very narrow region near the outer
boundary of the outflow. The probability density function, equation (D.4.9),
is strongly peaked there and the photospheric emission for a given arrival
time originates from this narrow region. Sharp photosphere approximation
is thus completely justified in this case.
Since all the radiation is emitted from the PhE we briefly discuss its geometry and dynamics. The PhE of the photon thin outflow is similar to EQTS of
infinitesimally thin constantly emitting relativistic shell considered firstly by
Couderc (1939) and then by Rees (1966, 1967). The EQTS of this shell appears
to a distant observer as an ellipsoid with axes ratio equal to Γ. However the
PhE of photon thin outflow is not the entire ellipsoid: it is only a part of that
surface, limited by the beaming cone, see Fig. D.8. The external boundary of
the PhE for a given t a is defined by the condition that photons emitted from
the outermost layer of the outflow toward observer leaves the outflow. In the
photon thin asymptotics this surface coincides with the relativistic beaming
cone.
We again start with the radiative transfer equation (D.4.4). In contrast with
the photon thick case, here the source function I in equation (D.4.5) strongly
depends on both r and t. The main process by which photons are coupled
to the matter is Compton scattering which conserves the number of photons. Since opacity is large other processes which do not conserve the photon
number lead to local thermodynamic equilibrium with thermal comoving
radiation intensity Ic , number density and spectrum of photons in the outflow. Hence we use the Rosseland radiative diffusion approximation (see e.g.
Rybicki and Lightman (1979), pp. 39–42), that we derive from the radiative
transfer equations (D.4.4) for expanding outflows.
For large opacities the distribution function of photons in comoving reference frame is close to isotropic one and the radiative diffusion approximation
is accurate. Following Beloborodov (2011) we use spectral intensity in comoving frame Jν (t, ξ, µ). Starting from the radiative transfer equation (D.4.4)
along the ray s in laboratory frame, we transform all variables except time t,
depth ξ, and distance s into comoving reference frame
 
Jν
κν
3 d
ν
(Sν − Jν ),
(D.5.1)
=
ds ν3
D
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Figure D.8.: Dynamics of the photosphere of the coasting photon thin outflow. Evolution of PhE is shown by thin curves corresponding from left to
right to arrival times t a = (t aD /5, 2t aD /5, . . . ), see equation (D.5.10). Thick
black curve bounding PhEs corresponds to the relativistic beaming cone
cos θ = β. Relevant range of observed temperature of photospheric emission is illustrated by color, see legend. Red thick curve illustrates radiative
diffusion flux, corrected for adiabatic cooling. Here Γ = 100.
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and integrating over comoving frequency ν we have
1 ∂J
µ ∂J
1 − µ2 ∂J
Γβ 1 − µ2
κ
−
+
+4
J = ( S − J ),
c ∂t ΓD ∂ξ
vt − ξ ∂µ
D vt − ξ
D

(D.5.2)

where µ = cos θc , θc is the photon angle with respect to the radial
direction
R
in comoving frame,
D = Γ(1 + βµ) is Doppler factor, RJ =
Jν dν is total
R
−
1
intensity, S = Sν dν is total source function, κ = J
κν Jν dν is effective
opacity, κν = σnc is opacity in comoving frame.

In the case of small deviations from isotropy decomposition J = J0 (t, ξ ) +
µJ1 (t, ξ ) could be applied. Introducing it into equation (D.5.2) and integrating
it over Ddµ and over Dµdµ after some algebra for coherent scattering with
S = S0 = J0 we have
β ∂J1
1 ∂J
2J1
4J0 β
∂J0
+
− 2 1+
+
= 0,
∂ct 3 ∂t
3(vt − ξ ) 3(vt − ξ )
3Γ ∂ξ
∂J1
∂J
1 ∂J
8J1 β
κJ
+β 0 − 2 0 +
= − 1.
∂ct
∂t
5(vt − ξ )
Γ
Γ ∂ξ

(D.5.3)
(D.5.4)

Diffusion approximation is based on slow variation of total flux through
the entire sphere L1 = J1 (t/t0 )2 over mean free path, where t0 is an initial
∂L
time. Then 1 = 0 and it provide J1 from the equation (D.5.4). Inserting this
∂ct
into equation (D.5.3) after simple but tedious calculations in ultrarelativistic
β ≃ 1 photon thin case Γ2 ξ ≪ vt for function L = J0 (t/t0 )8/3 we obtain the
diffusion equation:
c2 t2 ∆ ∂2 L
∂L
−
= 0,
∂ct
3R0 ∂ξ 2

∆=

1
Γ2 τ0

.

(D.5.5)

This equation should be supplemented with boundary conditions. There
are two types of boundary conditions used frequently: free-streaming, for
example in two-stream approximation (Rybicki and Lightman (1979), pp. 42–
45), and zero boundary conditions, that can be used as replacement for freestreaming for ”extrapolated boundary” (Haskell et al., 1994). We find that the
position of ”extrapolated boundary” ξ = − ac2 t2 ∆/R0 (a is a constant of order
unity, dependent on the approximation used for free-streaming description)
for the main part of emission is very close to the real boundary, and in the case
of zero boundary conditions L|ξ =0 = L|ξ =l = 0 there is a series expansion of
solution, that for initial conditions L(ξ, t0 ) = 1 gives
"
#


∞
∆(2n + 1)2 π 2 c3 (t3 − t30 )
4
(2n + 1)πξ
exp −
.
sin
L(ξ, t) = ∑
l
9R0 l 2
n=0 (2n + 1) π
(D.5.6)
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This solution in comparison with numerical one with free-streaming boundary conditions is accurate to a few percents.
The flux of L is characterized by an initial burst and then tends to the
asymptotic solution, that corresponds to solution (D.5.6) with t0 = 0, with
flux



4∆c3 t2
4∆π 2 c3 t3
,
(D.5.7)
F (t) =
ϑ2 0, exp −
3R0 l 2
9R0 l 2
where ϑ2 is the Jacobi elliptic theta function, see its graphical representation
in Fig. D.8. The peak of the flux of L is near the diffusion time
l
tD =
c



R0
l∆

1/3

,

(D.5.8)

and ”extrapolated boundary” at that time is ξ = − al (l∆/R0 )1/3 ≪ l is very
close to real one as ∆ ≪ 1, that ensures the accuracy of equation (D.5.6).
The raising part of the corresponding flux of L through the external boundary of the outflow scales as t1/2 , while its decaying part is quasi-exponential
one, as represented in Fig. D.8. Consequently, while the diffusion in a static
object gives the flux decreasing as t−1/2 , in our case the observed flux given
by equation (D.4.7) is a more slowly decreasing function
1/6
F ∝ t−
,
a

(D.5.9)

up to arrival time of diffusion
t aD =

RD
1/3 −5/3 1/3
l8 s,
≃ 0.12E54
η2
2η 2 c

(D.5.10)

where large part of energy has left the outflow already (E0 = E54 1054 erg,
η = η2 102 , l = l8 108 cm). At this moment the energy decrease due to diffusion
becomes substantial even in the deepest parts of the outflow and later the
observed flux decreases quasi-exponentially with arrival time.
The comoving temperature of radiation on the photosphere is determined
by the balance between the energy diffusion from the interior of the outflow
and radiative losses and it is much smaller than the temperature in the interior. The variation of observed temperature across the PhE is small, see Fig.
D.8, and hence the observed instantaneous spectrum is very close to the thermal one and peaks near the observed temperature on the line of sight. We
13/24
2/3
find that the latter decreases as t−
, in contrast with adiabatic law t−
.
a
a
However, at diffusion radius both temperatures coincide giving for the line
of sight temperature
(D.5.11)
kTLOS ≃ 162η24/9 keV.
The time integrated spectrum has a Band shape with a cut-off near the tem-
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Figure D.9.: Time-integrated spectrum of photospheric emission of photon
thin outflow (thick curve, η = 100, R D = 105 R0 ), superimposed with
two instantaneous spectra of that emission, corresponding to arrival time of
photons emitted at the moment of transition from acceleration to coasting
(dashed green curve on the right) and to arrival time of diffusion (dashed red
curve on the left).
perature of transition from acceleration to coasting, see Fig. D.9. Low energy part of the spectrum has the slope α = 1, while high-energy part has
β ≃ −3.5.

D.6. Discussion
The expression (D.5.10) gives an estimate for the duration of the photospheric
emission of photon thin outflows in coasting phase. When available observed
spectra are integrated on time intervals comparable to t aD the observed spectrum of photospheric emission is expected to have Band shape. Thus, starting
from comoving thermal spectrum for the photospheric emission, we obtain
for the first time, albeit assuming a strongly simplified dynamics, an observed
spectrum which may be well described by the Band function with high energy power law index β being determined by the density profile of the outflow. We find this result quite remarkable.
Notice that non thermal spectra as a result of convolution of thermal ones
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over time has been introduced for afterglows of GRBs by Blinnikov et al.
(1999). Double convolution of thermal or quasi-thermal spectra over EQTS
and arrival time is also one of the key ideas in the fireshell model to reproduce the observed non-thermal spectra of GRB extended afterglows (see e.g.
Ruffini et al. (2003a); Bernardini et al. (2005); Patricelli et al. (2012)).
Band spectra for photospheric emission have been obtained by now, in the
context of GRB modeling, only assuming additional dissipation mechanisms
(Rees and Mészáros, 2005; Pe’er et al., 2006) such as magnetic reconnection
(Giannios, 2006), collisional heating (Beloborodov, 2010) and internal shocks
(Daigne and Mochkovitch, 2002; Toma et al., 2011; Ryde et al., 2011). In our
treatment such an additional assumption is not required.
It is even more remarkable that GRBs appear to be the only known objects
in nature able to reach the photon thin asymptotics in their ultrarelativistic
expansion. For thermally accelerated relativistic plasmas which are discussed
in connection with their possible synthesis in ground based laboratories (e.g.
Ruffini et al. (2010)) it is unreachable. The photon thin asymptotics is reached
for
l
l
τ0 ≫ 4Γ4
= 4 × 108 η24 8 ,
(D.6.1)
R0
R8
where R0 = R8 108 cm. GRBs clearly can satisfy this constraint since the contribution of baryons only gives τ0 ≃ 3.5 × 1013 E54 η2−1 R8−1 l8−1 .
We obtained both time integrated and instantaneous observed spectra of accelerating photon thick outflow which are close to thermal one
with small deviations in the Rayleigh-Jeans part, in agreement with
Grimsrud and Wasserman (1998).
Time integrated observed spectrum of coasting photon thick outflow is
broader than thermal one, and deviates from it both in low- and highenergy parts. This broadening is also found by Beloborodov (2010) and by
Bégué et al. (2013) using Monte-Carlo simulations and our result is in agreement with these works for isotropic scattering model.
As discussed earlier in Section D.2 each photon thick outflow always contains a photon thin layer with depth ξ thin = ( R + l )/(2η 2 ) located near its
outer boundary. Radiation diffused out from this part of the outflow arrives to observer first and modifies the initial part of the light curve and
the corresponding spectrum of the outflow. The diffusion length ξ D =

1/2
( R + l )3 /(η 2 τ0 R0 )
remains always within this photon thin layer ξ thin
and our solution for photon thin outflow is applicable for description of this
early emission. The photospheric emission from well developed photon thick
outflow and its late time behavior occurring when the outflow crossed the
photospheric radius may be described either by fuzzy or by sharp photosphere approximations.
When the outflow becomes transparent in the transition from photon thick
to photon thin conditions, the observed time integrated spectrum will con-
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tain both Band component produced by the early emission from the photon
thin layer and thermal-like component coming from the photon thick part
superimposed. We should recall that our treatment contains several simplified assumptions on the outflow dynamics and therefore cannot be directly
applied to GRB modeling. Nevertheless, it is interesting to note that some
GRBs analyzed by Ryde and Pe’er (2009) present both power law and black
body components.
We presented analytic expressions for the photon flux in the simple model
of the relativistic wind with finite duration. With more complex density profile composed of presumably many shells the light curve is expected to be
variable. The minimal time scale of variability is given by equation (D.5.10)
and it may be very small for small baryon loading. It is necessary to em3
phasize that the decaying part of the light curve follows t−
a for photon thick
outflows. Steeper decay of the light curve of photospheric emission it is a
clear signature of the photon thin outflow.
The photospheric emission should be additionally identified by the spectral analysis. In particular, power law spectra extending to high energies
above 10 MeV cannot be produced by the photospheric emission unless additional mechanisms are involved. What we have shown here, though, is
that in the special case of a simplified dynamics of the outflow it is possible to have a photospheric emission which can be seen with a non-thermal
spectral shape by a distant observer.

D.7. Conclusions
In summary, in this paper we presented a treatment of the photospheric emission from relativistic outflows under the main assumption that the dynamics
of the outflow is the one given in equations (D.1.1) and (D.1.2). In this sense
the results we obtained are valid in limiting cases. These results are not directly applicable for GRB models where complete dynamics of the relativistic
shell is considered, such as the fireshell model.
We proposed a new physically motivated classification of relativistic outflows in “photon thin” and “photon tick”. This new classification may be useful to understand, in particular, why geometrically thin shell may appear as
thick wind with respect to the photospheric emission. We then re-examined
the existing literature and pointed out the advantage of the proposed classification versus the existing ones.
We studied the geometry of the dynamic photospheres in relativistic outflows, albeit with the simplifying assumption recalled above. Since we are
interested in the appearance of the photosphere to a distant observer, we described the dynamics of the corresponding photospheric equitemporal surfaces.
We computed both energy flux and observed spectra of photon thick out-
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flows under two additional different approximations, derived from the radiative transfer equation. In our fuzzy photosphere approximation the effect
of simultaneous emission from entire volume of the outflow is taken into
account. We also used another computationally more simple sharp photosphere approximation which is shown to reproduce well both light curves
and spectra. The validity of these approximations is recently tested with
Monte Carlo simulations of photon scattering in expanding relativistic outflows described by Eq.(D.1.2) in Bégué et al. (2013). These results generalize
the corresponding results in the literature for steady relativistic winds.
In photon thin outflows, under the above recalled simplified dynamical
assumption, most of radiation is shown to originate not at its photospheric
radius but at smaller radii due to radiation diffusion. Starting from the radiative transfer equation for time dependent outflows we derived the diffusion
equation and obtained approximate analytic solution for the energy flux. We
present both instantaneous and time integrated spectra as they would be seen
from a distant observer. The latter are well described by the Band function.
For our simple density profile we find values for the low energy power law
index α = 1 and the high-energy power law index β ≃ −3.5.
More work is needed and is currently ongoing to check if these results are
still valid when more realistic dynamics of the outflow is considered, and if
they can therefore be applied to real astrophysical sources like GRBs.
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E. Monte Carlo simulations of the
photospheric emission in GRBs
E.1. Introduction
Photospheric emission is considered among the leading mechanisms generating gamma rays from relativistically expanding plasma in cosmic Gamma
Ray Bursts (GRBs) (Goodman, 1986). In both fireball (Piran, 1999) and
fireshell (Ruffini et al., 2009b) models photospheric emission is naturally produced when expanding initially optically thick plasma becomes transparent
for photons.
While within the fireball model the basic approximation involved is that
of (infinitely long) steady wind, in the fireshell model the geometry of the
outflow is a thin shell. It is shown by Ruffini et al. (2013b) that in both wind
and shell models when outflows with finite duration are considered some
important aspects of the optical depth behaviour are overlooked. There a new
physically motivated classification was introduced: photon thick and photon
thin outflows with respectively R ph < Rt and R ph > Rt with R ph being the
photospheric radius, Rt = 2Γ2 l the radius of transition, Γ is the Lorentz factor
and l the laboratory width of the outflow. Light curves and spectra from finite
outflows were obtained using two different approximations: sharp and fuzzy
photosphere. These approximations were derived there from the transport
equation for radiation.
In this work we examine the validity of these approximations using MC
simulations of photon scattering. We compute the probability of last scattering in finite relativistic outflows. Then we obtain light curves and spectra
from both photon thick and photon thin outflows, and compare them with
the results obtained before.

E.2. The model
Following Ruffini et al. (2013b) we consider a spherical wind of finite width
l with laboratory number density of electrons being zero everywhere except
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the region R(t) < r < R(t) + l where it is
n l = n0



R0
r

2

, Γ(r ) = const,

(E.2.1)

with R0 and n0 being respectively the radius and the density at the base of the
outflow. This outflow expands
with constant Lorentz factor Γ, so that R(t) =
√
−
R0 + βct, where β = 1 − Γ 2 . Accelerating outflows are not considered
here. Notice that when there is strong relative difference of Lorentz factors
within the outflow with ∆Γ ∼ Γ a radial spreading phenomenon discussed in
Piran et al. (1993) and Mészáros et al. (1993) occurs. The outflow width starts
to increase linearly with R(t) at the radius
R s = Γ2 l

Γ
.
∆Γ

(E.2.2)

It is clear from this formula that such phenomenon occurs at radii much
larger than Γ2 l when ∆Γ ≪ Γ. In what follows we consider such case only.
Our results are valid for arbitrary constant l. Then the optical depth is given
by:


τ (r, θ, t) = τ0 R0 

−β
where

θ − tan−1



r sin θ
ct+r cos θ

r sin(θ )



1
1
−p
r
(ct + r cos θ )2 + (r sin θ )2
τ0 = σn0 R0 =

σE0
,
4πm p c2 R20 Γ

(E.2.3)
!#

,

(E.2.4)

and r is the position of photon emission, θ is the angle between momentum of
photon and the radius vector, σ is the Thomson cross section, t is the time the
photon remains within the outflow, E0 is total energy release in the GRB, m p
is the proton mass, and c the speed of light. Time t is found via the equations
of motion of the outflow and that of the photon.
The optical depth in finite relativistic outflows has two different asymptotic, depending on initial conditions: in photon thick case τ is almost constant within the outflow; instead in the photon thin case it is linearly increasing with depth from the outer boundary at R(t) + l.
In Ruffini et al. (2013b) diffusion of photons within the outflow is found to
play a crucial role in photon thin case: the radius at which photons effectively
diffuse out of the outflow is smaller than the photospheric radius R ph . The
latter is defined by equating expression (E.2.3) to unity for emission with θ =
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0 and t corresponding to the inner boundary. Hence, when the photon thin
outflow reaches the photospheric radius there are few photons left in it.

E.3. Monte Carlo simulation
We have used a spherically symmetric MC simulations of photon scattering
inside the outflow described by Eq. (E.2.1). For more detail on interactions
in relativistic expanding plasma (see Bégué, Siutsou and Vereshchagin, in
preparation). In this simulation each photon is followed as it interacts with
electrons until it decouples from the outflow. Photons are injected in the outflow at the optical depth of the inner boundary τi given in Tab. E.1. It is also
assumed that their initial distribution is isotropic and thermal. The radial
position of each photon inside the outflow is chosen randomly.
The code consists mainly of a loop computing each scattering. We proceed in two steps. First an infinite and steady wind (already treated by
Beloborodov (2011) with l → ∞ and R → 0) is considered. For a given
position characterized by r and θ of photon in the outflow, we compute a
maximal value for the optical depth τmax using (E.2.3) with t → ∞. The probability for the photon to decouple the outflow is exp (−τmax ). Then a random
number X ∈ [0, 1] is chosen. On the one hand, if X < exp (−τmax ) the photon is considered decoupled. Afterwards photon remains in the outflow but
does not scatter. This case corresponds to decoupling in photon thick case,
for which the presence of boundaries is not essential. On the other hand,
if X ≥ exp (−τmax ) the position rs of next scattering is computed from the
optical depth



θ − θs
1
1
τ (r, rs , θ ) = τ0 R0
(E.3.1)
−β
−
r sin(θ )
r rs
where θs is the angle between photon momentum and the radius vector at the
position of scattering. The new radial position rs such that exp [−τ (r, rs , θ )] ≡
X is found by iterations.
The second step is to take into account the finite width of the outflow. To
do so, rs is compared with the radii of the inner and outer boundaries of the
outflow. If rs < R(ts ) or rs > R(ts ) + l the scattering does not take place
and the photon is considered decoupled. Such decoupling occuring at the
boundaries corresponds to the photon thin case. In the opposite case R(ts ) ≤
rs ≤ R(ts ) + l the scattering is assumed to occur and the loop is repeated until
the photon decouples.
We consider two models of scattering: coherent isotropic scattering and
Compton scattering. The former is treated for comparison with results in the
literature such as e.g. Beloborodov (2011). Such model is also interesting per
se since it preserves Planck spectrum and it traces only geometrical effects.
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Instead when Compton scattering is considered, the equilibrium spectrum
is the Wien one because stimulated emission is not taken into account by
MC simulation. For initially large optical depth the spectrum indeed firstly
acquires the Wien shape, and only at the photosphere it changes the shape
again.
The coherent scattering is computed by Lorentz transformation to the reference frame comoving with the outflow. In addition, when Compton scattering is considered, another Lorentz transformation to the rest frame of the
electron is performed. The electron is chosen randomly from the Boltzmann
distribution at a given comoving temperature defined as
T = T0 Γ−1/3



R0
r

2/3

,

T0 ≃

3E0
4πaR30

!1/4

,

(E.3.2)

where a = 4σSB /c, σSB is the Stefan-Boltzmann constant, see e.g.
Ruffini and Vereshchagin (2013).
Various tests of the code are performed. Before dealing with finite outflows
we also reproduced the results of Beloborodov (2011). We present below the
results for two specific cases. The set of parameters for these simulations are
given in Tab. E.1. The left (right) column corresponds to photon thick (thin)
case.
Table E.1.: Parameters for the simulations.
Photon thick Photon thin
R0 (cm)
108
108
l (cm)
4.5 ∗ 108
108
τ0
2.3 ∗ 1010
1.2 ∗ 1013
E0 (erg)
1.5 ∗ 1052
1054
Γ
500
300
R ph (cm)
4.6 ∗ 1012
3.3 ∗ 1014
R D (cm)
3.5 ∗ 1013
1.0 ∗ 1014
τi
102
1.3 ∗ 103

E.4. Results
E.4.1. Probability density function of position of last
scattering
Consider first the probability density of photon last scattering position as a
function of depth (top panel of Fig. E.1). Photon decoupling from photon
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thick outflows is expected to be local and the presence of boundaries should
not change this probability substantially, indeed the probability distribution
function of last scattering is found to be almost independent on the depth.
On the contrary in photon thin outflow there is enough time for photons to
be transported at the boundaries by diffusion as discussed in Ruffini et al.
(2013b). As a result the probability density is peaked at the boundaries.
4

Photon thick
Photon thin

3.5
3

dN/dξ

2.5

Inner boundary

Outer boundary

2
1.5
1
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0
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c

d
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Figure E.1.: Upper panel: Probability density of last scattering as a function
of normalized depth for photon thick and photon thin outflows (in the latter
case decreased by a factor of 10 for a better presentation).
Lower panel: probability density function for the position of last scattering
in the following cases: infinite and steady wind (1), photon thick case of Tab.
E.1 (2), photon thick case of Tab. E.1 with a different Lorentz factor Γ = 300
(3), and photon thin outflow (4). The vertical line (a) represents the diffusion
radius in photon thin case, line (b) represents the photospheric radius while
lines (c) and (d) show the transition radius Rt for curves (2) and (3), respectively. Both coherent and Compton scattering models give the same results.
Difference between photon thin and photon thick outflows is also reflected

831

E. Monte Carlo simulations of the photospheric emission in GRBs
in the probability density of last scattering as a function of the radius, shown
at the bottom of Fig. E.1. In the photon thin outflow most photons escape
from the outflow well before the photospheric radius, namely near diffusion
radius


R D = R0 τ0 Γ2 l 2

1/3

.

(E.4.1)

Instead for photon thick outflows the probability density function of last
scattering is found to be close to the one of infinite and steady wind, found
by Beloborodov (2011). The finite extension of the outflow results in the exponential cut-off for the probability density function at radii larger than Rt .
Let us stress how different the probability densities for photon thick and
photon thin cases are. Not only the positions of the maximum, but also the
shapes are different. In photon thin case at small radii the number of photons
that diffuse out is determined by the change in the diffusion coefficient, i.e.
the electron density which follows a power law. In expanding plasma while
the density decreases, the mean free path for photons increases which makes
the diffusion faster. At large radii almost all photons have already diffused
out, and the probability has an exponential cut off. As for the photon thick
case, the probability density dependence on the radius is opposite. For small
radii the probability for last scattering is exponentially suppressed because of
large optical depth, while at large radii it follows a power law, as discussed
in Pe’er (2008). At larger radii we find an exponential decrease due to the
finiteness of the outflow, see Fig. E.1.
We also found the difference between photon thick and photon thin cases
when computed the average number of scatterings as function of initial optical depth, shown in Fig. E.2. From Ruffini et al. (2013b) we recall the expressions of the optical depth for these two cases:

 
τ
R0

0

, ΓR0 ≪ r ≪ Γ2 l
 2
r
2Γ
τ=
(E.4.2)

R
l

0
2
 τ0
,
r≫Γ l
r2
The average number of scatterings is defined as

hNi =

Z t
f cdt c
ti

λc

=

Z t
f
ti

σ hnc icdtc ,

(E.4.3)

where tc is comoving time, λ = 1/(σT nc ) is the comoving mean free path of
photons, nc is comoving density, ti is the initial comoving time, t f is final comoving time when the photon leaves the outflow. The integral (E.4.3) should
be taken along the average photon path. In the case of optically thick medium
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Figure E.2.: Average number of scatterings as function of initial optical depth
τi . Results of MC simulations are shown with points, while analytic results in
different asymptotics are shown by the corresponding lines. In the optically
thin regime the number of scatterings is proportional to τi . For 1 < τi <
τ ( R D ) it is proportional to τi2 . For τ ( R D ) < τi < τ ( Rt ) it is proportional
to τi1/2 . For even larger τi corresponding to the photon thick asymptotic the
number of scatterings is again proportional to τi . In these simulations we
used Γ = 100, l = 108 cm and τ0 = 1014 .
this path is given by the equation of motion of the outflow
r = ri + βct,

(E.4.4)

where ri is the laboratory radial position of the photon at initial laboratory
time.
In the photon thick case the photons stay in the outflow long after decoupling, so t f → ∞. Then, taking into account relations the nc = nl /Γ,
dr = βcdt, and tc = t/Γ along the world-line (E.4.4), we obtain

hNi =

Z ∞
ti

σ

n cdt
= 2τi ,
Γ Γ

(E.4.5)

where τi is optical depth of the outflow at ri . This result is in agreement with
Vurm et al. (2011).
In photon thin case the photons leave the outflow from its boundaries, and
the time interval needed for the photon to reach them by random walk can
be estimated as tcD = lc2 /Dc , where lc = Γl is the comoving radial thickness of
the outflow, and diffusion coefficient is Dc = (cλc )/3 = c/(3σnc ). When this
time is much less than the characteristic time of expansion, equal to ti , that is
the case when initial radius ri is much larger than radius of diffusion R D , we
have
h N i ≃ 3τi2 ,
(E.4.6)
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In the opposite case when initial radius ri is much smaller than the radius
of diffusion R D , we have
r
1
R
h N i ≃ 2 τi τ0 0 .
(E.4.7)
l
Γ

E.4.2. Spectra and light-curves from photon thick outflow
The average comoving energy of photons for steady wind was considered by
Pe’er (2008) and Beloborodov (2010). For finite outflow we show this quantity in Fig. E.3 and compare it with the r −2/3 dependence characteristic of
adiabatic cooling. The difference between Compton and coherent scattering
comes from the fact that the average energy in the optically thick regime is
3kT for Wien spectrum and 2.82kT for Planck spectrum. In agreement with
previous studies we find that the average energy of photons at the photosphere is higher than adiabatic cooling predicts. It is 1.58 in the case of Compton scattering and 1.4 in the case of coherent one.
In Fig. E.4 we compare time integrated spectra of photon thick outflow
obtained with different models. Each of them involves 5 ∗ 107 photons. In
order to compare the results of Ruffini et al. (2013b) with our MC simulations
we shifted the spectra for sharp, fuzzy approximations and Plank spectrum
by the factor 1.58, which takes into account the effect discussed above. The
results obtained in fuzzy approximation are in good agreement with MC simulations. The later gives the low energy spectra index α = 0.24 for Compton
scattering and α = 0.19 for coherent one to be compared with α = 0 found in
Ruffini et al. (2013b).

Compton scattering
Coherent scattering
0.01

-2/3

<Ec>, MeV

Adiabatic cooling r

0.001
0.1

1

10

100

r/Rph

Figure E.3.: Average comoving energy of photons in photon thick outflow as
function of the radius. The averaging is performed for photons still coupled
with the outflow.
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Figure E.4.: Time integrated spectrum of photospheric emission from photon
thick outflow computed within different approximations: Planck spectrum
(1), sharp photosphere approximation (2), fuzzy photosphere approximation
(3), Monte Carlo simulation for Compton scattering (4), Monte Carlo simulation for coherent scattering (5). Spectra (1), (2) and (3) are shifted in energy
by a factor 1.58 (see text for details). TLOS is the laboratory temperature of the
outflow at the photospheric radius.
We also show in Fig. E.5 time resolved spectra at selected arrival times
which are clearly far from being Planckian. The effect of spectral flattening at
late time discovered by Pe’er and Ryde (2011) is visible.
Finally, light curves are presented in Fig. E.6, where we defined t ph = l/c
and t a = te − µRe /c, with re and te laboratory radius and time of emission. We
chose t a = 0 for a photon emitted at Re = R0 . The results of MC simulation
are in qualitative agreement with both approximations, slightly favouring the
sharp photosphere one.

E.4.3. Spectra and light curves from photon thin outflow
In photon thin case diffusion has been shown to be important. Both light
curve and spectrum are characterized by the radius of diffusion R D and the
associated arrival time t D = R D /(2Γ2 c). It should be noted that the photospheric emission carries only a fraction of the total energy of a GRB. In
the photon thin case the duration of the photospheric emission is relatively
short, see the formula above, which implies that the luminosity of this component can be comparable to the luminosity of the rest of the prompt emission (Bernardini et al., 2007). Such short and intense photospheric emission
preceding the main burst has been reported in many GRBs (Ryde and Pe’er,
2009).
Since photons are still strongly coupled to the outflow, local thermodynamic equilibrium is maintained everywhere but at the very boundary. In-
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Figure E.5.: Time integrated spectrum from photon thick outflow (1) together
with time resolved spectra corresponding to the beginning of the plateau in
the light curve (2), middle of the plateau (3) and the tail (4).
deed, this part of the outflow looses photons by random walks. For MC simulations of the photon thin outflows we used the coherent scattering model.
The results are compared with Ruffini et al. (2013b) where light curve and
spectrum are obtained using the sharp photosphere approximation, after
solving radiative diffusion equation. It has been demonstrated there that the
temperature at the boundary of the outflow follows a different law from the
one of adiabatic cooling: T (r ) ∝ r −13/24 with both temperatures nearly coinciding at the radius of diffusion. So we expect the time integrated spectrum
obtained by MC simulations has more power at energies above the peak.
Finally, in both MC simulations and the work of Ruffini et al. (2013b) the
photons emitted outside the relativistic beaming cone from the photon thin
outflows are neglected. This is good approximation, since such photons have
much lower energy due to the Doppler effect. Besides, their arrival time is
2Γ2 longer than the arrival time of diffusion.
Spectra and light curves are shown respectively in Figs. E.7 and E.8. The
simulation involves 106 photons. We see a good agreement between both
methods of computation. The high energy tail with a power law in the time
integrated spectrum is clearly visible. Our MC simulation shows the exponential cut off at the energy corresponding to the temperature of photons at
the radius defined by the initial optical depth τi (see Fig. E.7). The power
law above the peak energy should extend up to initial temperature T0 , see
Ruffini et al. (2013b). This also results in the missing initial part of the lightcurve (see Fig. E.8).
The power law index is β = −3.5 for the model of the outflow given by
Eq. (E.2.1). Such power law is steeper than typical high energy power laws
observed in GRBs. It remains to be analysed how β changes for different
hydrodynamic models of the outflow. Besides, high energy GeV emission
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Figure E.6.: Light curves from photon thick outflow within different approximations: sharp photosphere (1), fuzzy photosphere (2) and MC simulation
(3) for Compton scattering model. Coherent scattering model gives similar
results.
cannot be explained with this model since there exists an exponential cut off
corresponding to the initial temperature in the source of GRB, typically being
in MeV region.
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Figure E.7.: Time integrated spectrum from photon thin outflow obtained
by MC simulation (crosses), and sharp photosphere approximation (thick
curve). TLOS is here the laboratory temperature at R D .

E.5. Conclusions
To summarize, in this work we considered the photospheric emission from
finite relativistic outflow by MC simulations of photon scattering. The valid-
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Figure E.8.: Light curves from photon thin outflow obtained by MC simulation (crosses) and sharp photosphere approximation (thick curve).
ity of the assumptions made in Ruffini et al. (2013b) is verified and it is found
that the fuzzy photosphere approximation used in that paper is adequate in
describing both the light curves and the shape of the spectra of photospheric
emission from photon thick outflows. The sharp photosphere approximation
produces qualitatively acceptable results for photon thick outflows, but underestimates high energy part of the spectrum and the decaying part of the
light curve.
As expected, diffusion is found to dominate the photospheric emission of
photon thin outflows. The probability density of last scattering is obtained in
this case both as function of outflow depth and its radial position. Both these
functions differ from their photon thick counterparts, once more pointing out
the essential difference between these two cases. Good agreement is obtained
between MC simulation and sharp photosphere approximation for both light
curve and spectrum from photon thin outflow.
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the photosphere of relativistic
outflows
F.1. Introduction
Gamma Ray Burst (GRB) emission originates from plasma which expands
relativistically from initial optically thick phase. It necessarily contains the
photospheric component which appears when plasma becomes transparent
to radiation initially trapped in it (Goodman, 1986; Paczynski, 1986, 1990;
Shemi and Piran, 1990).
The fireshell model, see. e.g. Ruffini et al. (2009b) pays special attention to
this photospheric component. It is identified as P-GRB (proper GRB). Both its
energetics and time separation from the peak of the afterglow are predicted,
and comparison with observations allowed identification of this component
in many GRBs (970228, 991216, 031203, 050315, 050509B, 060218, 060607A,
060614, 071227, 090618, 090902B, 090423 and others).
The impossibility of explaining observed hard low energy slopes
of spectra with traditional synchrotron shock models revived the
interest in the photospheric emission from relativistic outflows in
the recent literature (Mészáros and Rees, 2000; Mészáros et al., 2002;
Daigne and Mochkovitch, 2002; Pe’er et al., 2007; Beloborodov, 2010, 2011;
Ryde et al., 2011; Pe’er and Ryde, 2011). Reprocessing of thermal emission
assumed to originate from the photosphere by nonthermal distribution of
electrons is in the basis of more complicated models with dissipation near
the photosphere (Rees and Mészáros, 2005; Giannios, 2006; Toma et al., 2011;
Ryde et al., 2011; Vurm et al., 2013; Levinson, 2012). Such models successfully reproduce both high energy and low energy parts of observed spectra
in some bursts: e.g. GRB090902B, see Ryde et al. (2011). However, the physics
of dissipation is poorly understood. Fine tuning is involved, since such dissipation is required to occur very near the photosphere, see e.g. Vurm et al.
(2013).
Several papers claim deviations of theoretically computed spectrum, coming from nondissipative photospheres of relativistic outflows, from the
Planck shape at low energies. Beloborodov (2010) found the low energy photon index α = 0.4 (in contrast with α = 1 for Planck spectrum) solving the
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radiative transfer equations by Monte Carlo method in the steady relativistic wind. Pe’er (2008) and Pe’er and Ryde (2011) found both analytically and
numerically flattening of the spectrum, considering late time emission from
the relativistic wind when it switches off with α → 0 for late emission. This
result is obtained considering the probability density function of the last scattering. Ruffini et al. (2013a) found that the increased power at low energies
with respect to the Planck spectrum (photon indices are, respectively α = 0.82
and 0.34 for accelerating and coasting photon thick instantaneous spectra) is
the result of temperature distribution across the Photospheric EQuiTemporal
Surface (EQTS) (Bianco et al., 2001; Ruffini et al., 2001a).
The formation of photon spectrum at the photosphere of ultrarelativistically expanding outflow can be explained as a combination of several effects.
Firstly, there is a contribution from different angles with respect to the line
of sight of photons, arriving to the observer at the same time from the EQTS.
This effect is purely geometrical. Secondly, photons have different comoving temperatures at each point of EQTS and the observed spectrum is a superposition of that comoving spectra, blueshifted to the observer’s reference
frame (a multicolor blackbody) (Pe’er and Ryde, 2011). Thirdly, local spectral
distortions arise due to the decoupling of photons from the plasma near the
photosphere. In this Letter we are concerned with the latter effect. We use the
radiative transfer equation for the steady wind model of Beloborodov (2011)
with collision integrals obtained as the Fokker-Planck approximation to exact
collision integrals of Compton scattering. This equation reduces to the classic
Kompaneets equation for the medium at rest. However, here we consider relativistically expanding outflow, implying that anisotropy of the photon field
has to be accounted for in the collision integral. We solve numerically this
equation and find the observed spectrum of photospheric emission from relativistic wind.
The paper is organized as follows. In Section 2 we present the radiative
transfer equation for coasting relativistic wind. In Section 3 we report our
numerical results. Conclusions follow.

F.2. The radiative transfer equation
We start with the radiative transfer equation in spherically symmetric steady
(time independent) medium written in comoving frame, with the only exceptions for radius r and Lorentz factor Γ being the quantities measured in the
laboratory frame (c.f. Beloborodov (2011)):
µ + β ∂n(r, ǫ, µ) 1 − µ2 ∂n
1 − µ2
∂n
+
−
βǫ
1 + βµ
∂r
r ∂µ r (1 + βµ) ∂ǫ
1
η − χn
=
,
Γ(1 + βµ) 1 + βµ
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(F.2.1)

F.2. The radiative transfer equation
where n is photon occupation number, µ = cos ϑ parametrizes the angle between the momentum of the photon and the radius vector, η and χ are emission and absorption coefficients, ǫ is photon energy.
The collision integral takes into account that photons are scattered by the
moving medium (see Fukue et al. (1985); Psaltis and Lamb (1997)) and consequently their distribution is anisotropic in the comoving frame:
(

3ne σT ǫ
2ǫ
(F.2.2)
η − χn =
1−
16π
m e c2
Z
h

i
′
2
′
× do
1+x n −n
Z


2ǫ
′
3
+
do
x
+
x
n′
m e c2
Z


2kTe
′
3
2
do 2x − 3x − 2x + 1 n′
+
2
me c
Z


1
′
2
do
1
+
x
+
(1 − x )
m e c2

 )
kTe ∂ 4 ∂
1 ∂ 4
∂ 2
×
ǫ
+
ǫ + 2n ǫ n′ ,
∂ǫ
ǫ2 ∂ǫ ∂ǫ ǫ2 ∂ǫ
where Te is electron comoving temperature, ne is electron comoving density,
me is electron mass, σT is Thompson cross section,
p speed of light,
p c is the
′
′
′
′
′
2
n = n(ǫ, µ), n = n(ǫ, µ ), do = dµ dφ , and x = 1 − µ 1 − µ′2 cos(φ −
φ′ ) + µµ′ . Here prime denotes angles of particles after scattering.
We integrate Eq. (F.2.2) over dφ. Then we introduce the Legendre polynomials
n(ǫ, µ) =

∑ nl (ǫ) Pl (µ),

(F.2.3)
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2

and transform to a new variable ρ ≡ nǫ2 . Hence we arrive to the final equation
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(F.2.4)
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In isotropic case ρ = ρ0 and the integration of equation (F.2.4) over angles
gives the Kompaneets equation for the variable ρ0 as


∂ρ 2ρ
ǫ2 ne σT
2ǫ
+
=
1−
∂r
r
Γme c2
m c2
 
 e

∂
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2 ∂
×
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(F.2.6)

R
As expected, the photon number conservation holds, that is dǫr2 ρ = const.
When angle dependence is taken into account photon conservation gives
Z

dµdǫ( β + µ)r2 ρ = const.

(F.2.7)

Equation (F.2.4) with collision integral (F.2.5) is integrated numerically. We
introduced the computational grid for angles and energy and applied lines
method for evolutionary equations with coordinate r playing the role of time.
Implicit numerical scheme is used. Our scheme for the classical Kompaneets
equation is similar to the one used in Nagirner et al. (1997). In numerical calculations one has to assume the temperature and number density of electrons
dependence on radius. Following Ruffini et al. (2013a) we adopt the comoving density profile
 2
R0
,
(F.2.8)
n e = n0 B
R

where B = Ṁc2 /L is the baryonic loading parameter, L is luminosity at the
base of the wind at radius R0 and Ṁ is mass ejection rate. For the comoving
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temperature we choose
Te = T0 B



R0
BR

k

,

(F.2.9)

where T0 = ( L/(16πσSB R20 ))1/4 , σSB is Stefan-Boltzmann constant, k is a constant. This model with k = 2/3 describes coasting steady relativistic wind.
The electron comoving density decreases with increasing laboratory radius, so does the optical depth. Near the photosphere, where the optical
depth reaches unity, the coupling between photons and electrons weakens.
We assume that electron comoving temperature on the path of photons propagating outwards is decreasing following eq. (F.2.9), even when the outflow
becomes optically thin. This effect is parametrized by the coefficient k ≥ 2/3.
Electrons are described by the Maxwellian distribution function in the comoving frame with the temperature given by the relation (F.2.9).
Since initially the outflow is highly opaque, photons in the beginning have
thermal spectrum and isotropic distribution in the comoving reference frame.
Near the photosphere the coupling of photons to the medium is due to Compton scattering on electrons.
Before proceeding with steady wind model, we tested our numerical
scheme. Considering a uniform optically thick medium with stimulated
emission taken into account and neglected, respectively, convergence to
Planck and Wien distributions of photons has been verified.

F.3. Results
The anisotropy of photon distribution near the photosphere in comoving reference frame found by Beloborodov (2011) is an interesting effect which we
have also found in our approach. This result is illustrated in Fig. F.1.
This effect can be explained from the geometric point of view. Since collisions tend to isotropize photons, only those photons which are undergoing scatterings have nearly isotropic distribution. In contrast photons that
already experienced their last scattering have increasingly anisotropic distribution in the comoving frame due to relativistic aberration. Hence the local
photon field at the photosphere which contains all photons, those which continue to scatter and those which already propagate freely, becomes more and
more anisotropic.
Our computation is performed in the comoving reference frame. In order
to find the photon spectrum which a distant observer will detect we have to
transform the spectrum into the laboratory reference frame. One has to use
the following transformations
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Figure F.1.: Anisotropy of photon distribution in the comoving reference
frame developing near the photosphere. When the outflow has high optical depth the distribution is isotropic, but near the photosphere it becomes
increasingly anisotropic. The direction of medium motion is to the right. The
optical depth for these curves is τ = 100, 10, 5, 1.4, 0.7, 0.3 with increasing
anisotropy.

N (ǫ L ) = 2π

Z 1
0

dµ L r2 µ L n(ǫ, µ))ǫ2L ,

(F.3.1)

µL − β
,
1 − βµ L

(F.3.2)

ǫ = Γ(1 − βµ L )ǫ L ,

µ=

where the subscript ”L” denotes quantities in the laboratory frame.
Two asymptotic cases were found in Ruffini et al. (2013a) to have very different spectra from the photosphere: photon thick and photon thin ones.
Since the photon thin case is characterized by nearly Planck instantaneous
observed spectrum, here we concentrate on the photon thick case.
Consider steady relativistic wind with the following parameters:
L = 1054 erg/s, Γ = 500, R0 = 108 cm, k = 2/3.

(F.3.3)

Given these values we find for initial optical depth
τ0 =

σT L
= 2.2 × 1010 ,
4πm p c3 R0 Γ

(F.3.4)

where σT is the Thomson cross section, and initial temperature T0 = 1.2 MeV.
The photospheric radius is
R ph =

τ0
R0 = 4.4 × 1012 cm.
2
2Γ

(F.3.5)

We start the computation at the beginning of the coasting phase with Ri =
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Figure F.2.: The spectrum of photons (Fν ) in the comoving reference frame
is shown for selected values of radii: 5 × 1010 , 1011 , 1012 , 1013 and 5 × 1014
cm. Solid curves show integrated spectrum over angles, dashed curves show
the Planck spectrum with the temperature following the relation (F.2.9) with
k = 2/3 for comparison. Dotted curves show the spectra for µ = 1 (photons
propagating forward in the comoving frame) and dash-dotted curves correspond to µ = −1 (photons propagating backward in the comoving frame).
5 × 1010 cm where the optical depth is τi ∼ 102 and compute the spectrum
until it settles to a static solution in the laboratory reference frame well above
the photospheric radius R ≫ R ph .
In Fig. F.2 we show the evolution of photon spectrum in comoving reference frame for selected values of radii starting at large optical depth through
the photosphere ending up at small optical depth τ ∼ 10−2 .
While the spectrum in comoving frame initially keeps the Planck shape, it
becomes distorted with decreasing optical depth. It is also the consequence of
interaction with electrons which on average have smaller energy than photons do, see Fig. F.2. In fact, near the photosphere the average energy of
photons saturates Beloborodov (2011), but the one of electrons continues to
decrease. When this spectrum is transformed to the laboratory frame using
Eq. (F.3.2) we find increasing deviations from Planck spectrum essentially
due to contribution from different angles. Clearly this effect becomes less
and less prominent with decreasing optical depth. The final shape of the
spectrum is reached for τ > 10−2 . Our results for the steady coasting relativistic wind agree quantitatively with those obtained by Bégué et al. (2013)
and by Ruffini et al. (2013a).
In Fig. F.2 we also show the spectra of photons propagating forward (for
which the angle θ between the momentum of the photon and the radius
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Figure F.3.: The spectrum of photons (Fν ) transformed to the laboratory reference frame is shown for selected values of radii, corresponding to Fig. F.2.
Solid curves show the observed spectrum of photons integrated over angles,
dashed curves show the spectrum of photons arriving to a given radius with
thermal spectrum in the comoving reference frame, transformed to the laboratory reference frame.
vector vanishes, dotted curve) and those propagating backward (for which
θ = π, dash-dotted curve). While photons propagating forward dominate in
the spectrum due to Doppler effect, the contribution of photons with θ > 0
changes the shape of the spectrum compared to the black body one, especially near its peak.
We also computed observed spectrum with different values of k parameter.
The values of k > 2/3 imply that the temperature in the wind decreases with
radius faster than the one given by the steady solution. More rapid change
of temperature with radius may mimic some more realistic profiles of finite
radial extension of the outflow, see e.g. Piran et al. (1993). Photons propagating in such outflows scatter on electrons with lower temperature, which
leads to additional comptonization of the spectrum. At large optical depths
photon spectrum adjusts to the electron temperature. With decreasing optical
depth only low energy part of the spectrum is affected by comptonization. In
Fig. F.4 we show for comparison two final observed spectra νF (ν) ∝ nǫ4 with
different values of k, namely k = 2/3 and k = 2. It is interesting to note that
the number of photons in the low energy part of the spectrum increases with
increasing k. This low energy part of the spectrum can be fit with a power
law. Performing the fit in the energy range between 1 and 10 keV we found
that the power law index changes as follows
α ≃ 1 − k.
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Figure F.4.: The final observed spectrum of photons (νFν ) is shown for two
values of k parameter: k = 2/3 (thin curve) and k = 2 (thick curve). For
comparison Planck spectrum is shown by dashed curve.
This power law index α actually coincides with the one used in the Band
phenomenological spectrum Band et al. (1993). Thus we find that Compton
scattering near the photosphere can change the low energy part of observed
spectrum. In particular, the photon index α is shown to depend on the index
k which parametrizes the electron temperature dependence on radius.
In our calculations the stationary wind model is used. The observed durations of GRBs range from a fraction of second to thousands of seconds, hence
the finite duration effects have to be taken into account for theoretical calculations of light curves and spectra of the photospheric emission. Such finite
duration effects give rise to a new classification of relativistic outflows, which
is discussed in details by Ruffini et al. (2013a), see also Bégué et al. (2013).
Besides one has to keep in mind that the prompt emission of GRBs contains
not only photospheric component but in most cases also non-thermal component originating from optically thin regions of the outflow. However, unambiguous identification of the photospheric component in GRBs is crucial since
it provides basic information about the physical parameters of GRBs, see e.g.
Iyyani et al. (2013).

F.4. Conclusions
We considered relativistic steady wind and computed the observed spectrum
of its photospheric emission. For this goal we solved the equation of radiative
transfer in comoving reference frame with exact Compton collision term in
Fokker-Planck approximation, including the effect of anisotropy of the photon field. We obtained the photon spectra in the laboratory frame, as seen by
a distant observer.
We confirmed the result of Beloborodov (2011) indicating the presence
of strong anisotropy developed in the comoving frame at the photosphere.
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Some qualitative differences in our results are due to the fact that he used
approximate collision term, instead of our exact one.
The observed spectrum from the photosphere of the steady coasting relativistic wind is found in agreement with previous studies. We also found
that when the temperature decreases with radius faster than in the case of a
steady wind the low energy part of the observed spectrum changes significantly with respect to the Planck function. In particular, for the temperature
profile T ∝ r −2 we found for the Band index α ≃ −1, in agreement with
typical low energy photon index observed in GRBs.
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G. Spreading of ultrarelativistically
expanding shell: an application
to GRBs
G.1. Introduction
Optically thick pair plasma with baryon loading is assumed to power GRBs
in many models considered in the literature, see, e.g., Piran (1999), Meszaros
(2006), Ruffini et al. (2009b). Such plasma is self accelerated to large bulk
Lorentz factors due to initial energy dominance. Due to relativistic kinematics in laboratory reference frame it forms a shell with width approximately
equal to its initial size. When the plasma becomes transparent to Compton
scattering a flash of radiation is emitted. In the literature such emission is often associated with so-called precursors (Lazzati, 2005). In the fireshell model
(Ruffini et al., 2009b) this emission is called the Proper GRB (P-GRB).
For typical baryonic loading parameters of observed GRBs 10−3 < B <
10−2 , where B = Mc2 /E0 , Mc2 is total baryonic rest mass energy, E0 is total
energy released in the source of GRB, the fraction of energy emitted at transparency can reach several percents of the total energy. Considering that typical duration of long GRBs is of the order of hundreds of seconds, and P-GRB
typically lasts for less than few seconds (Ruffini et al., 2009b) luminosities of
both events are comparable in magnitude.
Early treatments assuming the absence of baryons and thin shell approximation (Bianco et al., 2001), and non instantaneous energy release
(Ruffini et al., 2005) produced estimations of P-GRBs duration ∼ 10−2 − 10−1
sec for the progenitor mass range 10 − 103 M⊙ , much larger than the naive
estimation of the gravitational collapse time ∼ GM/c3 ≃ 5 · 10−6 M/M⊙ sec,
where G is Newton’s constant, M is black hole mass, c is the speed of light.
Observed durations of P-GRBs (Ruffini et al., 2009b) of most energetic GRBs
is of the order of several seconds. Main purpose of this paper is to outline a
possibility of resolution of this tension considering different mechanisms of
spreading of ultrarelativistically expanding shell.
The paper is organized as follows. In Sec. 2 the hydrodynamic phase of
GRB is discussed, hydrodynamical spreading mechanism is recalled, and results of its application to GRBs are shown. In Sec. 3 the concept of thermal
spreading is introduced, evaluation of spreading for relativistic Maxwellian
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distribution function is performed, and the results of thermal spreading computation are applied to GRBs. Discussion of the spreading effects on the duration of P-GRB and conclusions follow in the last section.

G.2. Hydrodynamic phase and optical depth of
GRBs
Energy, entropy and baryonic number conservation laws for each
differential subshell of ultrarelativistically expanding shell imply
(Ruffini and Vereshchagin, 2013)

( p + ρ)Γ2 r2 dr = const,
σΓr2 dr = const,

(G.2.1)

2

nΓr dr = const,
where ρ and p are respectively comoving energy density and pressure, σ and
n are respectively comoving entropy and comoving baryon number density,
Γ is Lorentz factor, and r is laboratory radial coordinate. Assuming polytropic
equation of state
p = (γ − 1) ρ, σ = ργ ,
(G.2.2)
where γ is the thermal index, from (G.2) each differential subshell has
Γ ∝ r,

ρ ∝ r −4 ,

n ∝ r −3 ,

(G.2.3)

during the energy dominated phase with γ = 4/3. The transition from energy to matter domination with γ = 1 occurs at Req ≃ R0 /B, where R0 is
initial size of the energy dominated region. During the matter dominated
phase for r ≫ Req
Γ ≃ B−1 = const,

ρ ∝ r −2 ,

n ∝ r −2 .

(G.2.4)

In Ruffini et al. (2013b) we computed the optical depth and dynamics of PGRB for the case when Γ is constant across the shell. General expression for
the optical depth of the shell is
τ=

Z R∗
R

σT nΓ(1 − β)dr

(G.2.5)

where σT is Thomson’s cross section and R∗ is the radius at which light ray
emitted from the inner boundary of the shell at radius R crosses its outer
boundary. For large baryonic loading with
−1/5 2/5
B ≫ 1 × 10−3 E54
R8 ,
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where R0 = R8 108 cm, E0 = E54 1054 erg, optical depth of the shell is
τ = τ0



R0
R

2

,

(G.2.7)

where τ0 = σT n0 R0 , n0 is given by equation (G.2.11) with r0 = R0 . Equation
(G.2.7) correspond to the photon thin asymptotics (Ruffini et al., 2013b) of
equation (G.2.5) defined by the condition R∗ − R = 2Γ2 R0 ≪ R.
The observed duration of P-GRB is determined in this asymptotics by the
process of radiative diffusion (Ruffini et al., 2013b)
∆t a =

tD
1/3 5/3 1/3
≃ 0.12E54
B−2 R8 s,
2Γ2

(G.2.8)

where B = B−2 10−2 and time of diffusion t D was found by solution of radiative transfer equation.
All these results are derived assuming constant Lorentz factor across the
shell. Hence the width of the shell remains constant during its expansion. This fact has been used within the fireshell model and termed as
the “constant thickness approximation”, provided that the baryon loading
is not too heavy B ≤ 10−2 (Ruffini et al., 2000). Hydrodynamic analytical
(Shemi and Piran (1990), Bisnovatyi-Kogan and Murzina (1995)) and numerical (Piran et al. (1993), Mészáros et al. (1993)) calculations show that Lorentz
factor gradient is developing during shell expansion that leads to spreading
of the shell at sufficiently large radii at the matter dominated phase.
At this phase of expansion each differential subshell is expanding with almost constant speed v = βc ≃ c(1 − 1/2Γ2 ), so the spreading of the shell is
determined by the radial dependence of the Lorentz factor Γ(r ). In a variable
shell there can be regions with Γ(r ) decreasing with radius and Γ(r ) increasing with radius. At sufficiently large radii only the regions with increasing
Γ contribute to the spreading of the shell. From equations of motion of external and internal boundaries of this region we obtain (Piran et al., 1993) the
thickness of the region as function of radial position of the region
!
R 1
1
l ( R ) = R0 +
(G.2.9)
− 2 ,
2 Γ2i
Γe
where Γe and Γi are Lorentz factors at external and internal boundaries, R0
is the width of the region at small R, R being the radial position of inner
boundary. Let us consider such a region in two limiting cases:
a) when relative Lorentz factor difference is strong,
∆Γ = Γe − Γi & Γi ;
b) when relative Lorentz factor difference is weak,
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∆Γ = Γe − Γi ≪ Γi .
In the case a) the second term in parenthesis in equation (G.2.9) can
be neglected, and we obtain that the spreading becomes efficient at R >
Rb = 2Γ2i R0 , see Mészáros et al. (1993) and Piran et al. (1993). In the case
b) we find the corresponding critical radius of hydrodynamical spreading
Rb = (Γi /∆Γ)Γ2i l ≫ Γ2i R0 . From equation (G.2.9) one can see that in
both cases for R ≫ Rb width of the shell is increasing linearly with radius
l ( R) ≃ (∆Γ/Γi ) R/Γ2i .
The discussion above corresponds to the case b) since for weak Lorentz
factor difference Rb ≫ Rtr . In what follows we focus on the case a) and derive
corresponding relations assuming strong relative Lorentz factor difference
across the shell. Let us take an element of fluid with constant number of
particles dN in the part of the shell with gradient of Γ. Internal boundary
of the element is moving with velocity v, and external one is moving with
velocity v + dv = v + dv
dr dr, where dr is the differential thickness at some fixed
laboratory time t = 0 and derivative dv/dr is taken at the same laboratory
time. Then at time t the width of the element is dl = dr + tdv, its radial
position is R(t) = r0 + vt, where r0 ia initial radial position of the element,
and corresponding laboratory density is
nl =
where

r2
dN
dN


,
= n0  0
=
dV
2 1 + t dv
4πR2 1 + t dv
R
dr
dr
dr
n0 =

dN
dN
.
=
dV0
4πr02 dr

(G.2.10)

(G.2.11)

At large enough t using R ≃ ct we have in contrast with (G.2.4)
ρ ∝ r −4 , n ∝ r −3 ,
 
1 dΓ −1
R ≫ Rb = 3
.
dr
Γ

Γ ≃ const,

(G.2.12)

In order to compute the integral (G.2.5) we need to find the expression for
baryonic number density along the light ray. Taking into account hydrodynamical spreading (G.2.9) we obtain
n0
n=
Γ



R0
r

2

1
1+

2r dΓ
Γ dr

,

(G.2.13)

that is exact in ultrarelativistic limit. Notice the difference between equations (G.2.13) and (G.2.10): in the former case dΓ/dr is computed along the
light ray, while in the latter case dv/dr is computed along the radial coor-
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dinate at fixed laboratory time. The expression (G.2.13) reduces to equation (G.2.4) when dΓ/dr = 0. Instead when the second term in the denominator of the expression (G.2.13) dominates, namely when r ≫ Γ(dΓ/dr )−1 ,
density radial dependence coincides with the one given by relations (G.2.12).
An estimate for dΓ/dr can be given for strong relative Lorentz factor difference ∆Γ ∼ Γ in the shell
dΓ
∆Γ
Γ
1
,
∼
∼ 2 =
dr
∆r
2ΓR0
2Γ R0

(G.2.14)

where ∆r ∼ 2Γ2 R0 is the distance inside the shell along the light ray. Numerical results from Piran et al. (1993), Mészáros et al. (1993) and analytical ones
from Bisnovatyi-Kogan and Murzina (1995) support this estimate.
Integrating expression (G.2.14) we obtain Lorentz factor dependence on
radial coordinate along the light ray
s
r−R
Γ (r ) ∼
.
(G.2.15)
R0
Since we are interested in the asymptotics when the hydrodynamical spreading is essential, we can assume in the integral (G.2.5) r ≫ R and R∗ ≫ R.
Under these conditions the optical depth is
τ0
τ=
8



R0
R

2

.

(G.2.16)

This result coincide with equation (G.2.7) up to a numerical factor. However
its physical meaning is different. It represents photon thick asymptotics of
equation (G.2.5), since R∗ ≫ R (Ruffini et al., 2013b).
Transparency radius is defined by equating (G.2.16) to unity and is given
by
1/2

σT BE0
1/2 1/2
(G.2.17)
= 2 × 1014 B−
Rtr ≃
2 E54 cm,
32π m p c2
where m p is proton mass. At the radius of transparency the width of the shell
(G.2.9) spreads up to
1/2 1/2 −2
∆lhydr ≃ 1010 B−
2 E54 Γ2 cm,

(G.2.18)

where Γi = 100Γ2 .
In this case radiative diffusion is irrelevant and duration of P-GRB is then
given by the time of arrival of photons emitted from the shell all the way up
to Rtr
Rtr
1/2 1/2 −2
∆t a ≃ 2 = 0.3 B−
(G.2.19)
2 E54 Γ2 s.
2Γi c
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In contrast to equation (G.2.8) in the case of strong Lorentz factor difference,
namely with Γi < (2B)−1 , this duration can be of the order of several seconds
with agreement with observations.

G.3. Thermal spreading
We now determine the velocity spread of particles as a function of comoving
temperature T and bulk Lorentz factor Γ for relativistic Maxwellian distribution. Based on this result we compute the value of thermal spreading of
expanding shell.
The distribution of particles in the momentum space in the laboratory
frame is a Lorentz-boosted Maxwellian
1 h 2 2
m c + py 2 + pz 2
mcθ

2 i !
q
1/2
+ Γp x − (Γ2 − 1)(m2 c2 + p2 )
, (G.3.1)

f ( p x , py , pz ) = A exp −

where we assumed that the relative motion of the frames is along their x-axes
and θ = kT/mc2 is dimensionless comoving temperature.
Velocity dispersion in the x-direction is
D (v x ) = M (v2x ) − M2 (v x ),

(G.3.2)

where M (χ) denotes the average value of χ, which is defined by the convolution with the distribution function (G.3.1)

M(χ) =

Z

d3 p χ ( p ) f ( p )
Z

d3 p f ( p )

.

(G.3.3)

The above written integrals cannot be computed analytically, but their numerical approximations can be found.
Numerical issues in the velocity dispersion calculations by (G.3.2) arise
from the fact that for high Γ we need to subtract two numbers M (v2 ) and
M2 (v) which are very close to each other and to c2 . This leads to substantial
reduction of accuracy. A different formula for dispersion
D (v x ) = M ([v x − M (v x )]2 )

(G.3.4)

proves to bepmore convenient. The spread of particle velocities is then
(∆v)therm = D (v).
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For nonrelativistic comoving temperatures the correct asymptotics is
 
∆v
= Γ−2 θ 1/2 .
(G.3.5)
c θ ≪1
The case of ultrarelativistic comoving temperature
√ (θ ≫ 1) is more interesting. Starting close to the maximal value 1/ 2, the velocity spread for
10 . Γ . θ reaches approximately
 
∆v
≃ Γ−3/2 ,
(G.3.6)
c 10.Γ.θ
which means that the dispersion is independent on the temperature. For Γ ≫
θ the asymptotics (G.3.5) is restored just up to a multiplier close to unity
 
∆v
≃ 1.16 Γ−2 θ 1/2 .
(G.3.7)
c 1≪ θ ≪ Γ
Our results suggest that (G.3.6) gives absolute upper limit for the velocity
spread, and temperature dependence of (G.3.5) and (G.3.7) reduce the spread
even further.
Initial temperature of the plasma formed in the source of GRB can be estimated from its initial size R0 ∼ 108 cm and total energy released
1048 erg < E0 < 1055 erg.
Assuming that the temperature is determined by e+ e− pairs only
E0
3E0
= aT04
=
V0
4πR30

(G.3.8)

we get for initial temperature
0.40 <

kT0
< 22.
m e c2

(G.3.9)

At radiation dominated phase the comoving temperature of the plasma decreases as T ≃ T0 R0 /r, at matter dominated phase as T ≃ T0 B1/3 ( R0 /r )2/3 .
Now we compute the thermal spreading at both phases.
For the first phase the reasonable approximation of Lorentz factor is
s
 2
ct
.
Γ(t) ≃ 1 +
R0
Due to the nature of Lorentz transformations in constantly accelerated frame
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Rt
the final spreading of the shell ∆l1 = 0 ∆v dt appears to be finite even if
we extend this phase infinitely in time, and the main part of the spreading is
connected with initial part of motion with relatively small Γ.
While the temperature of protons in the source of GRB is nonrelativistic
θ ≪ 1, velocity spread is given by (G.3.5) which in energy dominated phase
leads to the spreading
s
∆l1
kT0
1/8 −3/8
. 2.2
.
(G.3.10)
R8
= 0.18 E54
R0
m p c2
In the matter dominated phase the additional spreading of the shell is
∆l2
≃ 3B7/3
R0

s

kT0
m p c2



Rtr
R0

1/3

=
7/24 −17/24 5/2
= 6.7 · 10−4 E54
R8
B−2 , (G.3.11)

when Rtr ≫ R0 . Comparing to the hydrodynamical spreading for reasonable GRB parameters the spreading coming from both (G.3.10) and (G.3.11)
is negligible.
Note that velocity dispersion in any case does not exceed the value given
by equation (G.3.6) with θ ≫ 1
∆l1
1
=
R0
R0

Z t1
0

1
∆v(t)dt .
R0

Z ∞
0

cΓ(t)−3/2 dt ≃ 2.6,

(G.3.12)

which gives an absolute maximum of the thermal spreading on the energy
dominated phase.

G.4. Conclusions
In this paper we considered two mechanisms of spreading of relativistically
expanding plasma shell. We also discuss their implications for the duration
of electromagnetic signal from transparency of the plasma.
Firstly, following the proposal of Piran et al. (1993) hydrodynamical
spreading of relativistically expanding shell is estimated. Secondly, thermal
spreading is considered. Assuming relativistic Maxwellian distribution function we determined the velocity dispersion depending on temperature and
the Lorentz factor of the bulk motion.
We then applied these results to GRBs within the framework of the fireshell
model. It is shown that thermal spreading provides negligible spreading for
typical parameters of GRBs. Instead, hydrodynamical spreading results in
the increase of the duration of P-GRB. For nonspreading shells characterized
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by almost constant Lorentz factor distribution within the shell the duration of
P-GRB is determined by the time of diffusion, see equation (G.2.8). If strong
Lorentz factor difference is present within the shell, hydrodynamical spreading prevents occurrence of photon thin asymptotics and leads to duration of
P-GRB given by equation (G.2.19).
Our results imply that for high enough baryon loading and energy of the
burst the duration of the P-GRB is not determined by the initial size of the
plasma R0 , but by the value of the hydrodynamical spreading, reaching up
to several seconds.
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H. Kinetic approach to
transparency of relativistic
outflows
First we recall the theory of photospheric emission from relativistic outflows
following the approach present in Ruffini et al. (2013a). The same methodology will be used in the reminder of this work to set up proper initial conditions for our computations. We define the 4-velocity of the outflow in the
laboratory frame as
U µ = c Γ (1, β) = c Γ (1, β, 0, 0) ,

(H.0.1)

where βc is the radial velocity of the outflow with respect to the laboratory
frame
p and the Lorentz factor is related to this velocity by the relation Γ =
1/ 1 − β2 .
Let us consider a spherically symmetric wind of finite duration ∆t which
emerges from the source with radius R0 , luminosity L(t) = dE/dt = const
and mass ejection rate Ṁ = dM/dt = const. It is already known that under
the condition that the bulk Lorentz factor Γ ≫ 1 there is an approximate analytic solution of relativistic hydrodynamic equations Paczynski (1986, 1990).
This solution can be divided in two phases: accelerating and coasting ones.
At accelerating phase
Γ ≃ r/R0 ,

R0 < r < ηR0 ,

(H.0.2)

while at coasting phase
Γ ≃ η = const ,

r > ηR0 ,

(H.0.3)

where r is the radius and η = L/( Ṁc2 ) is dimensionless entropy
Mészáros and Rees (2000). Continuity equation implies for laboratory density of baryons
n = n c Γ ≃ n0



r
R0

 −2

,

R(t) ≤ r ≤ R(t) + l ,

(H.0.4)

where nc is the comoving number density of baryons, n0 is its value at the
base of the wind, l ≃ c∆t and R(t) = βct + l. The solutions of relativistic

859

H. Kinetic approach to transparency of relativistic outflows
hydrodynamic equations (H.0.2), (H.0.3), and (H.0.4) are also valid in thin
shell model of fireball Piran (1999); Meszaros (2006) and in the asymptotic
regimes for the fireshell model provided that Γ ≫ 1.
Since we know the number density of particles with which photons interact, we can now compute the optical depth within the outflow in order to
obtain the shape and position of the photosphere. The optical depth along
the light-like world line L can be defined in Ehlers (1973) as
τ=

Z

L

σjµ dx µ ,

(H.0.5)

where σ is cross section, jµ is the 4-current of particles, and dx µ is the element
of the world line. Therefore the optical depth (H.0.5) can be defined in any
reference frame.
Consider the light-like world line starting at time t at the interior boundary
r = R of the outflow and directed outwards. The optical depth given by
equation (H.0.5) is then (see e.g. Abramowicz et al. (1991); Pe’er (2008))
τ=

Z R+∆R
R

σn (1 − β cos θ )

dr
,
cos θ

(H.0.6)

where β ≃ 1 − 1/2Γ2 , r is used as a parameter along the world line, R + ∆R
is the radial coordinate at which the world line crosses the outer boundary
of the outflow, and θ is the angle between the world line and the velocity
vector of the outflow, n is the laboratory number density of electrons. If
positrons are also present in the outflow, their contribution has also to be
added. The quantity ∆R is found from the equation of motion of the outflow.
In particular, for outflow expanding with constant velocity (coasting phase)
one has from (H.0.3) for its outer boundary r (t) = βct + l. For radially directed light-light world line r (t) = ct. Equating these expressions, we find
ct = ∆R = l/(1 − β) ≃ 2Γ2 l.
When contribution of positrons to (H.0.6) can be neglected, the density of
electrons coincides with density of baryons given by equation (H.0.4). Hence
using (H.0.2) and (H.0.3) and assuming σ = const, three asymptotic expressions for the optical depth along the line of sight (LOS) are recovered from
(H.0.6): respectively, one for accelerating phase and two for coasting phase,
namely

 3

1
R0


τ
,
R0 ≪ R ≪ ηR0 ,

0


R 
 6
R0
1
τ=
(H.0.7)
,
ηR0 ≪ R ≪ 2η 2 l ,
τ0

2
R
2η




R0 l


τ0 2 ,
R ≫ 2η 2 l ,
R
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where the initial optical depth is
τ0 = σn0 R0 =

σL
σE0
=
,
2
4πm p c R0 lη
4πm p c3 R0 η

(H.0.8)

where E0 ≃ L ∆t is the total initial radiative energy of the outflow and m p
is the proton mass. It turns out that this definition of τ0 implies that at ηR0
the energy density of photons computed in the laboratory frame exactly coincides with the kinetic energy of particles. This clearly indicates that the
conversion of radiation energy starts to be converted into kinetic energy of
particles by means of their relativistic motion becomes substantial at this radius.
By definition, the photospheric radius R ph is obtained by equating the optical
depth to unity

 τ 1/3
0


R
,
τ0 ≪ η 3 ,
 0

6
τ0
R ph =
(H.0.9)
R0 2 ,
η 3 ≪ τ0 ≪ η 4 l/R0 ,


2η


(τ0 R0 l )1/2 ,
τ0 ≫ η 4 l/R0 .

In Ruffini et al. (2013a) the authors give a very interesting physical interpretation of the different asymptotic expressions in Eqs. (H.0.7) for the optical
depth, renaming them in relation with the time spent by the photon within
the outflow. On one hand, the first two equations in (H.0.7) imply that the
radial distance ∆R is sufficiently large so that the number density substantially decreases between R and R + ∆R. In this respect the outflow is a “thick
wind”, even if the laboratory thickness of the outflow may be small, l ≪ R.
They refer to this case as a photon thick outflow. On the other hand, the last
equation in (H.0.7) implies that the number density of the outflow does not
change substantially along the radial distance ∆R. In this respect the outflow
is a “thin shell”even if the duration is long ∆t ≫ R0 /c. They refer to this
latter case as a photon thin outflow.
In what follows we are going to consider only a photon thick outflow during its coasting phase of expansion. We focus our attention on this specific
asymptotic case because it is one in which the spectrum of the photospheric
emission is found to deviate at the largest extent from the Planck spectrum.

H.1. Assumptions
Here we define our main assumptions in order to follow each particle distribution function (DF) evolution with time when a relativistic outflow becomes
transparent.
A key point of our method is that we aim to describe the whole system in
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the laboratory reference frame. As we have already mentioned this is due to
the impossibility of defining a proper comoving reference frame during the
phase of decoupling between electrons and photons.
In order to simplify our treatment, we take the physical space to be spherically symmetric. This means that physical parameters of the outflow such
as number and energy densities, temperature and Lorentz factor can be functions of the radial coordinate only. Still, there is much freedom in choosing
the radial profiles for the physical quantities one is interested in. Our initial
radial profiles will be the ones corresponding to a finite relativistic wind. In
particular, considering a photon thick outflow during its coasting phase we
take the Lorentz factor to be constant within the width of the outflow and
much larger than unity.
Analogously to the study of pair production in strong electric fields, we
assume the momentum space to be axially symmetric. In this case the parallel momentum will be aligned along the radial direction of motion while the
perpendicular component will be orthogonal to it. It is then clear that the dependence of the DF on the parallel momentum will be very much related to
the Lorentz factor. On the other hand the dependence on the orthogonal component will be linked with the comoving temperature. The reason for using
momentum component coordinates in the phase space is very much related
to the problem we are going to study. In the literature spherical coordinates
are usually adopted to model the phase space, however this becomes a problem if the numerical grid is kept constant and Γ becomes large. In such case
the main part of the distribution function tends to occupy a very small region
in the momentum space making its evolution with time very hard to follow.
Such problematic would manifest also in the case in which the distribution
function is strongly anisotropic. Our choice of coordinates allows for better
representation of the DFs in momentum space, as the DF of photons occupies
large part of the grid and it is more uniform, see Figure H.3 below.
In GRBs the relativistic expanding plasma is composed by photons, electrons, positrons and protons in such proportions that the system has no net
electric charge. Since we are going to start our computations with non relativistic comoving temperatures, electron-positron number density is exponentially suppressed and their presence can be safely neglected. Then the
main contribution to the outflow optical depth is given by the electrons associated to baryons. Moreover we know that in coasting expansion all protons
move with nearly the same momentum and their DF is peaked around the
corresponding Lorentz factor. Being much more massive that the electron,
the proton DF cannot be affected by interactions with photons or electrons
and therefore we can avoid to solve the corresponding Boltzmann equation.
Therefore in what follows we show that the approach to transparency of a relativistic outflow can be investigated considering only electrons and photons.
In this picture, electrons will interact with photons via Compton scattering,
therefore responsible for the optical depth, and they will carry the kinetic
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Figure H.1.: In this picture the radial direction of motion is aligned with the
x-axis, therefore the 3-velocity of the outflow β is parallel to this direction.
The angle between the 3-momentum p and β has been called α.

energy of the outflow as well.
We choose to start our calculations at relatively large optical depths. This
allows to follow decoupling of photons starting with thermal DFs with the
temperature given by the adiabatic cooling condition.
The geometrical relations between cartesian coordinates, particle momentum components p and the radial velocity βc is depicted in Figure H.1. In
this picture the x-axis is aligned along the radial coordinate of our spherically
symmetric physical space. In the same figure we also call α the angle between
the radial direction of motion of the outflow and the 3-momentum of the particle. With the chosen coordinates in the phase space the 4-momentum of the
considered particle becomes


µ
pk = ( Ek /c, p) = Ek /c, pk , p⊥ cos φ, p⊥ sin φ ,
(H.1.1)
where the energy is Ek = c
kind k.

q

p2 + m2k c2 and mk is the mass of the particle of

Particles are initially assumed to be in thermal equilibrium. This has been
proven to be true if the initial optical depth of the plasma is large. If so the
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DF in thermal equilibrium for a particle of kind k is given by


 −1
 
Γ
E
−
β
p
c
−
φ
k
k
k
1
 ± 1 ,
f k ( pk , p⊥ , r ) = 3 exp 
kB T
h


(H.1.2)

where the sing (+) corresponds to electrons, while the sign (−) corresponds
to photons. In principle also Lorentz factor, comoving temperature T and
chemical potential can depend on the radial coordinate. Eq. (H.1.2) satisfies
the following integral normalization relation
nk (r ) = 2π

Z ∞

−∞

dpk

Z ∞
0

dp⊥ p⊥ f k ( pk , p⊥ , r ) = Γ n′k (r ) ,

(H.1.3)

where nk (r ) is the number density measured in the laboratory rest frame
while n′k (r ) is the comoving number density. As a consequence the initial
DFs would be

 −1

 q

2 + µ2 + 1 − βµ
Γ
µ
−
ψ
e
k
⊥
k
1 



f eΓθ (µk , µ⊥ , r ) = 3 exp 
 + 1 ,
θ
h


 −1
 
Γ
ǫ
−
βµ
−
ψ
γ
γ
k
1
 − 1 ,
f γΓθ (µk , µ⊥ , r ) = 3 exp 
θ
h


(H.1.4)

(H.1.5)

where we have used dimensionless units µk = pk /(me c), µ⊥ = p⊥ /(me c),
θ = k B T/(me c2 ), ǫk = Ek /(me c2 ), ψk = φk /(me c2 ). For sake of completeness
we report below the value of n′k (r ) for electrons, protons and photons
n′e (r ) = 4πθK2 (1/θ ) ,
n′γ3

,

(H.1.6)
(H.1.7)

where K2 and ζ are the Bessel function of the second kind and the Zeta function respectively.
In analogy with the kinetic treatment we used to follow the electronpositron pair production, now we introduce a new distribution function Fk
as
Fk (µk , µ⊥ , r ) = ǫk f kΓθ (µk , µ⊥ , r ) ,
(H.1.8)
from which the energy density of particle k in the laboratory frame turns out
to be
Z ∞
Z ∞
dµ⊥ µ⊥ Fk (µk , µ⊥ , r ) .
(H.1.9)
dµk
ρk (r ) = 2π
−∞
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Figure H.2.: Contour plots for FeΓθ (µk , µ⊥ ). Two different Lorentz factors
Γ = {10, 103 } and dimensionless temperatures θ = {10−2 , 1} have been chosen. For each pair (Γ, θ ) we have 5 contour lines corresponding to FeΓθ =
ξ max(FeΓθ ) for ξ = {5 · 10−1 , 10−1 , 10−3 , 10−6 , 10−9 }. The maximum is given
by max(FeΓθ ) = FeΓθ (µ∗k , 0) where µ∗k ≃ Γβ. Lines with same thickness correspond to equal Lorentz factors, the thicker the line the larger the Γ. Curves
with same patterns correspond to equal dimensionless temperatures; solid
curves have smaller temperatures than the dashed ones.
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Figure H.3.: Contour plots for FγΓθ (µk , µ⊥ ). Two different Lorentz factors
Γ = {10, 103 } and dimensionless temperatures θ = {10−2 , 1} have been chosen. For each pair (Γ, θ ) we have 5 contour lines corresponding to FγΓθ =
ξ max(Fγ ) for ξ = {5 · 10−1 , 10−1 , 10−3 , 10−6 , 10−9 }, where max(FγΓθ ) =
FγΓθ (0, 0). Lines with same thickness correspond to equal Lorentz factors, the
thicker the line the larger the Γ. Curves with same patterns correspond to
equal dimensionless temperatures; solid curves have smaller temperatures
than the dashed ones.
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We work with Fk also because its maximum value is bounded in the phase
space for both fermions and bosons. Indeed, we know that f γ , being the occupation number for a gas of particles obeying to the Bose-Einstein quantum
statistics, diverges for small momenta indicating the tendency to form the so
called Bose-Einstein condensate. It is very easy to compute the maxima for
Fk in the phase space. In particular the Fγ has a finite maximum when both
parallel and orthogonal momentum components are zero. Instead, for massive particles their maximum is located in the point in the phase space with
coordinates µk ≃ Γβ and µ⊥ = 0.

We present DF Fk for electrons and photons for different temperatures and
Lorentz factors in Figures H.2 and H.3. The contour plots show that an increase in Γ corresponds to a shift along the µk axis with small changes in
shape. On the contrary, if the temperature increases then Fk becomes wider
covering a larger area in the momentum space.

H.1.1. Distribution function in spherical coordinates
Here we give two analytical formulas for electron and photon energy spectra
in the laboratory reference frame with respect to which they move with bulk
velocity βc. We also show that in the non relativistic limit such spectra reduce
to the well known Maxwell and Planck distributions.
In alternative to momentum components, we now express the normalized
DFs for electrons and photons using spherical dimensionless coordinates energy ǫ and angle α. Then for non-degenerate electrons and photons in thermal
equilibrium we have that



√
2 − 1 cos α
′
Γ
ǫ
−
β
ǫ
n e (r )
 ,
f eΓθ (ǫ, α, r ) =
exp −
(H.1.10)
4πθK2 (1/θ )
θ

 −1


n′γ (r )
Γǫ (1 − β cos α)
Γθ
−1
,
(H.1.11)
exp
f γ (ǫ, α, r ) =
θ
8πθ 3 ζ (3)
where ǫ = E/me c2 , α = arccos( p · β/(| p| β)). They all fulfill the usual relativist relation between number density of particles in comoving and laboratory frame
Z ∞
Z π
q
2
2
bν
nν (r ) = 2π
dǫ ǫ ǫ − m
dα sin α f νΓθ (ǫ, α, r ) = Γ n′ν (r ) , (H.1.12)
bν
m

0

b ν = 0, 1 for photons and electrons respectively.
where m

The spectrum in energy, which gives the differential number of particles at
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a specified energy, is defined by the following integral
n ν (r ) =

Z ∞
bν
m

dǫ

dnν (ǫ, r )
.
dǫ

(H.1.13)

As a result, it can be obtained performing the integral over α in Eq. (H.1.12)
taking into account for the factors out of such an integral. This can be done
analytically and the results for electrons is
Z π
p
dne (ǫ, r )
dα sin α f eΓθ (ǫ, α, r ) =
= 2π ǫ ǫ2 − 1
dǫ
0


n′e (r )
Γǫ
ǫ
=
exp −
·
2K2 (1/θ ) Γβ
θ
!
!#
"
√
√
Γβ ǫ2 − 1
Γβ ǫ2 − 1
− exp −
,
· exp
θ
θ

(H.1.14)
(H.1.15)

while for photons we obtain
dnγ (ǫ, r )
= 2π ǫ2
dǫ

Z π

dα sin α f γΓθ (ǫ, α, r ) =
(H.1.16)



 

Γǫ(1 + β)
1 − exp
 2Γβǫ 
θ
n′γ (r ) ǫ  
−

 . (H.1.17)



= 2
ln
θ 
4θ ζ (3) Γβ  
Γǫ(1 − β) 
1 − exp
θ
0

One can check very straightforwardly that the limit β → 0 of Eq. (H.1.15)
gives the correct expression for the electron energy spectrum. Indeed, in the
considered limit we have that
!
√
√
2
Γβ ǫ2 − 1
Γβ ǫ − 1
≃ 1±
exp ±
,
(H.1.18)
θ
θ
which inserted in Eq. (H.1.15) and carrying out the algebra gives
p
n′e (r )
dne (ǫ, r )
=
ǫ ǫ2 − 1 exp (−ǫ/θ ) ,
dǫ
θK2 (1/θ )

(H.1.19)

which is the Maxwell energy distribution of a system of non-degenerate electrons in thermal equilibrium. The same can be done for photons starting from
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Eq. (H.1.17). For β → 0 we have that


Γǫ(1 + β)
1 − exp
θ
 ≃1,

Γǫ(1 − β)
1 − exp
θ

(H.1.20)

as a consequence the logarithm can be expanded around 1 and the result
inserted into Eq. (H.1.17) and remembering that for the considered limit we
have


Γβǫ
Γβǫ
exp ±
.
(H.1.21)
≃ 1±
θ
θ

Simplifying and performing the limit β → 0 we get the following finite expression for the comoving energy spectrum of photons
n′γ (r )
dnγ (ǫ, r )
ǫ2
= 3
,
dǫ
2θ ζ (3) exp(ǫ/θ ) − 1

(H.1.22)

which is the well know Planck spectrum.

H.1.2. Fν - energy spectrum
Here we give explicit integral equations for Fν in order to compute the spectra
we have defined above starting from Fν in cylindrical coordinates.
Let us define a finite energy grid identified by integer indices m =
{1, . . . , M}, energy intervals ∆ǫm = ǫm+1/2 − ǫm−1/2 and cell centered value
ǫm ∈ [ǫm−1/2 , ǫm+1/2 ]. Then, from the definition for the energy spectrum
given in Eq. (H.1.13) we can write the number density as
M

n ν (r ) =

∑

Z

m=1 ∆ǫm

dǫ

M
dnν (ǫ, r )
dnν (r )
= ∑ ∆ǫm
dǫ
dǫ
m =1

,

(H.1.23)

m

where the discrete value for the energy spectrum is given by
dnν (r )
dǫ

=
m

2π
∆ǫm

Z Ib
νm
a
Iνm

dµk

Z K b (µ )
νm k
a (µ )
Kνm
k

dµ⊥

µ⊥
Fν ( µ k , µ ⊥ , r ) ,
ǫν

(H.1.24)
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and where the following notation has been used
q
a
2
b 2ν ,
Iνm = − ǫm
+1/2 − m
q
b
2
b 2ν ,
Iνm
= ǫm
+1/2 − m
 q

a
2
2
2
bν ,
Kνm (µk ) = max 0, ǫm−1/2 − µk − m
q
b
2
2
b 2ν ,
Kνm
( µ k ) = ǫm
+1/2 − µk − m

(H.1.25)
(H.1.26)
(H.1.27)
(H.1.28)

to define a ring in the phase space such that the inner radius is identified by
the the energy ǫm−1/2 and the outer one is identified by the energy ǫm+1/2 . In
discrete form, it can be rewritten as follows
dnν (r )
dǫ

=
m

2π
∆ǫm

∆µki′ ∆µ⊥k′
∑
′ ′
ik

µ⊥k′
Fν ( µ k i ′ , µ ⊥ k ′ , r ) ,
ǫνi′ k′

(H.1.29)

with the constraint
ǫm−1/2 <

q

b 2ν < ǫm+1/2 .
µ2ki′ + µ2⊥k′ + m

(H.1.30)

H.1.3. Fν - angular energy spectrum
Now we work out the general formula for the energy spectrum of particles
when different viewing angles are considered.
Let us start writing the number density as
n ν (r ) =

Z ∞
bν
m

dǫ

Z π
0

dα

dnν (ǫ, α, r )
.
dǫ dα

(H.1.31)

Then the discrete grid for the viewing angles is identified by integer numbers
l = {1, . . . , L}, angle intervals ∆αl = αl +1/2 − αl −1/2 with cell centered value
αl ∈ [αl −1/2 , αl +1/2 ] . In analogy to what has been done above we have that
M

L

Z

Z

M L
dnν (ǫ, α, r )
dnν (r )
=
∆ǫm ∆αl
,
∑ ∑ ∆ǫm ∆α
∑
∑
dǫ dα
dǫ dα ml
l
m =1 l =1
m =1 l =1
(H.1.32)
where the new defined angle-energy spectrum is given by

n ν (r ) =

dnν (r )
dǫ dα

ml

dǫ

2π
=
∆ǫm ∆αl

Z Ib
νm
a
Iνm

dα

dµk

Z K b (µ )
νml k
a (µ )
Kνml
k

dµ⊥

µ⊥
Fν ( µ k , µ ⊥ , r ) .
ǫν

(H.1.33)

In the previous equation we used definitions given by Eqs. (H.1.25) and
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(H.1.26) plus the following ones


q
a
a0
2
2
2
bν ,
Kνml (µk ) = max µk Kνml , ǫm−1/2 − µk − m
(H.1.34)


q
b
2
2−m
2 ,
b
−
µ
Kνml
(µk ) = max µk tan αl −1/2 , µk tan αl +1/2 , ǫm
ν
+1/2
k

(H.1.35)

where


a0
Kνml
= min tan αl −1/2 , tan αl +1/2 ,

(H.1.36)

if αl −1/2 and αl +1/2 are both smaller or both larger than π/2, otherwise

tan αl −1/2 µk ≥ 0 ,
a0
Kνml =
(H.1.37)
tan αl +1/2 µk < 0 .
In discrete form Eq. (H.1.33) can be rewritten as follows
dnν (r )
dǫ dα

=
ml

2π
∆ǫm ∆αl

∆µki′ ∆µ⊥k′
∑
′ ′
ik

µ⊥k′
Fν ( µ k i ′ , µ ⊥ k ′ , r ) ,
ǫνi′ k′

(H.1.38)

with the constraints
b 2ν < ǫm+1/2 ,
µ2ki′ + µ2⊥k′ + m


µ ki ′
 < αl +1/2 .
< arccos  q
2
2
µ ki ′ + µ ⊥ k ′

ǫm−1/2 <
αl −1/2

q

(H.1.39)
(H.1.40)

H.2. Equations and initial conditions
Here we specify the system of equations we must solve as well as the starting
conditions from which our numerical computation begins. To begin with,
we take the Boltzmann equations for spherically symmetric physical space
and cylindrically symmetric momentum space. Then with collision integrals
defined by Eq. (B.3.13) and replace f k with the new DF defined by Eq. (H.1.8).
As a result we obtain the following system of coupled integro-differential
equations for electrons and photons

∂
+
∂µk

µ2⊥ c β k Fk
µ
r

!

∂
−
∂µ⊥

=



µ k µ ⊥ c β k Fk
µ

r




µk ∂  2
∂Fk
+ 2
r c βk F
(H.2.1)
k +
∂t
µ r ∂r

=

∑
q

q∗
q 
η k − χ k Fk ,

k = e, γ ,

871

H. Kinetic approach to transparency of relativistic outflows
q∗

q

where the new emission coefficient is defined as ηk = ǫk ηk . Emission and
absorption coefficient are computed for Compton scattering only. The discretization scheme that allows us to solve numerically Eqs. (H.2.1) is the
same as the one given earlier where f νikj has to be replaced by Fνikj .
The initial electron and photon DFs must be taken from Eqs. (H.1.4) and
(H.1.5) and then inserted into Eq. (H.1.8). Because the plasma is assumed
to be in thermal equilibrium, we know that the photon chemical potential
has to be zero ψγ = 0. Then the temperature of the plasma is such that the
Fermi-Dirac distribution function can be well approximated with the classical
Maxwell distribution for a thermal and non degenerate electron gas. As a
consequence the exponential which contains the electron chemical potential
can be factorized out as Ae = exp(ψe /θ ). Then the initial electron and photon
DFs are given by



Γ
ǫ
−
βµ
e
k
Ae ǫ e
 ,
Fe ( µ k , µ ⊥ , r ) =
(H.2.2)
exp −
3
θ
h

 −1

 
Γ
ǫ
−
βµ
γ
k
ǫγ
 − 1 .
(H.2.3)
Fγ (µk , µ⊥ , r ) = 3 exp 
θ
h
Here it is important to note that the normalization Ae for the electrons is chosen to satisfy the electron number conservation law given by Eq. (H.0.4).
Now we have to explain in detail how the outflow parameters can be determined in order to set up the initial DFs by means of Eqs. (H.2.2) and (H.2.3).
This can be done using the theory of transparency of relativistic outflows we
have briefly delineated above.
First of all, having assumed the outflow to be already in the costing phase
of relativistic expansion, the Lorentz factor is equal to a constant Γ = η ≫ 1
all throughout the outflow, see Eq. (H.0.3). Then the initial conditions are
completely determined by the following parameters:
• Ri : inner radius of the outflow;
• Re = Ri + l: external radius of the outflow;
• Γ = η: constant Lorenz gamma factor;
• τi : optical depth at Ri ;
• θi : comoving temperature at Ri .
The variables introduced above can be related to their value at the base of
the wind R0 . This can be done quite easily because we know how optical
depth and comoving temperature evolved since the outflow was launched
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at R0 . In particular the optical depth is described by the first formula in Eq.
(H.0.7) during the first acceleration phase up to the saturation radius Rs =
ηR0 . From Rs up to Ri the optical depth evolves according with the second
expression in Eq. (H.0.7). Matching the two profiles at Rs we can estimate the
optical depth at Ri as
τi =

σT E0
2
24πme c η 3 ( Re

− Ri ) Ri

,

(H.2.4)

where the definition of τ0 has been taken from Eq. (H.0.8) in which the electron mass appears instead of the proton mass.
Then Eq. (H.2.4) could be inverted in order to have an expression for the total initial energy E0 . However we know that at the coasting phase E0 has been
converted, almost entirely, into kinetic energy of electrons, therefore their energy in the laboratory frame is larger than the photon energy in the laboratory
frame. As a consequence we can approximate the energy of the electrons in
the laboratory frame as
24πme c2 3 2
η Ri (ξ e − 1) τi =
σT
= 9.3 · 1045 η23 R2i10 (ξ e − 1) τi

Eelab ≃

(H.2.5)
erg

where the parametrization Re = ξ e Ri has been used. Moreover we used
the notation Q = 10n Qn that will be adopted also in the reminder of this
work. Eq. (H.2.5), giving the total energy of electrons, represents the value to
which the distribution function in Eq. (H.2.2) has to be normalized, namely
it determines Ae .
The temperature profile in the outflow can be found following the same
logic we have adopted to calculate the optical depth. The final result is that
the temperature has the radial profile that is given by the following power
law Ruffini and Vereshchagin (2013)
θ0
θ (r ) = 1/3
η



R0
r

2/3

.

(H.2.6)

From the temperature profile and the definition of θ0 given above one can
easily obtain the temperature at Ri as
−5/12
.
θi = 1.4 · 10−4 τi1/4 η25/12 R1/6
06 Ri10

(H.2.7)

The total photon energy is automatically given by the integral of Eq.
(H.2.3). Nevertheless it is convenient to give its expression as a function of
the five parameters we introduced above. In particular the total energy of the
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electrons is given by the integral of their energy
Eγlab

= 4π

Z Re
Ri

dr r2 ρlab
γ (r ) ,

(H.2.8)

where the energy density of photons in the laboratory reference frame is
given by
4

m e c2
lab
2 4σSB
θ (r )4 ,
(H.2.9)
ρ γ (r ) = η
c
kB

θ (r ) is given by Eq. (H.2.6) and the factor η 2 comes from the Lorentz transformation for the energy density from the comoving to the laboratory reference
frame Landau and Lifshits (1994). Making use of our variables we can rewrite
Eq. (H.2.8) as
1/3
− 1 lab
−2/3 ξ e
R
Eγlab = 0.14 η22/3 R2/3
E .
(H.2.10)
06
i10
ξe − 1 e

At this point only the parameters R0 , η, τi , Ri , ξ e , are to be chosen before
performing the calculations. However one has to keep in mind a few constraints that are needed in order to avoid inconsistencies with our initial assumptions. For example, to be sure that we are in the coasting phase, the
condition Ri > R0 has to be satisfied. Then one has to pay attention to the
initial temperature θi . In fact it is shown in Figures H.2 and H.3 that the DF
shape in the phase space strongly depends on temperature and Lorentz factor. In particular, if the temperature is too small, the main parts of photon
and electron DFs do occupy very separate regions in the phase space and this
fact requires a more detailed computational grid in order to follow the time
evolution of both photon and electron components. Finally, one has to verify
that the outflow is photon thick, namely 2η 2 l ≫ R ph .

H.3. Evolution of electron and photon DFs
We present the results of our method when it is applied to the study of transparency of a relativistic outflow. Due to large difference in reaction rate on the
one hand and expansion rate on the other hand we cannot consider realistic
total energy and size of plasma typical for GRBs. However we can study relativistic outflows with similar comoving temperatures and Lorentz factors to
those inferred from GRBs. Then we perform simulations of macroscopic initially optically thick plasma with parameters similar to those considered in
AKSENOV et al. (2012) but with the transparency occurring in the coasting
phase of expansion.
Let us consider an optically thick and spherically symmetric outflow in the
form of finite relativistic wind in the coasting phase with electron number
density given by Eq. (H.0.4), Lorentz factor Γ given by Eq. (H.0.3) and co-
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Figure H.4.: Comparison between time evolution of photon DFs during expansion neglecting (left) and taking into account (right) Compton scattering.
Top: t1 = 0 s, middle: t2 = 1.2 · 10−8 s, bottom: t3 = 6.1 · 10−7 s.

moving temperature given by Eq. (H.2.6) and composed by electrons and
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photons. The parameters are
η = 102 , n0 = 1029 cm−3 , R0 = 5 cm , θ0 = 5.36 , l = 4.5 · 103 cm . (H.3.1)
From Eq. (H.0.8) we find τ0 = 107 . Then from Eq. (H.0.9) we find R ph =
5 · 103 cm. Due to numerical limitations we start with initial optical depth
τi = 10 which gives us Ri = 5 · 102 cm.
Inserting these numbers into in Eqs. (H.2.7), (H.2.5) and (H.2.10) one finds

Eelab

=

nilab = 1025 , θi = 5.36 · 10−2 ,

8.37 · 1031

erg ,

Eγlab

=

3.24 · 1031

(H.3.2)
erg .

Initial electron and photon DFs are given by Eqs. (H.2.2) and (H.2.3), where
η = const, θ = θ (r ) is given by Eq. (H.2.6) for both electrons and photons
while the factor Ae is determined from Eq. (H.0.4).
Since photon and electron DFs extension in the phase space covers three
or four orders of magnitude in both parallel and orthogonal directions, we
must set up a logarithmic computational grid. Besides, due to the limitations
on the maximum number of grid points and because the electron DF peaks
sharply around µk ≃ η, a few cells have to be placed around this value of
the parallel momentum. Below we list the cell centered values of the grid in
momentum space we have chosen
µki = {0.208 , 1.74 , 6.58 , 20.8 , 62.5 , 102 , 1.33 · 102 , 3.30 · 102 } ,
µ⊥k = {10−4 , 4.02 · 10−3 , 3.74 · 10−2 , 1.87 · 10−1 , 6.54 · 10−1 } .

The radial grid is linear, there are 60 equivalent intervals, and it goes from
Ri = 5 · 102 cm up to R f . The choice of R f is crucial because the spectrum
changes substantially even if the optical depth is slightly smaller that one.
Considering the values for Ri and τi given in (H.3.1) and taking into account
that τ ∝ r −1 we can take the external radius to be R f = 6 · 104 cm.
The results of the numerical computation are summarized in Figures H.4
and H.5, where we show the time evolution of Fγ,e , and in Figures H.6 and
H.7 where we plot for both photons (thin curves) and electrons (thick curves)
the physical quantities that are helpful in interpretation of results. Final energy spectra of photons and electrons are shown in Figures H.8 and H.9.
In Figures H.4 and H.5 we show snapshots of DFs at three different times:
top t1 = 0 s, middle: t2 = 1.2 · 10−8 s, bottom: t3 = 6.1 · 10−7 s. Instead
of computing the observed quantities by integrating over space and time as
done in Ruffini et al. (2013a), we are interested only in physical quantities
computed at the radius corresponding to the inner boundary of the outflow
given approximately by the following equation
R n = Ri + c t n .
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Figure H.5.: The same as in Figure H.4 for electron DFs.
Inserting the numerical values of the chosen times into Eq. (H.3.3) one obtains
R1 = Ri , R2 = 8.6 · 102 cm, R3 = 1.8 · 104 cm. Other choices for Rn are
possible but the one we made above, being Ri the point in the relativistic
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wind with largest optical depth, would make the effects we are looking for
much more visible. In Figures H.4 and H.5 one has to compare the left and
the right panels. In fact, with the aim of evaluating the net effect of Compton
scattering, we studied the evolution of the system by means of Eqs. (H.2.1)
q∗
q∗
q
q
putting ηγ = ηe = χγ = χe = 0. This way, electron and photon DFs evolve
independently and no change in their DFs is expected to occur, hence we refer
to this case as “free expanding”. On the contrary, the right panel corresponds
to the time evolution for photon and electron DFs where Compton scattering
is considered and we call this set of plots as “interacting”.
To start our analysis, we first consider the top rows in both Figures H.4 and
H.5 which correspond to the initial conditions of thermal equilibrium for Fγ,e
given by Eqs. (H.2.3) and (H.2.2) respectively with parameters (H.3.1). To get
a more quantitative picture of the outflow onset, we have shown the initial
radial profiles for energy density ρ and bulk parallel momentum hµk i on the
left and right panels of Figure H.6 respectively. Looking at the energy density
profiles one can easily realize that ρe > ργ at each radii which is necessary
condition to guarantee coasting expansion. The sudden drop in the same plot
identifies the position of the wind outer boundary. In course of expansion
there is a radial spreading of the outflow, as seen from bottom line of Figure
H.6 resulting in Gaussian shape of the energy density profile. This spreading
is not significant, keeping the width of the outflow nearly constant. The average parallel momentum plotted on the top right of Figure H.6 has different
meanings for electrons and photons. For the first ones in relativistic motion
it is almost the same as their Lorentz factor and it is constant throughout
the whole outflow, namely hµk ie ≃ η. For the second ones such parameter
measures their mean energy in the laboratory frame. Finally, in Figure H.7
we
radial profiles for parallel and orthogonal momenta dispersions
q give the q
hµ2⊥ i and hµ2k i from which one gets quantitative informations about the

spreading of the distribution function along the corresponding directions in
the phase space. For this reason, these two parameters are both tightly related
to the comoving temperature of a given distribution of particles. It is worth
notingqthat the top row in Figures H.6 and H.7 represent initial profiles for ρ,
q
hµk i, hµ2⊥ i, hµ2k i which corresponds to adiabatic profiles of temperature

and number density of electrons given by Eqs. (H.2.6) and (H.0.4) respectively.

At t2 the plasma has expanded outwards by a distance ∆R2 = c t2 =
3.6 · 102 cm which is well below the photospheric radius. One has to keep
in mind that the optical depth in R2 is still large and already some changes
are visible indeed. The reason for that can be understood calculating the collisions time-scale. Doing so, one sees that every photon on average underwent
Compton scattering at least once already after tcoll ≃ 5 · 10−10 s. Then the
average number of collisions between one photon and the electrons turns out
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Figure H.6.: Comparison between time evolution of energy density in the
laboratory frame (left panel) and bulk parallel momentum (right panel) for
electrons (thick) and photons (thin) during expansion neglecting (dashed)
and taking into account (solid) Compton scattering. Top: t1 = 0 s, middle:
t2 = 1.2 · 10−8 s, bottom: t3 = 6.1 · 10−7 s.
to be 24 validating the efficiency of Compton scattering at so early times. In
particular Fγ has become much broader in the phase space with respect to
his freely expanding counterpart on the left. In more detail, the orthogonal
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spread is more pronounced with respect to the parallel one. Also the Fe has
changed, but the effects are very small. Despite the short distance travelled
by particles, the energy density within the outflow boundaries has decreased
by a significant amount. The mean parallel momentum of electrons remains
constant all the way from Ri up to R f meaning that our initial parameters set
up is consistent with the assumption of an actual coasting phase. On the contrary hµk iγ shows a small deviation with respect to the initial profile in the
q
figure above. The same effect is present in Figure H.7 for both hµ2⊥ i and
q
hµ2k i. However this bump is due to the sparse grid in orthogonal momentum. At this stage one has to notice the perfect agreement between the freely
expanding and interacting that cannot be distinguished indeed.
The most interesting effects are expected to occur when the outflow has already expanded up to several photospheric radii. This is the case after a time
t3 = 6.1 · 10−7 s since the beginning and the inner boundary of the outflow
is at R3 = 3.6 R ph , where the optical depth of the outflow is about τ3 ≃ 0.27.
The plots of the photon and electron energy densities show that the whole
wind is now far from R ph . Looking carefully at the countour lines at the
bottom line in Figure H.4, one can recognize that both photon and electron
DFs shrank in the phase space. This effect can be explained as follows. The
average energy density of particles keeps decreasing up to the photosphere
following the temperature law of adiabatic expansion. Instead beyond the
photosphere this quantity approaches a constant, see Beloborodov (2011);
Bégué et al. (2013). Nevertheless, F that evolved including Compton scattering is much broader in the phase space with respect to the one depicted on
its left. For what concerns the electron DFs, it seems that the shape around
their peak remained unchanged. There is a slight increase in the low parallel momentum region, which is probably a numerical effect. To confirm this
fact we can see that
move with the initial Lorentz factor and
q electrons always
q
the dispersions hµ2⊥ i and hµ2k i did not change since the beginning. A
e

e

more quantitative description about what we have now argued looking
at the
q

shapes of Fγ can be obtained by considering the value of hµk iγ , hµ2⊥ i and
γ
q
2
hµk i at R2 . In fact looking at the bottom line in Figure H.6 one sees that
γ

the average photon energy is a few times larger than the one in the Figure
above at the same radius and it becomes constant according to Beloborodov
(2011); Bégué et al. (2013). Instead looking
at left panel at the bottom line of
q
Figure H.7 it becomes clear that the

hµ2⊥ i is about one order of magnitude
γ

larger than the one predicted by the profile shown above at the same position. The dispersion value for Fγ along the orthogonal momentum is now
much closer to the one of electrons. Besides significant difference appear between the adiabatic and interacting cases. Also along the parallel momen-
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tum the dispersion of the photon DF increases indicating that Fγ is stretched
along the radial direction of motion. This is a clear indication of departure
from thermal equilibrium and anisotropies development during expansion
and transparency emission in particular.
q

The apparently anomalous behavior at instant t3 of hµk iγ,e , hµ2⊥ i and
γ,e
q
2
hµk i for small radii is mainly due to the following reasons. First of all
γ,e

only particles with minimum parallel momentum are still in that position
therefore their bulk parallel momentum has to be small as well. q
The second
one is that at smaller radii the temperature is larger and, because

hµ2⊥ i

γ,e

is

proportional to the temperature, these particles will keep the same dispersion
in the orthogonal momentum as it was at the beginning.
The final energy spectra for photons and electrons have been extracted
from the corresponding DFs following the definitions and the integration
procedures delineated in Section H.1.2 and are plotted in Figures H.8 and H.9
respectively. The photon spectrum is broader than the Planck one, as it was
found in Bégué et al. (2013); Aksenov et al. (2013) by means of Monte Carlo
simulations and the Fokker-Planck approximation to the Boltzmann equation
respectively. In our case we see that the low energy part of the spectrum is
softer, in addition the high energy part of the spectrum is also affected by
Compton scattering and shows significant departure from the Wien part of
thermal spectrum. This occurs also for the part of the spectrum above the
thermal peak.
It is a remarkable result of this work that the energy spectrum for electrons does not change appreciably at the photosphere with respect to the
Maxwellian distribution which takes into account the adiabatic expansion.
The electron population remains essentially monoenergetic.
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Figure H.7.: The same as in Figure H.6 for dispersion of both orthogonal (left
panel) and parallel (right panel) momenta.
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Figure H.8.: Comparison between the final photon spectrum obtained from
our numerical calculation (dots) and the one given by Eq. (H.1.16) (solid line)
with the parameters one would expect from adiabatic expansion Γ ad = η and
θ ad ≃ 1.7 · 10−2 .
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I. Relativistic kinetic theory and its
applications
I.1. Introduction
Kinetic theory (KT) was born in the XIX century, the golden age of classical
physics. Based on the atomic picture of a medium Boltzmann (2011) properties such as heat and electrical conductivity, as well as viscosity and diffusion found natural explanations. The term originates from the Greek where
κινησιζ means motion. In fact all these properties of the medium may be
understood to be emerging from its microscopical structure and motion.
KT now has to be considered in a wider framework of statistical mechanics appearing at the end of XIX century essentially in the works of Maxwell,
Boltzmann and Gibbs. It should be emphasized that the main ideas and
principles of KT influenced the development of many other sciences, including the mathematics (probability theory, ergodic theory), biology (evolutionary biology, population genetics) and economics (financial markets, econophysics).
Within physics, KT is closely related to statistical physics, thermodynamics, hydro- and gasdynamics. Today one can say that the main task of kinetic theory is explanation of various macroscopic properties of a medium
based on known microscopic properties and interactions. In a general context, KT is a microscopic theory of nonequilibrium systems. Indeed, all the
above mentioned fields of physics such as e.g. thermodynamics assume that
the medium is in its most probable microphysical state, called equilibrium.
Clearly, any macroscopic manifestation of deviations from this microscopic
equilibrium should be considered within KT.
The first classical applications of KT concerned gases. A successful description of ideal and nonideal gases has been reached within the framework of
Newtonian mechanics. With the discovery of Special Relativity KT had to
be reformulated in a Lorentz invariant fashion, to make it compatible with
existence of a limiting velocity, the speed of light. Indeed, the generalization of Maxwell-Boltzmann equilibrium distributions to relativistic case was
obtained already in 1911 Jüttner (1911). It soon became clear that there is
another natural arena for application of KT which is plasma physics Landau
(1936, 1937). The major difference between plasma and gas is the existence
of long range forces, which has been accommodated by introduction of the

885

I. Relativistic kinetic theory and its applications
mean field description Vlasov (1938). Formulation of relativistic KT has been
completed in the 1960s and is presented in several monographs, see e.g.
Synge (1957); Groot et al. (1980); Cercignani and Kremer (2002).
Since basic phenomena in the microworld are described on a quantum language, KT uses extensively quantum theory. In fact, basic principles and
equations of KT may be derived from Quantum Field Theory, see Groot et al.
(1980).
The purpose of these lecture notes is, however, not to review the foundations of KT that would require an entire dedicated monograph. In this paper
I will only remind basic concepts of KT and introduce the necessary mathematical apparatus. The main goal is essentially to show a wide area of applications of KT, spanning from astrophysical compact objects to the whole
Universe in its evolution.

I.2. Basic concepts
I.2.1. Distribution function
In classical (also relativistic) mechanics a complete description of a system
composed of N interacting particles is given by their N equations of motion.
In non-relativistic kinetic theory one deals with a space of positions and velocities of these particles, the configuration space. In relativistic kinetic theory it is replaced by the phase space M of positions and momenta. In principle,
equivalent description of the system is given by a function F (Γ) of 6N independent variables, defined on M. An equation can be formulated for this
function, called the Liouville equation, that can be written apparently in a
very simple form
dF (Γ)
= 0,
(I.2.1)
ds
where the derivative is over the proper time. However, its complexity is
equivalent to the complexity of original N-body problem, and in majority
of cases it cannot be addressed directly.
A tremendous simplification occurs for some systems, where N is very
large. Under certain conditions, which will be discussed below in Sec. I.6,
they can be described by a function defined on the 6-dimensional phase space
M6 . Such function depends only on 7 variables: 3 space coordinates, 3 momentum components, and time. In such a case the DF is called the one particle
distribution function (DF) f ( x µ , pµ ). This is the basic object used in statistical
(probabilistic) description of a system composed of large number of particles.
For brevity in what follows denote1 the coordinates in momentum space as
1 In

what follows Greek indices run from 0 to 3, while Latin ones run from 1 to 3. Einstein
summation rule is adopted.
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x = x µ = (ct, x), p = pµ = ( p0 , p), where c is the speed of light. Notice
that p0 is not an
p independent variable and it satisfies the relativistic energy
0
equation p = p2 + m2 c2 . The DF is defined such that the integral
N≡

Z

M6

f (p, x, t)d3 pd3 x,

(I.2.2)

gives the total number of particles. Notice that the integral is clearly Lorentz
invariant. The invariance of the distribution function itself is not obvious
from such a definition and will be demonstrated explicitly below in Sec. I.2.3.
Then one observes that f ( x, p)d3 pd3 x is an average number of particles having momenta in the range (p, p+d3 p) and coordinates in the range (x, x+d3 x )
at the moment t, and the integral (I.2.2) is taken in the whole phase space M6 .
Notice that despite symmetrical form of f ( x, p) there is a conceptual difference between x and p. In particular, the integral
n(x, t) ≡

Z +∞
−∞

f d3 p

(I.2.3)

is assumed to be finite, leading to certain restrictions on f (p). In particular,
when the DF is isotropic in momentum space, p2 f (| p|) should decrease with
increasing momentum for | p| ≫ 1 fast enough, at least faster than 1/ | p|; it
also should not increase with decreasing momentum for | p| ≪ 1 faster than
1/ | p|.

I.2.2. Averaging and macroscopic quantities
It is important to keep in mind that the DF defined by eq. (I.2.2) is not accessible directly to measurements. In any experiment or observation one has
to deal with averaged quantities. While a microscopic state is defined on the
phase space by the DF, it is useful to introduce a macroscopic quantity A( x )
as
A( x ) ≡

Z +∞
−∞

A( x, p)d3 p.

(I.2.4)

Particle density (I.2.3) is the simplest example. By definition the macroscopic
quantity does not depend on momentum, but only on coordinates and time.
Such quantity may be further averaged in space or time as follows

h Aitime (x) ≡ lim

T →∞

1
T

Z T
0

A( x )dt,

1
V →∞ V

h Aispace (t) ≡ lim

Z

V

A( x )d3 x.

(I.2.5)
The averaging may also be made on finite time T and in finite volume V then
the limits in front of integrals in eq. (I.2.5) are omitted.

887

I. Relativistic kinetic theory and its applications
In contrast to space and time averaging, statistical (or ensemble) averaging
for a quantity A( x, p) is defined as
Z

1
A( x, p) f ( x, p)d3 pd3 x.
(I.2.6)
h Aiens ≡
N M6
While experiments deal with space and time averaged quantities, theory usually works with ensemble averaged ones. The connection between macroscopic and microscopic quantities from the one hand, but also space-time
averaged quantities and ensemble averaged ones from the other hand, is required. An important concept called statistical equilibrium requires that any
macroscopically large part of the system has macroscopic physical quantities
being equal to their statistical average values. For one particle DF this statement can be represented as follows
1
V

Z Z +∞
V −∞

3

3

A( x, p)d pd x =

R R +∞
V −∞

A( x, p) f ( x, p)d3 pd3 x

R R +∞
V −∞

f ( x, p)d3 pd3 x

,

(I.2.7)

where V is an arbitrary macroscopic volume.
One of the most important theorems in statistical mechanics states that for
ergodic systems the time averaged quantity should be equal to its ensemble
average. In a specific case when the system is described by one particle DF it
is reduced to
1
lim
T →∞ T

Z T
0

1
A( x, p)dt =
N

Z

M6

A( x, p) f ( x, p)d3 pd3 x.

(I.2.8)

Note that it is difficult to prove ergodicity of a given physical system. Nevertheless, ergodicity is often assumed in practice.

I.2.3. Invariance of one particle DF
The one particle DF defined by (I.2.2) is not written in a Lorentz invariant way. However, it is an invariant, as demonstrated below following
Ochelkov et al. (1979); Groot et al. (1980), see also Debbasch et al. (2001).
Consider the system of particles of equal mass m with coordinates xi (t) and
momenta pi (t). By definition, from the statistical point of view, the one
particle DF is the averaged particle density in momentum space, see e.g.
Debbasch and van Leeuwen (2009a), that is
*
+
f (p, x, t) =

∑ δ3 [p − pi (t)] δ3 [x − xi (t)]
i

.

(I.2.9)

ens

In a relativistic context, it is natural to introduce an eight-dimensional oneparticle phase space M8 . In such phase space the variable p0 is not necessarily
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related to p, likewise t is not related to x. At the end of any calculations involving M8 the physical results can be recovered by restricting every equation
to the sub-manifold of the mass-shell where p0 > 0. Introducing in this way
a new quantity
F ( x, p) = 2Θ( p0 )δ( pµ pµ − m2 c2 ) f (p, x, t),

(I.2.10)

where the term Θ( p0 )δ( pµ pµ − m2 c2 ) is Lorentz scalar, one has to show that
this function is a Lorentz scalar. Recalling the identity
δ ( Z ( x )) =

∑
i

dZ
dx

−1

δ ( x − xi ) ,

(I.2.11)

where xi are the roots of the equation Z ( x ) = 0, rewrite eq. (I.2.10) using
(I.2.9) as

F ( x, p) =

*

∑
i

h
i
1 3
0
p
−
p
(
t
)]
δ
p
−
p
(
t
)
δ3 [x − xi (t)]
δ
[
i
i
p0i (t)

+

.

(I.2.12)

ens

Introducing additional integration over a delta function as
+
*
Z
h
i
1
0
3
3
δ [t − ti ] δ [p − pi (ti )] δ p − pi (ti ) δ [x − xi (ti )]
F ( x, p) = dt ∑ 0
i pi ( ti )
ens
(I.2.13)
and using the relation dsi = p0mc
dt one can show that F ( x, p) is a scalar since
(t ) i
i

1
F ( x, p) =
mc

Z

ds

*

i

∑ δ4 [ x − xi (s)] δ4 [ p − pi (s)]
i

+

,

(I.2.14)

ens

where xi (s) and momenta pi (s) are trajectories in M8 . The last expression can
be understood as the ensemble averaged and time integrated Klimontovich
one particle DF, see e.g. Zakharov (2000) and Sec. I.3.1 below.

I.2.4. Important macroscopic quantities
One can define an invariant quantity instead of eq. (I.2.3) as
µ

j (x, t) ≡ c

Z

d3 p
p f 0 =c
p
µ

Z

F ( x, p) pµ d4 p,

(I.2.15)

where both f and d3 p/p0 are scalars. This first moment of the DF is the particle four-flux. Its spatial part represents usual three-vector flux j(x, t) ≡
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R
c v f d3 p, where v = cp/p0 is the velocity of a relativistic particle with momentum p, uµ = dx µ /ds .
Analogously, the second moment can be constructed
µν

T (x, t) ≡ c

Z

pµ pν f

d3 p
,
p0

(I.2.16)

and so on. The quantity T µν is a symmetric tensor by construction. It represents an energy-momentum tensor of the system of particles. It should be
noted that in eq. (I.2.16) only rest mass energy and kinetic energy of particles
are taken into account, excluding their potential energy.
One more important quantity is entropy flux defined as
µ

S (x, t) ≡ −k B c

Z



i
d3 p h
3
p f 0 log h f − 1 ,
p
µ

(I.2.17)

where two new constants appear: k B is Boltzmann’s constant and h is a dimensional parameter needed to make the argument of the logarithm dimensionless.
Unlike non-relativistic kinetic theory, in its relativistic counterpart macroscopic velocity can be defined in different ways. Two widespread definitions
are due to Eckart Eckart (1940) and Landau and Lifshitz Landau and Lifshitz
(1959):

µ

cjµ
µ
UE ≡ p µ
j jµ

µ

ULL ≡ p

or

cT µν Uν
.
Uρ T ρσ Tστ U τ

(I.2.18)
µ

While UE can be interpreted as the average velocity of particles, ULL can be
understood as the average velocity of energy-momentum transfer.

I.3. Kinetic equation
This section follows the derivation presented in Groot et al. (1980). One can
introduce a scalar quantity
∆J =

1
c

Z

∆3 σ

d3 σµ jµ =

Z

∆3 σ

d3 σµ

Z

d3 p µ
p f,
p0

(I.3.1)

where the time-like four-vector d3 σµ is an oriented three-surface element of
a plane space-like surface σ, the quantity ∆3 σ is a small element and the last
equality follows from eq. (I.2.15). In the Lorentz frame where d3 σµ is purely
timelike it has components (d3 x, 0, 0, 0). In this frame
∆J =
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Z

∆3 σ

Z

f ( x, p) d3 pd3 x,

(I.3.2)
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which is just an average number of world lines crossing the segment ∆3 σ.
Considering those world lines which have momenta in the range ∆3 p around
p, one can get
Z
Z
∆J =

∆3 σ

f ( x, p) d3 pd3 x.

∆3 p

(I.3.3)

Accepting this interpretation, consider world lines given by eq. (I.3.1)
which later cross another segment ∆3 σ̂. Since there are no collisions it is possible to write
Z

3

∆3 σ̂

or in other way

d σµ

Z

∆3 p

Z

d3 p µ
p f−
p0

3

∆3 x

d σµ

Z

Z

3

∆3 σ

∆3 p

d σµ

Z

∆3 p

d3 p µ
p f = 0,
p0

d3 p µ
p f = 0,
p0

(I.3.4)

(I.3.5)

where ∆3 x is the surface of Minkowski space element ∆4 x. Applying Gauss’
theorem one gets
Z
Z
d3 p µ
4
d x
p ∂µ f = 0,
(I.3.6)
0
∆4 x
∆3 p p

where ∂µ = c−1 ∂/∂t, ∇ , ∆3 x and ∆3 p are some arbitrary hypersurfaces in
the phase space.
The basic equation represents time evolution of the DF due to microscopic
interactions in the system. In absence of any interactions between particles it
represents continuity of the four-vector pµ f and it follows from eq. (I.3.6) as
pµ ∂µ f = 0.

(I.3.7)

∂f
+ v · ∇ f = 0.
∂t

(I.3.8)

Written in the vector notation

In general case both collisions and external forces alter eq. (I.3.7) and the
kinetic equation becomes
pµ ∂µ f + mF µ

∂f
= St f ,
∂pµ

(I.3.9)

where F µ represents an external four-force, St f is the collision integral. This
is the relativistic transport equation.
One of the main goals of KT is to establish the form of the collision integral.
Consider an elastic collision
1 + 2 −→ 1′ + 2′ ,

(I.3.10)
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where particles 1 and 2 have masses m1 and m2 , momenta pµ and kµ which
changed after the collision to p′µ and k′µ respectively. Energy-momentum
conservation gives
pµ + k µ = p′µ + k ′µ .
(I.3.11)
The average number of such collisions is proportional to 1) the number of
particles per unit volume with momenta pµ in the range d3 p, 2) the number of particles per unit volume with momenta kµ in the range d3 k and 3)
the intervals d3 p′µ , d3 k′µ and d4 x. The proportionality coefficients, depending only on four-momenta before and after the collision are represented as
W ( p, k | p′ , k′ ) / p0 k0 p′0 k′0 . The quantity W ( p, k | p′ , k′ ) is called the transition rate and it is a scalar. By this process particles leave the phase volume
d3 p around pµ . Collisions also bring particles back into this volume by the
inverse process with the corresponding rate W ( p′ , k′ | p, k ).
Then Boltzmann equation can be written as
Z Z

Z Z Z

d3 p
d3 p d3 p ′ d3 k d3 k ′
1
p ∂ µ f 0 d4 x =
×
(I.3.12)
2 V P
p
p0 p ′0 k 0 k ′0
V P





× f x, p′ f x, k′ W p′ , k′ | p, k − f ( x, p) f ( x, k) W p, k | p′ , k′ d4 x,
µ

or in differential form

Z

1 d3 p ′ d3 k d3 k ′
p ∂µ f =
×
(I.3.13)
2
p ′0 k 0 k ′0





× f x, p′ f x, k′ W p′ , k′ | p, k − f ( x, p) f ( x, k) W p, k | p′ , k′ .
µ

The same equation in vector notation becomes
1
∂f
+v · ∇f =
∂t
2

Z

3 ′ 3 3 ′

d pd k k

h

f x, p

′



′



f x, k w p′ k′ ;pk − f ( x, p) f ( x, k ) w pk;p′ k′ ,

(I.3.14)
. If in this expression particle
where w pk;p′ k′ = cW ( p, k |
momenta are substituted by their velocities, this equation will coincide with
the one derived first by Boltzmann Boltzmann (2011). Notice that the factor
1/2 in front of collision integral is due to indistinguishability of particles.
p′ , k′ ) /

p0 k 0 p ′0 k ′0



I.3.1. Boltzmann equation in General Relativity
The derivation of Boltzmann equation in General Relativity is presented here
following Zakharov (2000), for more details see Chernikov (1962, 1963b);
Debbasch and van Leeuwen (2009a,b).
Let us start by introducing the 8-dimensional phase space M8 . The distribution function F K ( x, p) in this phase space is defined Beliaev and Budker
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(1956) such that

Z

uµ F K ( x, p) d4 p

Z

dsδ4 [ x − xi (s)] δ4 [ p − pi (s)] ,

µ

j =

(I.3.15)

is the usual particle-current four-vector (I.2.15). Define the Klimontovich DF
Klimontovich (1960a)
1
F ( x, p) =
mc ∑
i
K

(I.3.16)

1/2
where ds = gµν dx µ dx ν
is the proper time. Notice that eq. (I.2.14) defined
above is nothing but the ensemble averaged function (I.3.16). The equations
of motion for each particle in the gravitational field are
mc

dx µ
= pµ ,
ds

mc

dpµ
µ
= −Γνλ pν pλ ,
ds

(I.3.17)

µ

where the Γνλ are the Christoffel symbols. Using the property
d
d
dg
δ [ x − g (s)] = − δ [ x − g (s)]
ds
dx
ds

(I.3.18)

from the identity
Z

one can obtain

ds

o
d n 4
δ [ x − xi (s)] δ4 [ p − pi (s)] = 0
ds

(I.3.19)


∂ pµ F K
∂  µ ν λ K
−
Γνλ p p F
= 0.
∂x µ
∂pµ

(I.3.20)

∂pµ
∂  µ ν λ
−
Γνλ p p = 0,
∂x µ
∂pµ

(I.3.21)

Using another identity

see Zakharov (2000), and applying to eq. (I.3.20) the averaging procedure
with F = F K ( x, p) ens one finally gets
pµ

∂F
∂F
µ
− Γνλ pν pλ µ = 0.
µ
∂x
∂p

(I.3.22)

This is the collisionless kinetic equation for the distribution function defined
in M8 . As for the DF f (p, x, t) defined in M6 the corresponding equation can
be obtained using eq. (I.2.10) and integrating eq. (I.3.22) over p0 . As the result
one has
∂f
∂f
(I.3.23)
pµ µ − Γiνλ pν pλ i = 0.
∂x
∂p
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Finally, assuming that it is possible to introduce a local Lorentz frame and
define the expressions for St f in that frame, one can write by analogy with
eq. (I.3.9) the general expression for the Boltzmann equation as
pµ

∂f
∂f
− Γiνλ pν pλ i = St f .
µ
∂x
∂p

(I.3.24)

This equation has to be compared with eq. (I.3.9): in General Relativity the
curved nature of space-time results in a term similar to the external force in
eq. (I.3.9). Another form of Boltzmann equation can be written in a different
form, similar to eq. (I.3.13) by introducing the Cartan covariant derivative

∇µ Φ( x, p) ≡

∂Φ
∂Φ
+ Γλµν pλ
.
µ
∂x
∂pν

(I.3.25)

Then for the ensemble averaged DF one has
pµ ∇µ f ( x, p) = St f .

(I.3.26)

Comparing this last expression with eq. (I.3.13) one can see that, as often
occurs in General Relativity, usual derivative in eq. (I.3.13) is substituted
with the covariant derivative in eq. (I.3.26).

I.3.2. Uehling-Uhlenbeck collision integral
In this section the collision integral of eq. (I.3.13) is obtained for the
case of elastic collision between two classical particles. When particles
follow quantum statistics it is still possible to use the collision integral
Uehling and Uhlenbeck (1933); Uehling (1934) which is phenomenologically
modified as follows
Z

1 d3 p ′ d3 k d3 k ′
×
2
p ′0 k 0 k ′0




× f x, p′ f x, k′ [1 + θ ϕ ( x, p)] [1 + θ ϕ ( x, k)] W p′ , k′ | p, k − (I.3.27)

 


− f ( x, p) f ( x, k) 1 + θ ϕ x, p′
1 + θ ϕ x, k′ W p, k | p′ , k′ ,
St f =

where f ( x, p) = gϕ ( x, p) / (2πh̄)3 , g is the degeneracy factor, θ = ±1, 0
for respectively Bose-Einstein, Fermi-Dirac and Boltzmann statistics. Comparing this expression to eq. (I.3.13) one finds additional multipliers
1 ± (2πh̄)3 f ( x, p) /g, which guarantee that equilibrium distribution functions are indeed Bose-Einstein and Fermi-Dirac ones, respectively, see e.g.
Chernikov (1964a); Ehlers (1973).
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I.3.3. Cross-section
An important concept describing the strength of particle interactions is the
cross-section. It plays an important role in the case of two particle collisions,
which is the most simple and hence the most studied case. This concept will
be illustrated for the process of scattering (I.3.10).
It is possible to introduce Mandelstam (1958) the following invariant variables
2
s = ( p µ + k µ )2 ,
t = pµ − p′µ .
(I.3.28)

They prove technically useful, but they also possess a physical interpretation:
sc2 is the square of the energy in the center of mass reference system, t is
related to the scattering angle in this system: cos ϑ − 1 = 2t/ s − 4m1 m2 c2 .
Then one may rewrite


W p, k | p′ , k′ = sσ (s, ϑ ) δ4 pµ + kµ − p′µ − k′µ ,
(I.3.29)
where σ (s, ϑ ) is the differential cross-section for a given process. Remind
Berestetskii et al. (1982) that the cross-section is defined through
dw = jdσ,

(I.3.30)

where dw is the probability of the process per unit time and unit volume and
j=



µ

p kµ

2



− m1 m2 c

2

2 1/2

(I.3.31)

is invariant flux of particles in initial state. It is possible to show Groot et al.
(1980) that
Z 3 ′ 3 ′
Z
 Z
d p d k 1
′ ′
W p, k | p , k = σdΩ = dσ.
(I.3.32)
p ′0 k ′0 j
Then, using the detailed balance condition


W p, k | p′ , k′ = W p′ , k′ | p, k

(I.3.33)

one may write Boltzmann equation as
pµ ∂µ f =

1
2

Z




d3 k 
σ f x, p′ f x, k′ − f ( x, p) f ( x, k ) dΩ,
0
k

(I.3.34)

or in vector notation as
∂f
1
+ v · ∇f =
∂t
2

Z





d3 kσv f x, p′ f x, k′ − f ( x, p) f ( x, k ) dΩ,

(I.3.35)


where v = cj/ p0 k0 is the particles relative velocity.
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I.4. Conservation laws and relativistic
hydrodynamics
In this Section following Groot et al. (1980) the conservation laws fulfilled by
the macroscopic quantities are derived, namely the particle number conservation, the entropy conservation and the energy-momentum conservation, see
also Chernikov (1963a, 1964b).
Consider a mixture of D components whose particles may interact by elastic and inelastic collisions, conserving their total number. Boltzmann equations for each DF f k ( x, pk ) then read
D

µ

pk ∂µ f k =

∑ Ckl ( x, pk ) ,

(I.4.1)

l =1

where Latin indices now denote the species kind (not to be confused with
tensor indices) and
Ckl ( x, pk ) =

1 D
2 i,j∑
=1

Z


d3 p l d3 pi d3 p j 
f
f
W
−
f
f
W
i j ij|kl
k l kl |ij .
p0l p0i p0j

(I.4.2)

An important property of collision integrals follows from the microscopic
conservation laws fulfilled at each interaction, namely
D

F=

∑
k,l =1

Z

d3 p k
ψk ( x )Ckl ( x, pk ) = 0,
p0k

(I.4.3)

where ψk ( x ) are so called summational invariants
µ

ψk ( x ) = ak ( x ) + pk bµ ( x ),

(I.4.4)

they are arbitrary functions, except for the constraint that ak ( x ) is additively
conserved in all reactions, i.e.
a i ( x ) + a j ( x ) = a k ( x ) + a l ( x ),

(I.4.5)

and bµ ( x ) is an arbitrary vector. The proof of eq. (I.4.3) is based on eq. (I.4.5)
µ
µ
µ
and on energy-momentum conservation in a binary reaction pi + p j = pk +
µ

pl . In particular, for elastic scattering
Z

d3 p k
Ckl ( x, pk ) = 0.
p0k

(I.4.6)

Now it is possible to show how the basic equations of relativistic hydrodynamics, namely the particle number conservation (continuity) equation and
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the energy-momentum conservation equations arise from Boltzmann equation.
Consider the case when in eq. (I.4.4) bµ ( x ) = 0 and ak ( x ) = qk a( x ), where
a( x ) is an arbitrary function. Then from eqs. (I.4.1) and (I.4.2) one has
D

∑

qk

k =1

Z

d3 p k µ
p ∂µ f k = 0.
p0k k

(I.4.7)

Recalling the definition (I.2.15) for each component
µ
jk

=c

Z

d3 p k µ
p fk,
p0k k

(I.4.8)

one gets
∂µ J µ = 0,

Jµ =

D

µ

∑ qk jk ,

(I.4.9)

k =1

where qk is a charge (e.g. electric, leptonic, baryonic). In particular, with q = 1
this is just particle number conservation. Similarly the conservation law for
the total particle number can be obtained. In particular, for elastic scattering
using eq. (I.4.6) one finds
µ
∂µ jk = 0.
(I.4.10)
Consider now the case ak ( x ) = 0. Then from eq. (I.4.3) one finds
D

∑
k,l =1

Z

d3 p k µ
p Ckl = 0.
p0k k

(I.4.11)

Substituting this into eqs. (I.4.1) and (I.4.2) and recalling the definition (I.2.16)
one gets
∂ν T µν = 0,
(I.4.12)
where
T

µν

D

=c

∑
k =1

Z

d3 p k µ ν
p p fk,
p0k k k

(I.4.13)

is the energy-momentum tensor of the mixture. Equations (I.4.9) and
(I.4.11) represent basic equations of relativistic hydrodynamics, see e.g.
Mihalas and Mihalas (1984).

I.5. Entropy and equilibrium
In this Section the concept of thermodynamic equilibrium will be discussed
from the point of view of kinetic theory.
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I.5.1. H-theorem
First let us show, following Groot et al. (1980), that the quantity defined as
divergence of four-vector (I.2.17) as
σ ( x ) ≡ ∂µ Sµ ,

(I.5.1)

can never decrease. For alternative derivation see Chernikov (1963b). From
eqs. (I.2.17) and (I.5.1) it follows
σ = −k B c

Z


i
d3 p h
3
log
h
f
pµ ∂µ f .
p0

(I.5.2)

Substituting Boltzmann equation (I.3.9) into this expression one get
σ = −k B c

Z


i
d3 p h
3
log
h
f
St f + k B c
p0

Z


i
d3 p h
3
µ ∂f
log
h
f
F
.
∂pµ
p0

(I.5.3)
µ

Assume that the force satisfies the following properties: pµ Fµ = 0 and ∂F
∂pµ =
0. The former condition means that the force is mechanical and does not alter
particle rest mass. Then the second contribution in eq. (I.5.3) can be written
as
Z
h


i o
∂ n
2k B c d4 p µ Θ( p0 )δ( pµ pµ − m2 c2 ) f log h3 f − 1 F µ ,
(I.5.4)
∂p
and it vanishes, provided that the integrand is decreasing fast enough for
large momenta in the sense defined above.
The first contribution can be rewritten as
"
Z 3
d pi d3 p j d3 p k d3 p l
1
log
σ = − kBc ∑
4
p0i p0j p0k p0l
i,j,k,l

fk fl
fi f j

!#

f i f j Wij|kl .

(I.5.5)

Now using the property

∑
i,j,k,l

Z


d3 pi d3 p j d3 p k d3 p l
f
f
−
f
f
Wij|kl = 0,
i
j
k
l
p0i p0j p0k p0l

(I.5.6)

which follows from the bilateral normalization condition Groot et al. (1980)
one finally gets
1
σ = kBc ∑
4
i,j,k,l

898

Z

d3 pi d3 p j d3 p k d3 p l
A (y) f i f j Wij|kl ,
p0i p0j p0k p0l

(I.5.7)
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where
A (y) = y − log y − 1 ≥ 0,

y=

fk fl
.
fi f j

(I.5.8)

Since A (y) is a non-negative function, eq. (I.5.7) implies that σ ≥ 0. This
completes the proof of the Boltzmann H-theorem.
Notice that σ = 0 holds if and only if

f i ( x, pi ) f j x, p j = f k ( x, pk ) f l ( x, pl ) .

(I.5.9)

This condition is satisfied, as can be seen from eq. (I.3.34) when collision
integral in the RHS of Boltzmann equation vanishes. This case is identified as
local equilibrium. In fact, the equilibrium DF is characterized by the following
macroscopic quantities as parameters: density, temperature, 4-velocity. It is
possible to show this by turning to a simple system with binary collisions and
rewrite the condition (I.5.9) as








log h3 f 1 + log h3 f 2 = log h3 f 1′ + log h3 f 2′ .
(I.5.10)

It is clear that the quantity log h3 f is a summational invariant. The most
general summational invariant, as discussed above, is a linear combination
of a constant and pµ . Then one particle distribution function in equilibrium
is


1
(I.5.11)
f eq = 3 exp a( x ) + bµ ( x ) pµ
h
with arbitrary space- and time-dependent parameters a( x ) and bµ ( x ).
However, DF f eq will be a solution of the Boltzmann equation only if it
turns to zero also its LHS. Then the parameters of eq. (I.5.11) should satisfy
pµ ∂µ a( x ) + pµ pν ∂µ bν ( x ) + mbµ ( x ) F µ ( x, p) = 0,

(I.5.12)

which should be an identity for arbitrary pµ . When the DF satisfies eq. (I.5.12)
it is called global equilibrium DF f EQ .
In the absence of external field f EQ reduces to the Jüttner Jüttner (1911)
momentum distribution


φ − pµ Uµ
1
EQ
f ( p) = 3 exp
,
(I.5.13)
kB T
h
where φ, T and Uµ are parameters, U µ Uµ = c2 , h and k B are Planck’s and
Boltzmann’s constants.
It is possible now to compute such important macroscopic quantities as
the number density, the energy density and the pressure of a system in local
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equilibrium. Using the definition (I.2.15) and jµ = nU µ one has
jµ Uµ
1
n = 2 = 3 exp
c
ch



φ
kB T

Z

d3 p µ
p Uµ exp
p0



− pν Uν
kB T



.

(I.5.14)

The integral, being a scalar, can be evaluated in the rest frame, where U µ =
introducing polar coordinates
and dimensionless variables θ =
(c, 0, 0, 0) by
p


2
2
2
k B T/ mc , ν = φ/ mc and y = c p + m2 c2 / (k B T ). The result is
n=

where λC =

h̄
mc


ν 
4π
−1
K
θ
,
exp
2
θ
λ3C

(I.5.15)

and

Z
n− 3


2n −1 ( n − 1 ) ! − n ∞  2
2
dy y − θ −2
z
K n θ −1 =
y exp (−y)
(2n − 2)!
z

(I.5.16)

is the modified Bessel function of the second kind.
In full analogy, using the definition of the energy-momentum tensor and
T µν = c−2 ρU µ U ν − p∆µν , where ∆µν = gµν − c−2 U µ U ν , one can compute the
energy density ρ and pressure p as follows
Z
T µν Uµ Uν
1 d3 p µ 2 EQ
=
p Uµ f ,
ρ=
c
c2
p0
Z 3
d p µ ν
c
1 µν
p p ∆µν f EQ .
p = − T ∆µν = −
3
3
p0

(I.5.17)
(I.5.18)

Performing the integrals one finally gets
ν h



i
mc2
2
−1
−1
exp
3θ
K
θ
+
θK
θ
,
2
1
θ
λ3C
ν


mc2
θ 2 K2 θ −1 .
p = 4π 3 exp
θ
λC
ρ = 4π

Introducing the enthalpy as he = (ρ + p) /n one obtains

−1
2 K3 θ
.
he = mc
K2 ( θ −1 )

(I.5.19)
(I.5.20)

(I.5.21)

Finally, the entropy density is given by
Sµ Uµ
k
= − B exp
s=
2
c
c
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φ
kB T

Z

d3 p µ
p Uµ
p0






ϕ − pν Uν
− pν Uν
− 1 exp
.
kB T
kB T
(I.5.22)
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Taking into account eqs. (I.5.15) and (I.5.19) this integral gives
1
(ρ − φn) + k B n.
T

s=

(I.5.23)

Finally, for the thermal index Γ = c p /cv , which is the ratio of specific heat
capacities




∂he
∂ (ρ/n)
cp =
, cv =
,
(I.5.24)
∂T p
∂T
v
one has
Γ
= θ −2 + 5
Γ−1



he
θ



−



he
θ

2

,

(I.5.25)

and the limiting cases are

Γ→





5
3,

θ → 0,

4
3,

θ → ∞.

.

(I.5.26)

In Fig. I.1 the dependence Γ(θ ) computed using eqs. (I.5.25) and (I.5.21) is
shown. Non-relativistic and ultra-relativistic asymptotics are clearly visible.
Interestingly, at temperatures k B T ∼ mc2 usually considered mildly relativistic this function is already close to its ultra-relativistic value.
Combining expressions (I.5.15), (I.5.19), (I.5.20), (I.5.23) and (I.5.21) above
one find the perfect gas laws
p = nk B T,
p = (Γ − 1) ρ,
φ = he − Ts.

(I.5.27)

Note that the traditional scheme of thermodynamics is recovered if we identify T as temperature, φ as the chemical (Gibbs) potential.

I.5.2. Relativistic Maxwellian distribution
It is instructive to consider relativistic Maxwell distribution of particles with
somewhat more attention. Considering eq. (I.5.13) in the local rest frame
f

LEQ

ν
 γ
1
= 3 exp
exp −
,
θ
θ
h

(I.5.28)
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Figure I.1.: The thermal index of relativistic gas as function of dimensionless
temperature.

where γ = p0 / (mc), using eq. (I.2.3) and comparing it with eq. (I.5.15) one
gets

f =

ν
4π
dn
exp
= 3
γ
dγ
θ
λC θK2 (θ −1 )

q

 γ
γ2 − 1 exp −
.
θ

(I.5.29)

The function f ( β) with β = |v| /c is shown in Fig. I.2 for selected values of
the dimensionless temperature, each curve is normalized to unity. While the
distribution function with the lowest temperature θ = 0.02 reminds a classical Maxwellian, the one with the highest temperature θ = 1.78 it is already
far from it: the effect of limiting velocity is clearly visible.
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Figure I.2.: Relativistic Maxwellian distribution function for selected values
of dimensionless temperature.

I.5.3. Generalized continuity equation
Up to now only such interactions where particle conservation is satisfied
were discussed. An obvious example is scattering. However, there are processes where particle conservation does not hold. The simplest example annihilation of particles-antiparticle pair in two photons and the inverse process
of pair creation from two photons. Even if total number of particles (both
pairs and photons) is conserved, individual number of particles in each component can change. Consider this process in more details
e+ + e− ←→ γ1 + γ2 ,

(I.5.30)

with the corresponding energy-momentum conservation p− + p+ = k1 + k2 .
For positron (electron) from eq. (I.3.13) one has2
µ

p ∂µ f ± =

Z

d3 p ∓ d3 k 1 d3 k 2
[ f 1 f 2 W (k1 , k2 | p± , p∓ ) − f ± f ∓ W ( p± , p∓ | k1 , k2 )] ,
p0∓ k01 k02
(I.5.31)

2 Electrons

and positrons are distinguishable particles and hence there is no factor 1/2 in
front of the collision integral.
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where f ± = f ( x, p± ), etc. From eqs. (I.3.30) and (I.3.31) one gets

vrel

d3 k 1 d3 k 2
W ( p± , p∓ | k1 , k2 ) = jdσ,
k01 k02
q
c
,
= ( v − − v + )2 − ( v − × v + )2 = j 0
p ± p 0∓

(I.5.32)

where vrel is the relative velocity between electron and positron. Then integrating eq. (I.5.31) over
∂µ

Z

d3 p ± µ
p f± =
p0±

−

Z

Z

d3 p ±
p0±

and using eq. (I.5.32) one obtains

d3 p ± d3 p ∓ d3 k 1 d3 k 2
f 1 f 2 W (k1 , k2 | p± , p∓ ) − (I.5.33)
p0± p0∓ k01 k02

d3 p ± d3 p ∓
f ± f ∓ jdσ.
p0± p0∓

In view of eq. (I.2.3) and second equation in (I.5.32) the annihilation rate is
defined as
Z 3
d p ± d3 p ∓
n± n∓ hσvi ann ≡ c
f ± f ∓ jdσ.
(I.5.34)
p0± p0∓
This is an invariant quantity, as can be seen from analysis of the RHS. Notice,
that the LHS in eq. (I.5.33) is nothing but derivative of the particle four-flux
(I.2.15). In equilibrium this quantity is conserved, see eq. (I.4.10). So that in
equilibrium
c

Z

d3 p ± d3 p ∓ d3 k 1 d3 k 2
eq eq
f 1 f 2 W (k1 , k2 | p± , p∓ ) = n± n∓ hσvi ann .
0
0
0
0
p± p∓ k1 k2

(I.5.35)

Thus one can write

eq eq
µ
∂µ j± = hσvi ann n+ n− − n+ n− ,

(I.5.36)

and it reduces to eq. (I.4.10) in thermal equilibrium, since in equilibrium
particle non conserving interactions balance each other. This equation finds
numerous applications, especially in cosmology, since it is much easier to
solve compared to integro-differential eq. (I.3.13).

I.6. Relativistic BBGKY hierarchy
In this section following de Jagher and Sluijter (1988), the derivation of
relativistic Bogoliubov–Born–Green–Kirkwood–Yvon hierarchy is briefly
illustrated, see also Klimontovich (1960a),Kuz’menkov (1978),Naumov
(1981),Polyakov (1988) and Hakim (2011). The basic idea in this approach
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is that any many-body system can be characterized by the set of equations of
motion under given interaction. Applying averaging to Klimontovich distribution functions one can derive the infinite chain of equations (hierarchy) for
many particle distribution functions.
For definiteness let us discuss a system of charged particles of equal mass
with the corresponding electromagnetic interaction. In that case it is conveq
nient to use for the four-momentum pµ −→ pµ − c Aµ , where Aµ is the vector
potential of the electromagnetic field. The equations of motion are
dpµ
q
= − F µν uν ,
ds
c

pµ = muµ ,

uµ =

dx µ
,
ds

(I.6.1)

where F µν is the electromagnetic field tensor, uµ is the particle four-velocity.
For the point particle the four-current is
µ

j =q

Z

uµ δ4 [ x ν − x ν (s)] ds.

(I.6.2)

Recalling the definition (I.3.16) of the Klimontovich DF one may proceed
in analogy with Sec. I.3.1. Using eq. (I.6.1) one arrives to the Klimontovich
equation
∂F K
q
(I.6.3)
pµ ∂µ F K − pµ F µν ν = 0.
c
∂p
This equation has to be supplemented by the Maxwell field equations
∂µ F µν = 4π J ν ,

ε µνσρ ∂ν F σρ = 0.

(I.6.4)

These equations are the basis for derivation of the hierarchy. Notice
that these equations are used in numerical simulations (particle-in-cell algorithms). Solutions of eqs. (I.6.3), (I.6.4) are approximate solutions to the
 −1
Vlasov-Maxwell system with the accuracy O(µ), where µ = nλ3D
, see
e.g. Sigov (2001) is the plasma parameter, λ D is the Debye length, see eq.
(I.7.8) below, n is density.
The usual approach in statistical physics of a many-body system is to start
with the Liouville theorem for ensemble density. In order to generalize the
treatment to include fields with infinite degrees of freedom one has to consider linear spaces. Assume that relativistic Hamilton equations are valid (in
symbolic form)
dX
= G [ X (s) , s] ,
(I.6.5)
ds
and they are supplied with initial conditions X (s = s0 ) = X0 . Introducing
the N-particle phase space with coordinates X being the element of the linear
space and probability density F ( X, s) in this phase space, after rather lengthy
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derivation one can show that Liouville’s theorem holds
∂
∂
∂
F ( X, s) + F ( X, s)
· G ( X, s) + G ( X, s) ·
F ( X, s) = 0.
∂s
∂X
∂X

(I.6.6)

Then one has to apply statistical averaging to eqs. (I.6.3) and (I.6.4), which
have to be rewritten in the Hamiltonian form. This can be done by introducing a hypersurface S on which initial conditions are given and which determines a scalar that can be used as a time parameter. Then a linear space is
constructed in which a point can be interpreted as a state vector for the system at the surface S. Assume that fields F µν restricted on S can be regarded as
an element of a Hilbert space with a set of orthonormal coordinates denoted
by |Ψi i.
It is possible to show that statistical averaging and differentiation with respect to s commute, i.e.


d
d
=
A ( X, s)
(I.6.7)
h A ( X, s)iens .
ds
ds
ens
Introducing the one-particle DF (I.2.14) as F ( x, p) = F K ( x, p) ens , averR
aged fields h∑i F µν (s) |Ψi iiens and currents q pµ F K ( x, p) d4 p ens it is possible to write down the hierarchy


1
q
q ∂I µν
µ
µ ν
µν ∂ f
u ∂µ F ( x, p) =
∆µν p ∂ f + pµ F
+ pµ ν ,
pσ uσ
c
∂pν
c ∂p


µν
µν
uσ ∂σ F µν ( x ) = 4π∆λ J λ − ∆ησ ∂η F σλ + ∆σλρ ∂σ F λρ ,
(I.6.8)
uµ ∂µ I µν ( x, p) = ...

where
iE
h
D
I µν ( x, p) = [ F µν ( x ) − h F µν iens ] F K ( x, p) − F ( x, p)

ens

(I.6.9)

is the particle-field correlation, ∆µν = gµν + U µ U ν is a projection operator
and


µν
µ
µν
µ
µ
∆λ = uµ ∆νλ − uν ∆λ , ∆σλρ = ∆σ ∆νρ − ∆νσ ∆ρ uλ .
(I.6.10)
Dynamical equation for I µν ( x, p) contains particle variance, field variance
iE
ih
Dh
K
K
,
g12 ( x, p1 , p2 ) = F ( x, p1 ) − f ( x, p1 ) F ( x, p2 ) − f ( x, p2 )
ens

(I.6.11)

G

µνρσ

( x ) = h[ F

µν

µν

( x ) − h F iens ] [ F

ρσ

ρσ

( x ) − h F iens ]iens ,

as well as triple correlations and so on, for details see de Jagher and Sluijter
(1988).
The system (I.6.8) is the relativistic Bogoliubov–Born–Green–
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Kirkwood–Yvon hierarchy. Like in non-relativistic theory this hierarchy is
infinite.
Notice that Klimontovich in his original derivation Klimontovich (1960b)
of relativistic kinetic equation neglecting radiation used solution of Maxwell
equations for the four-potential Aµ . Hence in his chain of equations only
particle-particle correlation functions such as g12 ( x, p1 , p2 ) appear, see also
Kuz’menkov (1978).
In order to close the system (I.6.8) additional assumptions are needed. In
plasma physics with Coulomb interactions between particles the rapid attenuation of correlations principle Bogoliubov (1946, 1962) is usually adopted.
Notice that such a principle may be considered as a consequence of ergodicity of the system Smolyansky (1968). In this way the assumption of no correlation between particles
G ( x, p1 , p2 ) = F ( x, p1 ) F ( x, p2 ) ,
G ( x, p1 , p2 , p3 ) = F ( x, p1 ) F ( x, p2 ) F ( x, p3 ) ,
...

(I.6.12)

leads to the system of Vlasov-Maxwell equations

∂µ F µν

q
∂F
pµ ∂µ F − pµ F µν ν = 0,
c
∂p
Z 3
d p µ
p ∂µ F, ε µνσρ ∂ν F σρ = 0.
= 4πq
p0

(I.6.13)
(I.6.14)

Taking into account nonvanishing two point correlation function, but neglecting three point correlations results in the Belyaev-Budker equation
Beliaev and Budker (1956). For its derivation from the BBGKY hierarchy see
Klimontovich (1960b), Naumov (1981) and Polyakov (1988). The result instead of eq. (I.6.13) is
uµ ∂µ F = −

2


uλ u′λ
∂F ′
′ ∂F
d p h
i 3 Bµν F ∂p′ − F ∂p , (I.6.15)
2
ν
2
ν
′
c uλ uλ − 1
nh
i

o
2
=
uλ u′λ − 1 δµν − uµ uν − u′µ u′ν − uλ u′λ uµ u′ν + u′µ uν
,
2

2π (qq′ ) Λ
Kµ =
c2
Bµν

∂Kµ
,
∂pµ

Z

4 ′

where Λ is Coulomb logarithm, see eq. (I.7.22) below, primed and unprimed
values correspond to two incoming particles, and the mean field is neglected.
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In non-relativistic case Landau (1936, 1937) this equation reduces to


∂f
1
∂s a
∂f
∂f
+v +q E+ v×B
=−
,
(I.6.16)
∂t
∂r
c
∂p
∂p a


Z 
(v − v′ )2 δab − (v a − v′a ) vb − v′b 3 ′
∂f′
2
′ ∂f
s a = 2πq Λ
f ′ −f
d p.
∂pb
∂pb
(|v − v′ |)3
Recall that in dilute plasma collisions with small momentum transfer dominate. For this reason the Coulomb collision integral in non-relativistic plasma
is usually approximated by the Fokker-Planck diffusive term. Such approximation actually becomes invalid for relativistic plasma with k B T & me c2 ,
where me is electron mass, since at these temperatures pairs of electrons and
positrons form, see Sec. I.8 below. Description of such relativistic plasma
requires the full Boltzmann collision integral.
It has to be noted that both system (I.6.13), (I.6.14) and equation (I.6.15) are
microscopic equations in the sense that they define one particle distribution
functions for discrete sources and corresponding electromagnetic fields.
The system of particles interacting via gravitational mean field is described
Zakharov (2000) by the Einstein-Vlasov system of equations
Z

d3 p µ ν K
8πG
1
Rµν − gµν R + gµν Λ = 4 c
p p F
2
p0
c
∂F K
∂F K
pµ µ − Γiνλ pν pλ i = 0,
∂x
∂p

(I.6.17)

where F K is the Klimontovich DF defined by eq. (I.3.16). These equations
form the basis for microscopic gravity. For mathematical aspects see recent
review Andréasson (2011).
Macroscopic gravitation theory should be derived from these equations by
applying the averaging procedure. Following the discussion in Sec. I.6 it is
expected that correlations should appear in both equations after the averaging and represent matter-field, matter-matter and field-field correlations. An
attempt to construct such equations up to the second order terms in interaction is made in Zakharov (2000).

I.7. Gases and plasmas
Having derived basic kinetic equation in Sec. I.3 and I.6 let us turn to their application. Dilute gas and plasma are traditionally considered as primary applications for KT. The generalization to relativistic case of KT for gas required
mainly terminological changes Synge (1957). However, KT of plasma had to
be build on relativistic basis from the beginning since Maxwell equations, be-
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ing intrinsically relativistic, are necessarily a natural part of it. Besides, in
relativistic domain (at relativistic temperatures) many qualitatively new phenomena occur in plasma. In order to understand these phenomena, as well
as to provide the physical foundations for the derivation of the Boltzmann
and Vlasov equations discussed in the previous section, it is very useful to
discuss characteristic quantities in both gases and plasmas.

I.7.1. Plasma frequency
Let us start from the Maxwell equations (I.6.4) and assume that particles
move collectively with velocity v given by the equation of motion
m

∂U µ
q µ
=
−
Fν ,
∂x ν
c

(I.7.1)

Taking 0-1 components in eq. (I.6.4) one has
d (γβ)
dE
= qE,
= −4πqnβ,
(I.7.2)
dt
dt
−1/2
where β = v/c and γ = 1 − β2
. Differentiating the first equation with
respect to time one gets, see e.g. Benedetti et al. (2011)
m

d2 u 4πq2 n
u
√
= 0,
+
dt
m
1 + u2

u = γβ.

(I.7.3)

This equation describes nonlinear Langmuir oscillations (reducing to harmonic ones for v ≪ c) with the frequency given by
ω 2p =

4πq2 n
.
mγ

(I.7.4)

This parameter is one of the most fundamental ones and it is called plasma
frequency.

I.7.2. Correlations in plasma
In order to determine other characteristic quantities of plasma one needs to
consider the notion of correlation in plasma. It is well known that the correlation function in a medium composed of particles interacting via Coulomb
potential is divergent. However, since a neutral plasma contains both positive and negative charges in equal amount, the field of a charged particle in
plasma is different from the Coulomb field. In order to illustrate this point
consider a charged particle at rest in the origin, see e.g. Chen (1984) and Silin
(1998). The system of equations (I.6.13) and (I.6.14) simplifies for this case
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and there remain only two of them:
vi

∂ϕ ∂ f i
∂ fi
= 0,
− qi
∂r
∂r ∂pi

∆ϕ = −4π ∑ qi ni − 4πqδ (r ) ,

(I.7.5)

i

where ϕ is electrostatic potential, and for clarity the DF defined in eq. (I.2.2)
is used instead of F. In order to solve these equations one has to set up the
boundary conditions. Assume that the electric field vanishes at infinity, i.e.
ϕ (∞) = 0. Assume also that the DF far from the origin is the MaxwellBoltzmann one (I.5.28), that is


γi m i c 2 + q i ϕ ( r )
f i (γi ) ∝ ni exp −
.
(I.7.6)
kB T
Then taking into account charge conservation ∑i qi ni = 0 one can get for the
potential



qi ϕ
.
(I.7.7)
∆ϕ = −4πqδ (r ) + 4π ∑ qi ni 1 − exp −
kB T
i
At large radii |qi ϕ| ≪ k B T and instead of eq. (I.7.7) a linear equation is obtained
1
kB T
∆ϕ − 2 ϕ = −4πqδ (r ) , λ2D =
.
(I.7.8)
λD
∑i 4πq2i ni
and it gives the solution for the electric potential in equilibrium plasma


r
q
.
(I.7.9)
ϕ = exp −
r
λD
This result implies that at large distances the Coulomb field of the point
charge is screened.

Define now a two-particle spatial correlation function in equilibrium as
f 2 (1, 2) = f 1 (γ1 ) f 1 (γ2 ) g(r ),

(I.7.10)

where the functions f i (γi ) are given by eq. (I.5.29), r = |x2 −R x1 | and g(r ) is
called radial distribution function . Using the normalization f i (γi ) dγi = 1
one can introduce the total correlation function
ξ (r ) = g(r ) − 1 ≪ 1,

(I.7.11)

where ξ (r ) is zero for uncorrelated particles. For dilute plasma in a state close
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to equilibrium Klimontovich (1997) this function is


1 q2
r
ξ (r ) = −
exp −
,
kB T r
λD

(I.7.12)

which means that the correlation radius for this plasma is rcor ∼ λ D .

I.7.3. Gravitational correlations in expanding Universe
Unlike for the electromagnetic interactions, there is no Debye screening in the
gravitational interactions since there is no negative mass. In an expanding
Universe it is possible, however, to introduce the gravitational correlation
radius. Following Zakharov (2000) consider the Poisson-Vlasov equations in
the comoving coordinates
u ∂f
∂Φ ∂ f
∂f
+ 2
−
= 0,
∂t
∂q ∂u
a ∂q

4πG
∆Φ =
a

Z

f d3 u − a3 ρ0 ,

(I.7.13)

where ρ0 is the average density, Φ is gravitational potential. Here comoving
coordinates q and velocities u are related to the physical ones as usual
q=

x
,
a (t)

u = a (t) [v − H (t) x] ,

(I.7.14)

where a (t) is cosmological scale factor. By comparison of eqs. (I.7.13) and
(I.7.5) one finds that the average density in eq. (I.7.13) plays the role of opposite charge particles. By analogy with eq. (I.7.7) considering a gravitating
particle in a uniform media, insert in eq. (I.7.13) instead of a3 ρ0 a new density


mΦ
3
3
a ρ = a ρ0 exp −
.
(I.7.15)
kB T
In the physical coordinates one obtains




mΦ
−1 ,
∆Φ = 4πGρ exp −
kB T
which is similar to eq. (I.7.7). For large distances it reduces to


1 d
4πGρ0 m
2 dΦ
Φ = 0,
r
+
2
dr
kB T
r dr
which gives
1
Φ ∝ cos
r



r
rg



,

r2g =

kB T
.
4πGρ0 m

(I.7.16)

(I.7.17)

(I.7.18)
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It is important that this dependence, being introduced in the correlation function


Φ ( r1 , r2 )
−1 .
(I.7.19)
gab = f ab − f a f b ∝ exp
kB T
leads to finite integrals at infinity.

I.7.4. Coulomb collisions
Consider Coulomb collision with large impact parameter and, consequently,
small deflection angle ϑ, measured in the center-of-mass system. The transport cross-section in non-relativistic case Lifshitz and Pitaevskii (1981) is
σt =

Z

1
(1 − cos ϑ ) dσ ≃
2

Z

ϑ2 dσ.

(I.7.20)

Here the differential cross section with small angles is given by the Rutherford formula
2
8π (qq′ ) dϑ
dσ =
,
(I.7.21)
µ2 ( v − v ′ )4 ϑ 3
where prime denotes the second particle. Then the total cross-section is
σt =

4π (qq′ )

2

µ2 ( v − v ′ )

Λ,
4

Λ = log ( L) =

Z

dϑ
.
ϑ

(I.7.22)

This result shows that in non-relativistic plasma, due to the long-range nature of the electromagnetic interactions the ”collision” process occurs at large
distances between particles.
Consider now Coulomb logarithm in relativistic plasma. Electron-electron or
electron-positron collisions are then described by Møller and Bhabha crosssections, instead of (I.7.21). In this case the Born approximation has to be used
since the relative velocity vr between particles is larger than αc and then
L=

m hvγi
−1
λ D ≃ ϑmin
.
h

In thermal equilibrium, using eqs. (I.7.8) and (I.5.15) one finds

Dv E
K1 θ −1
−→ 3θ,
γ = 3θ +
c
K2 ( θ −1 ) θ → ∞

(I.7.23)

(I.7.24)

so in relativistic case one has
log (Λ) =
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− 1
3
3
2
3
2
θ
αλ
n
−→ O(1),
C
3/2
θ →∞
4π

(I.7.25)
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where α is the fine structure constant. This result implies that the mean free
path due to Compton scattering lC = nσ1T and the one due to Coulomb scattering lC = log(1Λ)σ become equal in the ultra-relativistic case. This formula
T
shows also that for relativistic plasmas, when log (Λ) ≃ O(1) the momentum
transfer in Coulomb collisions is no longer small, and so the Fokker-Planck
approximation (I.6.15) does not hold.

I.7.5. Characteristic distances
Following Klimontovich (1983) let us compare the characteristic distances in
gas and plasma: the correlation radius rcor , the average distance between
particles r av and the mean free path l.
For dilute gas interactions between particles occur when they approach
each other, so the correlation length is rcor ∼ r0 , where r0 is the particle (atom
or molecule) size. Average distance between particles is determined from
particle density n as r av ∼ n−1/3 . The mean free path, i.e. the average distance
 −1
that particles travel without interactions is l ∼ (nσ )−1 ∼ nr02
, where in
the last relation the fact that the cross-section in gas is typically σ ∼ r02 is used.
For dilute plasma, as discussed above, rcor ∼ λ D . The mean free path is
 −1
.
instead l ∼ nλ2D
From these quantities it is possible to construct dimensionless parameters
characterizing a given medium: for dilute plasma and gas, respectively
gp =

1
≪ 1,
nλ3D

gg = nr03 ≪ 1.

(I.7.26)

Relativistic plasma in thermal equilibrium is always dilute, see Fig. I.3. In
general the following inequalities hold for gas and plasma
rcor ≪ r av ≪ l, (gas)
r av ≪ rcor ≪ l. (plasma)

(I.7.27)

It is clear that in dilute gas interaction occurs only when two particles encounter or ”collide” with each other. Correlations between particles may be
neglected before and after the collision. In dilute plasma the situation is opposite. A given particle is interacting simultaneously with many particles
located in the Debye sphere around this particle with radius λ D . It means
that particles move in the mean electromagnetic field, created by many other
particles. This field has to be averaged over some volume, smaller than the
Debye volume λ3D , but larger than the interparticle volumes r3av . The Vlasov
approximation (I.6.13),(I.6.14) is valid when the rate of particle collisions is
smaller than the rate of change of these averaged electromagnetic field. In
other words, the relaxation lengths are much larger than the size of the sys-
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Figure I.3.: The plasma parameter of relativistic plasma in thermal equilibrium as function of dimensionless temperature.
tem L.
Now it is possible to justify the derivation of the Boltzmann equation in
Sec. I.3, where only binary interactions have been considered and interactions
between three particles, four particles, and so on were neglected. Indeed,
triple collisions in gas are much less probable than binary collisions, since the
correlation function C (1, 2) is small, see e.g. Liboff (2003)
C (1, 2) = f 2 (1, 2) − f 1 (1) f 1 (2) ∼ gg f 2 (1, 2) ,

(I.7.28)

where f 2 (1, 2) is two particle DF, f 1 (1) and f 1 (2) stand for one particle DF
of particle one and two, respectively. Analogously, C (1, 2, 3) ∼ gg f 3 (1, 2, 3)
and so on.
From the kinetic point of view physically infinitesimally small scales
should satisfy the inequalities
r ph ≪ L,

nr3ph ≫ 1,

(I.7.29)

where L is the characteristic size in the problem (the size over which DF
changes significantly). Then one has for such kinetic infinitesimally small
scales
rK ≪ l, (gas)
rK ≪ λ D . (plasma)
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From the hydrodynamic point of view the relaxation scale is a function of
the characteristic size L and of one of the three dissipation coefficients: diffusion D, viscosity ν and heat conductivity χ. The corresponding physically
infinitesimally small scale satisfies the following inequality
vL2
, D ∗ = max ( D, ν, χ) .
(I.7.31)
D∗
The transition from kinetic level of description to the hydrodynamic one is
realized by the introduction of the physical Knudsen number
r HD ≪

Kn =

r ph
≪ 1.
L

(I.7.32)

The approximate methods of solutions of the Boltzmann equation (such as
Hilbert, Chapman-Enskog, Grad methods, see e.g. Cercignani and Kremer
(2002) and Liboff (2003)) use Kn as a small parameter for expansion of kinetic equations. The ratio of the two infinitesimally small scales (kinetic and
hydrodynamic ones) is
rK
∼ g3/10
Kn6/5 ≤ 1,
g
r HD

(I.7.33)

where equality corresponds to the maximal Knudsen number (minimal scale
L) when a common hydrodynamic and kinetic description of the system is
still possible.

I.7.6. Relativistic degeneracy
If the temperature of plasma decreases for a given density of particles it may
become degenerate Landau and Lifshitz (1980). The same phenomenon occurs when particle density increases, but the temperature is fixed. It is useful
to construct the temperature-density diagram, see Fig. I.4.
The characteristic temperature which separates non-degenerate from degenerate systems is defined by
θF ≡

EF
,
m e c2

(I.7.34)

where EF is Fermi energy, corresponding to Fermi momentum


2

p F = 3π n

1
3

h̄.

(I.7.35)

For a relativistic gas the total energy and momentum are related E2 =
p2 c2 + m2e c4 . Equating the kinetic energy E − me c2 to the Fermi energy the

915

I. Relativistic kinetic theory and its applications

LogHΘL
2
0
-2
-4
-6
-10

0

-5

5

LogHnΛc 3 L

Figure I.4.: The temperature-density diagram for relativistic plasma. Solid
line corresponds to the condition D = 1. To the right of this curve D < 1 and
plasma is degenerate. Dashed curve corresponds to the condition g p = 1.
Above this curve g p < 1 and plasma is ideal. Dotted curve corresponds to
thermal electron-positron plasma.
degeneracy temperature is obtained
θF =



3π

2

4 
3

λC n

1
3

2

+1

1/2

− 1.

(I.7.36)

Define the degeneracy parameter
D=

θ
.
θF

(I.7.37)

Note that it is related to the degeneracy parameter introduced in Groot et al.
θ3
3
(1980) as D′ = nλ
3 ≃ D . Definition (I.7.37) takes into account both nonC

relativistic and ultra-relativistic asymptotics in eq. (I.7.36). As can be seen
from Fig. I.4 even in thermal equilibrium relativistic plasma becomes degenerate, though this degeneracy is weak.

I.7.7. Landau damping
Following Lifshitz and Pitaevskii (1981) consider non-relativistic linear Landau damping with a simplified treatment. More details, including non-linear
damping are given in the mathematical treatise Mouhot and Villani (2011),
see also Klimontovich (1997). Consider a homogeneous isotropic plasma
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with DF f 0 ( p). Assume that a weak electromagnetic field is present, which
induces a small perturbation on DF such that f = f 0 ( p) + δ f . In isotropic
plasma magnetic field in eqs. (I.6.13),(I.6.14) is not important, then linearized
eq. (I.6.13) becomes
∂δ f
∂f
+ v · ∇δ f = qE 0 ,
(I.7.38)
∂t
∂p
where δ f and E are, respectively, DF and electric field perturbations. Assuming that δ f ∼ exp [i (kr − ωt)], E ∼ exp [i (kr − ωt)], the solution is
δf =

∂f
qE
· 0.
i (k · v − ω ) ∂p

(I.7.39)

The dielectric constant, given by 4πP = (ε − 1) E can be found, observing
that
Z
ik · P = −ρ = q δ f d3 p.
(I.7.40)
Since the function δ f has a pole at ω = k · v the integral above should be
evaluated using the Landau rule ω → ω + i0. The result is
ε = 1−

4πq2
k2

Z

k·

∂ f0
d3 p
.
∂p (k · v − ω − i0)

(I.7.41)

It means that the dielectric constant has an imaginary part. Introducing the
DF along x-axis and choosing the direction of k along the same axis one gets
Im (ε) = −

4πq2 m d f ( p x )
.
dp x
k2

(I.7.42)

Non-vanishing Im (ε) means that the electric field looses energy with the rate
Q = − | E |2

πmq2 d f ( p x )
.
dp x
2k2

(I.7.43)

This is collisionless damping of electromagnetic waves as established by Landau Landau (1946). The validity condition for this result is λ D ≪ 2π
k ≪ L.
Actually, the damping of electromagnetic field oscillations in nonrelativistic case is exponentially weak. In contrast, in ultra relativistic case
there are two possibilities: when phase velocity of the wave is smaller than
the speed of light the damping is strong; in the opposite case the damping
is absent Buti (1962). This result is generally confirmed for electron-positron
plasma Laing and Diver (2006).
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I.8. Pair plasma
In this section a special case of plasma will be considered, when both negative
and positive charge carriers have equal masses: electron-positron plasma.
Electron-positron plasma is of interest in many fields of physics and astrophysics. In cosmology during the lepton era ultra-relativistic electronpositron pairs contribute to the matter content of the Universe Weinberg
(2008). The cosmic microwave background radiation is created at the black
body photosphere Khatri and Sunyaev (2012), around the cosmic redshift
z = 106 .
In astrophysics comparable energy densities are expected to be reached
in gamma-ray bursts sources, hence electron-positron pairs play an essential role there Piran (2005). Indications exist that the pair plasma is present
also in active galactic nuclei Wardle et al. (1998), in the center of our Galaxy
Churazov et al. (2005), around hypothetical quark stars Usov (1998). In the
laboratory pair plasma is expected to appear in the fields of ultra intense
lasers Blaschke et al. (2006), see also Benedetti et al. (2013) and Ruffini et al.
(2010) for review.
In many stationary astrophysical sources the pair plasma is thought to
be in thermodynamic equilibrium. A detailed study of the relevant processes Bisnovatyi-Kogan et al. (1971), Weaver (1976), Lightman (1982), Gould
(1982), Stepney and Guilbert (1983), Coppi and Blandford (1990), radiation
mechanisms Lightman and Band (1981), possible equilibrium configurations
Lightman (1982), Svensson (1982a), Guilbert and Stepney (1985) and spectra
Zdziarski (1984) in an optically thin pair plasma has been carried out. Particular attention has been given to collisional relaxation process Gould (1981),
Stepney (1983), pair production and annihilation Svensson (1982b), relativistic bremsstrahlung Gould (1980), Haug (1985), double Compton scattering
Lightman (1981), Gould (1984).
An equilibrium occurs if the sum of all reaction rates vanishes, see eq.
(I.5.9) and discussion that follows. For instance, electron-positron pairs are
in equilibrium when the net pair production (annihilation) rate is zero. This
can be achieved by variety of ways and the corresponding condition can
be represented as a system of algebraic equations Svensson (1984). However, the main assumption made in all the above mentioned works is that
the plasma is assumed to obey relativistic quantum statistics. The latter is
shown to be possible, in principle, in the range of temperatures up to 10 MeV
Bisnovatyi-Kogan et al. (1971),Stepney (1983). It will be shown that independently of a wide set of initial conditions, thermal equilibrium forms for the
phase space distribution functions are recovered during the process of thermalization by two body and three body direct and inverse particle-particle
collisions. The pair plasma is assumed to be optically thick. Although moderately thick plasmas have been treated in the literature Guilbert and Stepney
(1985), only qualitative description Bisnovatyi-Kogan et al. (1971),Svensson
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(1982a) was available for large optical depths until recently Aksenov et al.
(2007),Aksenov et al. (2009).

I.8.1. Basic parameters
Consider a mildly relativistic plasma with average energy per particle 0.1 .
ǫ
MeV . 10. Before formulating the relativistic kinetic equations for the
electron-positron plasma recall the basic plasma parameters and their typical
values. The plasma parameter (I.7.26) for electron-positron
plasma is typi√
cally g p = (n− λ3D )−1 ∼ 10−3 , here λ D = ωc θ− is the Debye length (I.7.8),
p
θ− = k B T− /(mc2 ) is the dimensionless temperature, ω =
4πq2 n− /m is
the plasma frequency, n− is the electron number density, m is its mass. It
implies that the relativistic Boltzmann equations for one particle distribution
functions can be used to describe an electron-positron plasma. The classicality parameter κ = e2 /(h̄vr ) = α/β r < 1, where vr = β r c is the mean
relative velocity of particles. It means that in electron-positron plasma a
quantum description of scattering is required. The Coulomb logarithm is
Λ = Mλ D vr γr /h̄, where M is the reduced mass. Since this expression contains the Debye length, which is defined only for a thermal plasma, the expression (I.7.25) for relativistic Coulomb logarithm will be used. As already
mentioned in Sec. I.7.6 a relativistic plasma may be degenerate, but in what
follows such relativistic degeneracy will be neglected.
Intensity of interaction of photons with other particles is characterized by
the optical depth
Z
τ=

L

σ (n− + n+ ) dl,

(I.8.1)

where σ is the cross-section and the integral (I.8.1) is taken over the lightlike worldline L. In what follows consider the case in which plasma linear
dimensions R exceed the photon mean free path λγ = (n− σ )−1 , thus τ ≫ 1.
When admixture of protons and electrons is allowed it may be characterized by an additional parameter, the baryonic loading
B=

n p Mc2
,
ρr

(I.8.2)

where M is the proton mass, ρr is the energy density in relativistic component
(electrons, positrons and photons).
In thermal equilibrium, while e+ e− are relativistic, with average energies
ǫ± ∼ mc2 ∼ k B T, protons are not with kinetic energies Mv2p ∼ k B T, and thus
q
vp
m
2
2
∼
c
M . Also in equilibrium with ǫ± ≥ mc one has ρ± ≈ n± mc and
n

m
B. Since electron
thus the density ratio between protons and pairs is n±p ∼ M
is subject to interaction with both electrons (positrons) and photons, one has
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for the ratio of mean free paths, see e.g. Groot et al. (1980)
n± + n p
λγ
= log (Λ) +
.
λ±
nγ

(I.8.3)

Note that there are two natural parameters for perturbative expansion in
various expressions: the fine structure constant α ≃ 1/137 and the ration
between electron and proton masses m/M ≃ 1/1836.

I.8.2. Kinetic equation and collision integrals
Relativistic Boltzmann equations (I.3.9) for homogeneous isotropic plasma
are
∂f
1 ∂ fi
− ∇U i = St f ,
(I.8.4)
c ∂t
∂p
where U is a potential due to external force, f i (ǫ, t) are distribution functions
and the index i stands for electrons, positrons and photons. The second term
on the LHS of eq. (I.8.4) describes the mean field produced by all particles,
plus an external field. Particle collisions, including Coulomb ones, are taken
into account by collision terms on the RHS. Particle motion between collisions is assumed to be subject to the mean field, which is neglected. This is
an assumption, but in dense collision dominated plasma this assumption is
justified, see e.g. Groot et al. (1980). Then eq. (I.8.4) reduces to a coupled
system of partial-integro-differential equations
1 ∂ fi
=
c ∂t
q

∑
q

q 
q
ηi − χ i f i ,

(I.8.5)

q

where ηi and χi are the emission and the absorption coefficients for a given
process q Mihalas and Mihalas (1984).
The elementary interactions between particles are described by the quantum field theory. In the case under consideration this is quantum electrodynamics. These coefficients have to be computed from the probability of
a given process, expressed as function of the corresponding matrix element.
In general, for a process involving a outgoing and b incoming particles the
differential probability per unit time is (h̄ = c = 1)
#"
#
"
′

dp
h̄c
h̄c
2
a
dw = c(2πh̄)4 δ(4) p f − pi M f i V ∏
, (I.8.6)
∏
3 2ǫ′
2ǫ
V
(
2πh̄
)
b
a
a
b
where p′a and ǫ′a (ǫb ) are respectively momenta and energies of outgoing (incoming) particles, M f i are the corresponding matrix elements, δ(4) stands for
energy-momentum conservation, V is the normalization volume. The list
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Binary interactions
Møller and Bhabha scattering
e1± e2± −→ e1±′ e2±′
e± e∓ −→ e±′ e∓′
Single Compton scattering
e± γ −→ e± γ′
Pair production
and annihilation
γγ′ ←→ e± e∓

Radiative and pair producing variants
Bremsstrahlung
e1± e2± ←→ e1±′ e2±′ γ
e± e∓ ←→ e±′ e∓′ γ
Double Compton scattering
e± γ ←→ e±′ γ′ γ′′
Radiative pair production
and three photon annihilation
γγ′ ←→ e± e∓ γ′′
e± e∓ ←→ γγ′ γ′′
e± γ ←→ e±′ e∓ e±′′

Table I.1.: Microphysical processes in the pair plasma.
Binary interactions
Coulomb scattering
p1 p2 −→ p1′ p2′
pe± −→ p′ e±′
Single Compton scattering
pγ −→ p′ γ′

Radiative and pair producing variants
Bremsstrahlung
p1 p2 ←→ p1′ p2′ γ
pe± ←→ p′ e±′ γ
pe1± ←→ p′ e1±′ e± e∓
Double Compton scattering
and radiative pair production
pγ ←→ p′ γ′ γ′′
pγ ←→ p′ e± e∓

Table I.2.: Microphysical processes involving protons in the pair plasma.
of processes that are relevant for optically thick electron-positron plasma is
given in Tab. I.1.
The list of the leptonic processes involving protons is given in Tab. I.2.
Each of the above mentioned reactions is characterized by the corresponding time-scale and optical depth. For Compton scattering of an electron, for
instance, one has
1
tcs =
,
τcs = σT n± R,
(I.8.7)
σT n± c

2 h̄ 2
where σT = 8π
3 α ( mc ) is the Thomson cross-section, R is the linear size of
plasma. There are several time-scales in this problem that characterize the
condition of detailed balance between direct and inverse reactions, namely

• Pair production, Compton and electron-electron scattering: tγe ∼ tγe ∼
(σT nc)−1 ;
• Cooling: tbr = α−1 tc ;
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• Proton-proton: n p t pp
c;

 −1

1
• Electron-proton: t−
ep ≈

≈

q

m
M

(n− tee )

ǫ± −1
t ,
Mc2 ee

• Proton Compton scattering:

m
M ve ,

ve ≈

(n− tγe )−1 ,

ǫ ≥

vp ≈

,

q

ǫ± ≪ ǫ p ;

n p tγp

mc2 ;

• Dynamical time-scale:

−1

 −1

≈



ǫ
Mc2

2

thyd ∼ R/c.

As example of collision integral consider the absorption coefficient for
Compton scattering which is given by
cs

χ fγ =

Z

dk′ dpdp′ Wk′ ,p′ ;k,p f γ (k, t) f ± (p, t),

(I.8.8)

where p and k are the four-momenta of electron (positron) and photon re2 β /c3 , dk′ =
spectively, p and k are their three-momenta, dp = dǫ± doǫ±
±
dǫγ′ ǫγ′2 doγ′ /c3 and the transition rate Wk′ ,p′ ;k,p is related to the differential transition probability dwk′ ,p′ ;k,p per unit time as
Wk′ ,p′ ;k,p dk′ dp′ ≡ Vdwk′ ,p′ ;k,p ,

dwk′ ,p′ ;k,p = wk′ ,p′ ;k,p dk′ dp′ .

(I.8.9)

R
One integration over dp′ as dp′ δ(dk + dp − dk′ − dp′ ) → 1 can be readily
performed. Then it is necessary to take into account the momentum conservation in the next integration over dk′ , namely
Z

′
dǫγ′ δ(ǫγ + ǫ± − ǫγ′ − ǫ±
)→

|∂(ǫγ′

1
′ ) /∂ǫ′ | ≡ Jcs ,
+ ǫ±
γ

(I.8.10)

1
, where bi = pi /p,
1− β′± b′γ ·b′±
′
′
′
′
ǫγ bγ )/( β ± ǫ± ). Finally, for the

where the Jacobian of the transformation is Jcs =
bi′ = pi′ /p′ and b′± = ( β ± ǫ± b± + ǫγ bγ −
absorption coefficient one has
χcs f γ = −

Z do ′ dp ǫ′ | M |2 h̄2 c2
fi
γ
γ
′
(2π )2 16ǫ± ǫγ ǫ±

Jcs f γ (k, t) f ± (p, t),

(I.8.11)

where the matrix element squared, see e.g. Berestetskii et al. (1982), is
"
2

m2 c2
m2 c2
m2 c2
m2 c2
2
6 2 2
|M f i| = 2 π α
+
+
+
s − m2 c2 u − m2 c2
s − m2 c2 u − m2 c2


u − m2 c2
1 s − m2 c2
,
(I.8.12)
+
−
4 u − m2 c2
s − m2 c2
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s = (p + k)2 and u = (p − k′ )2 are invariants, k = (ǫγ /c)(1, eγ ) and p =
(ǫ± /c)(1, β ± e± ) are energy-momentum four-vectors of photons and elec2 β /c3 , dk′ = dǫ′ ǫ′2 do ′ /c3 and do = dµdφ.
trons, respectively, dp = dǫ± doǫ±
±
γ γ
γ
As example of triple interactions consider the relativistic bremsstrahlung
e1 + e2 ↔ e1′ + e2′ + γ′ .

(I.8.13)

For the time derivative, for instance, of the distribution function f 2 in the
direct and in the inverse reactions (I.8.13) one has
Z
h
i
f˙2 = dp1 dp1′ dp2′ dk′ Wp′ ,p′ ,k′ ;p1 ,p2 f 1′ f 2′ f k′ − Wp1 ,p2 ;p′ ,p′ ,k′ f 1 f 2 =
1 2
1 2


Z
(
4
)
2
6 3
1
′
′
′ c h̄ δ ( Pf − Pi )| M f i |
′ ′ ′
= dp1 dp1 dp2 dk
f1 f2 fk −
f f2 ,
(2π )2
25 ǫ1 ǫ2 ǫ1′ ǫ2′ ǫγ′
(2πh̄)3 1
(I.8.14)
dp1 dp2 Wp′ ,p′ ,k′ ;p1 ,p2 ≡ V 2 dw1 ,
1

2

dp1′ dp2′ dk′ Wp1 ,p2 ;p′ ,p′ ,k′ ≡ Vdw2 ,
1

2

A finite difference method with a computational grid in the phase space can
be used for numerical solution of eq. (I.8.5), see Aksenov et al. (2009). In
what follows a concrete example of numerical solution of the system of relativistic Boltzmann equations (I.8.5) will be discussed. In order to interpret
this solution it is necessary to introduce the notion of kinetic equilibrium
Aksenov et al. (2007).

I.8.3. Kinetic and thermal equilibria
The number of conservation laws in the problem under consideration imply
the existence of some relations between thermodynamic quantities in equlibd
rium. The following conservation laws exist: energy conservation dt
∑i ρi =
d
0, particle number conservation for binary reactions dt ∑i ni = 0, baryonic
dn

number conservation dtp = 0 and charge conservation n− = n+ + n p . The
condition for the chemical potentials coming from detailed balance conditions is ϕ+ + ϕ− = 2ϕγ .
The kinetic equilibrium is defined as the state when the detailed balance
condition is satisfied for any binary process. In this state distribution functions have the following form


ε − νi
2
,
(I.8.15)
exp −
f i (ε) =
θi
(2πh̄)3
φ

k B Ti
ǫ
with chemical potential νi ≡ mci2 and temperature θi ≡ m
2 , where ε ≡ m c2
ec
e
is the energy of the particle. In particular, detailed balance conditions with
respect to a given direct and inverse process listed in Tab. I.1 leads to the
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Interaction
e+ e− scattering
e± p scattering
e± γ scattering
pair production
Tripe interactions

I
II
III
IV
V

Parameters of DFs
θ+ = θ− , ∀ν+ ,ν−
θ p = θ± , ∀ν± ,νp
θγ = θ± , ∀νγ ,ν±
ν+ + ν− = 2νγ , if θγ = θ±
νγ , ν± = 0, if θγ = θ±

Table I.3.: Thermodynamic quantities under detailed balance conditions for
a given process.

following constraints on temperatures and chemical potentials in eq. (I.8.15):
Provided conditions I-IV in Tab. I.3 are satisfied, one can obtain the relation
between two couples of quantities: total the number density and the total
energy density on the one hand, and temperature and the chemical potential
on the other hand. In particular, for photons
ν 
1
γ
2θ 3 ,
exp
nγ =
V0
θ

ργ
= 3θ,
nγ mc2

1
V0 =
8π



2πh̄
mc

3

.

(I.8.16)

From eqs. (I.5.15) and (I.5.19) for non-degenerate pairs
n± =

ν 
1
±
j1 (θ ),
exp
V0
θ

ρ±
= j2 (θ ),
n± mc2

(I.8.17)

and for non-relativistic protons
1
np =
V0

r

π
2



M
m

3/2

exp



νp − M/m
θ



θ 3/2 ,

ρp
3m
θ,
= 1+
2
2M
Mn p c
(I.8.18)

where

j1 (θ ) = θK2 (θ

−1

)→

( q

π − 1θ 3/2
θ ,
2e
3
2θ ,

3K3 (θ −1 ) + K1 (θ −1 )
j2 (θ ) =
→
4K2 (θ −1 )



θ→0

θ→∞

,

(I.8.19)

1 + 32 θ, θ → 0
.
3θ,
θ→∞

With nonzero baryon loading (I.8.2) in kinetic equilibrium θ+ = θ− = θγ =
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θk , but it may be that θ p 6= θk . Summing up energy densities

(

 1
2
n p V0
ν+
mc2
×
1
−
exp
−
ρ
=
i
∑
V0
j1 (θk )
θk
e+ ,e− ,γ
  
 


ν+
ν+
4
×6θk exp
+ 2j1 (θk ) exp
− n p V0 j2 (θk ) ,
θk
θk

(I.8.20)

and analogously for number densities
(

 1
2
n p V0
ν+
1
1−
exp −
×
ni =
∑
V
j
(
θ
)
θ
0
1
k
k
+
−
e ,e ,γ
 
 
ν+
ν+
4
+ 2j1 (θk ) exp
.
×6θk exp
θk
θk

(I.8.21)

Equations (I.8.20) and (I.8.21) represent the relations between (ρ, n) and
(ν+ , θk ). Conservation laws allow to determine the rest of chemical potentials, obtained from the following relations
 
 
n p V0
ν+
ν−
= exp
+
,
(I.8.22)
exp
θk
θk
j1 (θk )

 
 1
 
2
n p V0
νγ
ν+
ν+
exp −
= exp
1+
exp
,
(I.8.23)
θk
θk
j1 (θk )
θk
The temperature and chemical potential of protons can be found separately.

In thermal equilibrium νγ vanishes and one has


n p V0
,
ν+ = −ν− ,
ν− = θk arcsinh
2j1 (θk )

(I.8.24)

which both reduce to ν− = ν+ = 0 for n p = 0. At the same time, for n p > 0
one always has ν− > 0 and ν+ < 0 in thermal equilibrium. In order to
determine the Coulomb logarithm as function of particle energies, one can
use the relation (I.7.23). The minimal scattering angle in thermal relativistic
plasma in the center of mass system Haug (1985) is
θmin =

γ
2h̄
pr
,
McD (γr + 1) 2(γr − 1)

(I.8.25)

where the maximum impact parameter (neglecting the effect of protons) is
2 p
D = cω ǫ100 , where p0 and ǫ10 are CM quantities, and the invariant Lorentz
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factor of relative motion is
γr = q

1
1−

The Coulomb logarithm is

ǫ1 ǫ2 − p 1 p 2 c 2
.
m1 m2 c4

 =
vr 2
c

(I.8.26)

√

1
log (Λ) = − log
2 sin θmin .
2

(I.8.27)

I.8.4. Numerical example
I.8.5. Numerical example
Consider now an example of thermalization of initially non-equilibrium
electron-positron plasma, following Aksenov et al. (2009). The following initial conditions are adopted: flat initial spectral energy densities Ei (ǫi ) =
4πǫi3 β i f i
c3

= const, with total energy density ρ = 1024 erg/cm3 . Plasma is
dominated by photons with small amount of electron-positron pairs, the
ratio between energy densities in photons and in electron-positron pairs
ρ± /ργ = 10−5 . Baryonic loading parameter B = 10−3 , corresponding to
ρ p = 2.7 × 1018 erg/cm3 . The energy density in each component of plasma
25
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Figure I.5.: Depencence on time of energy densities of electrons (green),
positrons (red), photons (black) and protons (blue) for initial conditions I.
Total energy density is shown by dotted black line. Interaction between
pairs and photons operates on very short time-scales up to 10−23 sec. Quasiequilibrium state is established at tk ≃ 10−14 sec which corresponds to kinetic
equilibrium for pairs and photons. Protons start to interact with then as late
as at tth ≃ 10−13 sec.

926

I.8. Pair plasma

29

n, cm

-3

10

27

10

25

10

+

-

, e , e, p

23

10

-23

10

-21

10

-19

10

-17

10

-15

10

-13

10

-11

10

t, s

Figure I.6.: Depencence on time of concentrations of electrons (green),
positrons (red), photons (black) and protons (blue) for initial conditions I.
Total number density is shown by dotted black line. In this case kinetic equilibrium between electrons, positrons and photons is reached at tk ≃ 10−14
sec. Protons join thermal equilibrium with other particles at tth ≃ 4 × 10−12
sec.
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Figure I.7.: Depencence on time of dimensionless temperature of electrons
(green), positrons (red), photons (black) and protons (blue) for initial conditions I. The temperature for pairs and photons acquires physical meaning
only in kinetic equilibrium at tk ≃ 10−14 sec. Protons are cooled by the
pair-photon plasma and acquire common temperature with it as late as at
tth ≃ 4 × 10−12 sec.
changes, as can be seen from Fig. I.5, keeping constant the total energy density shown by dotted line in Fig. I.5, as the energy conservation requires. As
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Figure I.8.: Depencence on time of dimensionless chemical potential of electrons (green), positrons (red), photons (black) and protons (blue) for initial
conditions I. The chemical potential for pairs and photons acquires physical
meaning only in kinetic equilibrium at tk ≃ 10−14 sec, while for protons this
happens at tth ≃ 4 × 10−12 sec. At this time chemical potential of photons has
evolved to zero and thermal equilibrium has been already reached.
early as at 10−23 sec the energy starts to redistribute between electrons and
positrons from the one hand and photons from the other hand essentially
by the pair-creation process. This leads to equipartition of energies between
these particles at 3 × 10−15 sec. Concentrations of pairs and photons equalize
at 10−14 sec, as can be seen from Fig. I.6. From this moment temperatures
and chemical potentials of electrons, positrons and photons tend to be equal,
see Fig. I.7 and Fig. I.8 respectively, and it corresponds to the approach to
kinetic equilibrium.
This is quasi-equilibrium state since total number of particles is still approximately conserved, as can be seen from Fig. I.6, and triple interactions
are not yet efficient. At the moment t1 = 4 × 10−14 sec, shown by the vertical line on the left in Fig. I.7 and Fig. I.8, the temperature of photons and
pairs is θk ≃ 1.5, while the chemical potentials of these particles are νk ≃ −7.
Concentration of protons is so small that their energy density is not affected
by the presence of other components; also proton-proton collisions are inefficient. In other words, protons do not interact yet and their spectra are not
yet of equilibrium form, see Fig. I.9. The temperature of protons start to
change only at 10−13 sec, when proton-electron Coulomb scattering becomes
efficient.
As can be seen from Fig. I.8, the chemical potentials of electrons, positrons
and photons evolved by that time due to triple interactions. Since chemical potentials of electrons, positrons and photons were negative, the particles
were in deficit with respect to the thermal state. This caused the total number
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Figure I.9.: Spectral density as function of particle energy for electrons
(green), positrons (red), photons (black) and protons (blue) for initial conditions I at intermediate time moments t1 = 4 × 10−14 sec (upper figure) and
t2 = 10−12 sec (lower figure). Fits of the spectra with chemical potentials
and temperatures corresponding to thermal equilibrium state are also shown
by yellow (electrons and positrons), grey (photons) and light blue (protons)
thick lines. The upper figure shows the spectra when kinetic equilibrium is
established for the first time between electrons, positrons and photons while
the lower figure shows the spectra at thermal equilibrium between these particles. On both figures protons are not yet in equilibrium neither with themselves nor with other particles.

of these particles to increase and consequently the temperature to decrease.
The chemical potential of photons reaches zero at t2 = 10−12 sec, shown by
the vertical line on the right in Fig. I.7 and Fig. I.8, which means that electrons, positrons and photons are now in thermal equilibrium. However, protons are not yet in equilibrium with other particle since their spectra are not
thermal, as shown in the lower part of Fig. I.9.
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Figure I.10.: Spectral density as function of particle energy are shown as before at initial and final moments of the computations. The final photon spectrum is black body one.
Finally, the proton component thermalize with other particles at 4 × 10−12
sec, and from that moment plasma is characterized by unique temperature,
θth ≃ 0.48 as Fig. I.7 clearly shows. Protons have final chemical potential
νp ≃ −12.8.
This state is characterized by thermal distribution of all particles as can be
seen from Fig. I.10. There initial flat as well as final spectral densities are
shown together with fits of particles spectra with the values of the common
temperature and the corresponding chemical potentials in thermal equilibrium.
In this particular example relaxation time-scales towards kinetic and thermal equilibria have been determined. One can similarly determine relaxation time-scales as the function of total energy density ρ and baryon loading parameter B in wide range range of these parameters. This was done in
Aksenov et al. (2010).

I.9. Collisionless and self-gravitating systems
The kinetic approach is remarkably useful in studying collisionless systems.
In such systems particle do not collide, but interact via long range forces
such as gravitational and electromagnetic fields. The basic equations governing evolution of the system are, respectively, Vlasov-Einstein and VlasovMaxwell equations. In this Section systems interacting via electromagnetic
and gravitatinal fields will be discussed.
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I.9.1. Plasma instabilities
In Sec. I.7.7 damping of waves in collisionless plasma were discussed. This
process suppresses the amplitude of initial perturbations thus bringing the
system to an equilibrium. The opposite can happen, namely initially small
perturbation can grow with time: this process is generally referred to as
instability. There are many plasma instabilities occurring when different
plasma flows, particles with different masses and electromagnetic fields interact Mikhailovskii (1975). The focus will be on two particular kinds, which
are thought to occur in astrophysical conditions: Weibel and two stream instabilities.
The Weibel instability is a plasma instability present in homogeneous or
nearly-homogeneous electromagnetic plasmas which possess an anisotropy
in momentum (velocity) space. In the linear limit the instability causes exponential growth of electromagnetic fields in the plasma which helps to restore
momentum space isotropy.
The two stream instability can be thought of as the inverse of Landau
damping, where the existence of a greater number of particles that move
slower than the wave phase velocity as compared with those that move faster,
leads to an energy transfer from the wave to the particles. Again, focus will be
on non-relativistic case for simplicity, see Achterberg and Wiersma (2007) for
Weibel instability in relativistic plasma and Dieckmann (2005) for relativistic
two-stream instability, see also Bret et al. (2008).
Following Weibel (1959) consider an electron-ion plasma, where electrons
have an anisotropic DF f 0 (v). The equations for first order perturbations are
obtained from the Vlasov-Maxwell equations (I.6.13),(I.6.14) as
∂δ f
∂δ f
∂f
∂δ f
q
q
+ v·
+ [ v × B0 ] ·
= − [E + v × B] · 0 ,
∂t
∂r
m
∂v
m
∂v

(I.9.1)

where magnetic field B0 is included for generality. In analogy with Sec. I.7.7
assume that perturbations of DF and electromagnetic fields fields are of the
form exp [−i (k · r − ωt)]. Then it follows





q
∂δ f
∂ f0
q
∂ f0
i ( ω + k · v ) δ f − B0 · v ×
+ [k × E] · v×
=−
ωE·
,
m
∂v
mω
∂v
∂v
(I.9.2)
where the effect of anisotropy is seen on the RHS. Actually the external magnetic field B0 is not necessary for the development of instability, it is included
for generality. Assume k k ẑ, E ⊥ k and consider a special case of distribution function
!
v2x + v2y
n
v2z
exp −
f0 =
− 2 .
(I.9.3)
2u20
2u3
(2π )3/2 u20 u3
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Now taking B0 = 0, ω ≫ u3 k it is possible to integrate the dispersion relation
and get


ω 4 − ω 2p + k2 ω 2 − u20 ω 2p k2 = 0,
(I.9.4)

where ω 2p =

4πq2 n
m

is the usual plasma frequency. This equation has four roots

#)1/2
( "
r

2
1
ω 2p + k2 + 4u20 ω 2p k2
ω=±
,
ω 2p + k2 ±
2

(I.9.5)

and the one corresponding to both ”−” signs is negative imaginary. It is
the source of instability. This solution is valid only when u0 ≫ u3 (velocity
dispersion in ẑ direction is much smaller than in other directions).
The two stream instability occurs for instance when there is a stream of
particles uniformly distributed in space through a plasma at rest (counter
streaming beams etc.). Consider electron-ion plasma with electron density ne ,
and electrons with much smaller density n′e stream through it with constant
velocity v (total charge is zero).
Following the same steps as before the dispersion relation can be obtained,
see e.g. Lifshitz and Pitaevskii (1981). In this case one has
 ω 2
e

ω

+



ωe′
ω−k·v

2

= 1,

ωe2 =

4πq2 ne
,
m

′

ωe2 =

4πq2 n′e
,
m

(I.9.6)

and one should search for its solution of the form ω = k · v + δ, where δ ≪
k · v. The solution is
ωe′
δ = ±q
.
(I.9.7)
2
1 − (ωe /k · v)

For k · v ≪ ωe purely imaginary δ is found, which again means the presence
of instability. The linear analysis presented above shows that initially small
perturbations grow exponentially with time. Actually, as soon as validity
condition δ f ≪ f 0 breaks down, the non-linear character of instabilities has
to be considered.

I.9.2. Collisionless shock waves
Such instabilities are present in relativistic regime as well. They may play a
crucial role in the Gamma-Ray Burst phenomena, where interaction between
two streams moving relativistically with respect to each other is expected
Spitkovsky (2008b). Similar plasma instabilities are expected also in experiments with ultra-intense lasers Fiuza et al. (2012).
The growth rates for linear Weibel and two-stream instabilities are, respec-
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tively
ΓW ∝



n′e
ne

1/2

,

Γ TS ∝



n′e
ne

1/3

,

(I.9.8)

see e.g. Silva (2006). The typical wavelengths are similar
λW ≃

c
,
ωe

λ TS ≃

v
,
ωe

(I.9.9)

where v is velocity of plasma stream. It is remarkable that currently numerical
experiments in three dimensions, see e.g. Frederiksen et al. (2004),Spitkovsky
(2008a), allow studying not only development of instabilities at their linear
stage, but also following them on much longer time-scales, where saturation
occurs and complex electromagnetic field patterns emerge.

I.9.3. Free streaming
Gas of self-gravitating particles in a flat space time is also known to be unstable Jeans (1902). Following Bisnovatyi-Kogan and Zel’Dovich (1971) consider
Vlasov-Poisson equations (I.7.13) for collisionless particles in expanding Universe
∂f
∂f
∂Φ ∂ f
+ v· −
·
= 0, ∆Φ = 4πGρ,
(I.9.10)
∂t
∂r
∂r ∂v
R
where ρ = m f d3 v is mass density of particles. The background solution for
a Newtonian universe with zero spatial curvature is
ρ=

1
,
6πGt2

Φ=

2
πGρ (t) r2 ,
3

∂Φ
2r
= 2.
∂r
9t

(I.9.11)

Solving the corresponding linearized equations for a perturbed
Maxwellian distribution with temperature θ by integration over characteristics the gravitational potential is found


Z t

2
9 2 2
′
ϕ (t) = 2/3
ϕ t τ exp − k θτ dt′ , τ = t−1/3 − t′−1/3 , (I.9.12)
4
t
0
where Φ = exp (ikξ ) ϕ (t).

For long waves the exponential is substituted by unity and the result is
ϕ (t) ∝ t−5/3 ,

δρ/ρ ∝ t2/3 ,

(I.9.13)

which is the usual result of gravitational instability in matter dominated
phase of the Universe, see e.g. Weinberg (2008). For short waves with
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9 2
4k θ

≫ t1/3 using the method of steepest descents one finds
#
" r
3
9
1 2eλ 1
, λ = k2 θ,
ϕ (t) ∝ exp
9
π t
4

(I.9.14)

which means perturbations are damped with time. This phenomenon is similar to Landau damping in plasma and is called gravitational Landau damping
(or free streaming). Distribution function with two counter streams has been
studied as well in Bisnovatyi-Kogan and Zel’Dovich (1971), but it was found
that this does not lead to additional instability. For the formulation of the
problem within General Relativity see Bond and Szalay (1983).
Note that the treatment of perturbations in hydrodynamic limit shows oscillations of perturbations at small scales, see e.g. Lattanzi et al. (2003), instead of damping. These oscillations occur due to interplay between gravity
and pressure. Hence the hydrodynamic treatment does not capture an essential phenomenon in self-gravitating systems.
This result of kinetic theory is so remarkable that it has been one of the main
reasons why purely hot dark matter cosmological scenarios were rejected,
see e.g. White et al. (1983). In fact, light particles which decouple from primordial plasma when relativistic have the free streaming scale Padmanabhan
(1993)
m

DM −4/3
l FS ≃ 0.5
(Ω DM h2 )1/3 Mpc,
(I.9.15)
1 keV
where m DM is particle mass, Ω DM is the fraction of the dark matter in the
critical density of the Universe, H = 100h km/s/Mpc is the Hubble parameter. On the scale smaller than l FS structures cannot form as any perturbations
are exponentially suppressed. A corresponding mass scale has an order of
supercluster of galaxies or even larger if the particle mass is m DM < 30 eV,
implying that dark matter cannot consist mainly of particles with such mass.

I.9.4. Phase mixing and violent relaxation
The phenomenon of phase mixing is thought to be important in formation of galaxies and large scale structure of the Universe, see e.g.
Binney and Tremaine (2008). For illustration of this phenomenon let us consider an example. Assume particles are placed in a rectangular potential well
and each one moves with constant velocity, see Fig. I.11. When particles hit
the wall they change the direction of the velocity. While in the beginning only
lower half of the phase space is filled, in course of time the distribution function tends to fill all the phase space. While the fine grained DF f stays constant
by the Liouville theorem, the coarse grained DF decreases. Another example
of phase mixing is given in Binney and Tremaine (2008).
Relaxation mechanism related to phase mixing is found by Linden-Bell

934

I.9. Collisionless and self-gravitating systems

Figure I.11.: Phase space of particles moving in rectangular potential well,
see Artsimovich and Sagdeev (1979), p. 80.
Lynden-Bell (1967). It should operate in a newly formed gravitationally
bound collisionless systems such as galactic halo or cluster of galaxies. When
a star moves in a fixed potential Φ its specific energy is constant ǫ = 21 v2 + Φ.
When the potential is time varying Φ (x, t), the energy is not constant
dǫ
1 dv2 dΦ
=
+
= v·
dt
2 dt
dt




∂Φ
∂Φ
dv
+ ∇Φ +
=
dt
∂t
∂t

.

(I.9.16)

x(t)

This is a mechanism of redistributing particles in the phase space, i.e. relaxation. It differs from particle collisions, because the energy change does not
depend on mass. Linden-Bell derived also the relaxation time-scale, which is
3
3
t LB ≃ p
P,
=
8π
4 2πG hρi

(I.9.17)

where P is the typical radial period of the orbit of a star in the galaxy.

I.9.5. Dark matter structure formation
The processes discussed above provide a mechanism to form the structure in
the Universe. Almost homogeneous matter initially has small density fluctuations being subject to gravitational instability. Structures become gravitationally bound, detach from the Hubble flow, relax by phase mixing and
violent relaxation, and end up as virialized equilibrium systems. The process repeats on larger and larger scales. This bottom-up picture of structure
formation is called hierarchical clustering, and it is supported by numerical
simulations. There are additional physical effects such as merging of smaller
structures that influence and possibly even dominate structure formation.
The largest success of the numerical N-body simulations resulted in so
called Navarro-Frenk-While profile of dark mater halos Navarro et al. (1996).
The dark matter halo density profile is inferred from numerical simulations,
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and has a universal shape with mass density profile
δc
ρ
=
,
ρc
(r/rs ) (1 + r/rs )2

(I.9.18)

where ρc is the critical density, δc is the characteristic density, rs is the scale
radius. It should be noted that other halo profiles are suggested in the literature which may give better agreement with measurements of rotation curves
of galaxies.

I.10. Conclusions
These brief lecture notes summarize the material presented during five lectures during XV Brazilian School of Cosmology and Gravitation. The idea
has been to illustrate not only the theoretical progress in kinetic theory in relativistic domain, but also to acknowledge the rapid development of its applications, especially in the field of astrophysics and cosmology. Many processes
in these fields can be understood on the basis of hydrodynamics. However,
the study of phenomena which generally involve non-equilibrium processes
require a different approach, based on kinetic theory.
I could only touch upon several phenomena, providing references in which
interested reader could find more details. Much more phenomena remain
even not mentioned: the choice is due to personal interests of the author.
Phenomena that I did not cover include, among others, reheating after inflation, cosmic recombination, cosmological nucleosynthesis, primordial magnetic fields generation, particle acceleration in shocks, Sunyaev–
Zeldovich effect. I conclude with a general remark: that astrophysics and
cosmology are natural fields of application of kinetic theory, since basic requirements of the theory such as large number of particles are easily satisfied.
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paradigm: the role of Dark
Matter in galaxies and its
cosmological counterpart
J.1. Right-handed Neutrino Warm Dark Matter
and the Core of Galaxies
Introduction and Summary: For the past fifteen years, the ΛCDM model has
attracted great attention, since a plethora of cosmological data of diverse nature, such as type Ia supernovae, cosmic microwave background (CMB) studies, baryonic acoustic oscillation data in galaxies, large galactic surveys and
weak and strong gravitational lensing, have all supported the phenomenological validity of this model. The data fits point towards an energy budget
for the Friedmann-Robertson-Walker Universe that consists today of 4% ordinary (baryonic) matter and 96% of a dark sector, more than 70% of which is
dark energy (in the form of a cosmological constant Λ > 0), while about 27%
is dark matter (DM). Cold Dark Matter (CDM) is the most popular from the
proposed types of weakly interacting massive particle (WIMP) dark matter,
especially among particle physicists, who made several proposals to identify CDM with the lightest supersymmetric partner (especially neutralinos in
the simplest supersymmetric models, such as the Constrained Minimal Supersymmetric Standard Model (CMSSM) or minimal N = 1 SUperGRAvity
(mSUGRA) model, as is commonly known).
Cosmological CMB data constrained severely the phase space of such models, through the measured cosmic abundances of DM, while the current 8 TeV
run of the Large Hadron Collider (LHC) seems to exclude large portions of
the CMSSM parameter spaces. This is not very good news for the CDM front,
and so alternatives to CDM should be sought for. Gravitino (the supersymmetric partner of graviton) constitutes a viable potential alternative to CDM,
within the framework of supersymmetric models, given that such a type of
DM is very difficult to be constrained by astrophysical measurements. Nevertheless, the fact that supersymmetric partners have not been seen at the
LHC as yet, probably makes the eventual survival of such models (at least in
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a natural way) rather doubtful.
Alternative to dark matter models, on the other hand, which make use of
modified gravitational laws at galactic scales rather than DM, seem to be incompatible, at least in their simplest form, e.g. MOND or TeVeS models, with
gravitational lensing data, especially those on dwarf galaxies. These models are excluded in the sense that matching the lensing data would require
significant amount of DM present.
The above considerations point towards alternative types for DM, in order
to match the cosmological observations (the nature of dark energy is also an
issue, which may actually not be disconnected from that of the dark matter).
If one does not assume supersymmetry, then the two potential candidates for
dark matter that are left as serious candidates within the framework of (minimal extensions) of the standard model are right-handed neutrinos and axions. Hot dark matter of the relativistic light (active, left-handed) neutrinos in
the standard model sector, which have been observed in nature, is excluded
by CMB data. On the other hand, warm dark matter of right-handed neutrinos,
with masses of up to ∼ a few keV, that exist in minimal extensions of the standard model, such as the non-supersymemtric neutrino Minimally extended
Standard Model (νMSM) of Shaposhnikov and collaborators Boyarsky et al.
(2009b), can be consistent with all current constraints, including the Planck
satellite CMB data, as we shall discuss below. It is important to stress that the
allowed range of right-handed (RH) neutrinos in these models is restricted to
be between Boyarsky et al. (2009b)
1 . mRH ν . 50 keV

(J.1.1)

for phenomenological reasons we shall outline below.
On the astrophysical front, on the other hand, a novel approach has been
developed, regarding a proposed “paradigm shift” in modelling the galactic
structure. In particular, the common assumption of having supermassive
black holes at the centres of galaxy has been relaxed, with the replacement
of the black hole singular structures at the galactic core by a regular finite
density of fermionic (“neutrino”) dark matter (previous work did not distinguish the type of fermions used, i.e. Majorana or Dirac, nor specified the type
of “neutrinos” - this is the point of the current work).
In that approach, the only case where black holes can be formed is the one
in which the black hole mass corresponds to the Oppenheimer-Volkov critical
mass (McOV ∼

M3P
),
m2DM

where MP is the Planck mass, and mDM is the dark-

matter particle mass which collapses to form the black hole. The maximum
value for the black hole mass that can be inferred from observations, say of
AGNs, is of order 109 M⊙ , which occurs for mDM ∼ 10 keV.
In the previous studies, the authors have analysed self-gravitating systems
of semi-degenerate fermion gases at finite temperature in general relativity,
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where the only interaction among the particles was the gravitational one.
They constrained the free parameters of the model, that is the mass mDM ,
the degeneracy and the temperature, by using observables taken from typical spiral galaxies and some dwarf spheroidal (dSph) ones. The observed
shapes of the galactic haloes impose a minimal value for the dark matter particle, which depends on the galactic type considered. The stringent limit is
obtained from the dSph to be of order mDM > 1 keV. On the other hand, the
haloes cannot provide stringent constraints on an upper bound of the dark
matter particle mass. However, the degenerate central parts of the galaxies do this job, by providing an upper bound for the fermion mass or order
mDM ≤ 30 keV. Moreover, they also furnish an even more stringent lower
bound mDM > 7.5 keV. Hence, the sole requirement that fermionic dark matter dominates the galactic centres, without collapsing to supermassive black
holes, seems to constrain the pertinent particle masses to the warm dark matter
(WDM) regime:
7.5 keV . mDM . 30 keV
(J.1.2)
Comparing eqs. (J.1.1) and (J.1.2), the alert reader should be amazed to notice a remarkable coincidence of the order of the allowed dark matter mass
range, although the corresponding bounds have been obtained by completely
different physical considerations. It is the point of this paper to point out
that this may not be a coincidence but underlies the important dual rôle of
tight-handed neutrinos as (warm) dark matter candidates and responsible
for galactic structure formation in the Universe.
In this paper we shall consider in more detail models for right-handed
neutrinos, in particular by including microscopically motivated interactions
among them and study the effects on the galactic profiles in detail, by demonstrating that the interactions respect the bounds (J.1.2) but affect the size of the
core. In this work we shall discuss two types of Right-handed neutrino DM:
one is a (Lepton-number-Violating) Majorana mass neutrino, of the type considered in non-supersymmetric minimal extensions of the Standard Model,
termed νMSM, in ref. Boyarsky et al. (2009b), involving small mixing of the
right-handed neutrinos with the Standard Model sector, constrained phenomenologically. The other is a Dirac right-handed sterile neutrino, with a
Lepton-number conserving mass, and no mixing with the standard model sector, but with self interactions. In the latter, the only interactions that appear
common between the sterile and the standard model sectors are the gravitational ones. The contribution of the sterile neutrino sector to the mass profiles
of the galaxies will constrain, as we shall see, the mass of the sterile neutrino
DM by providing appropriate bounds in the order of Eq. (J.1.2).
Majorana Right-handed Neutrinos in the νMSM: The simplest example of a
physical model containing Majorana sterile neutrinos is the Minimal Standard Model Extension by Shaposhnikov and collaborators Boyarsky et al.
(2009b), which we now review briefly, putting emphasis on the phenomeno-
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logical and cosmological constraints on the Majorana right-handed neutrino
mass, for the latter to be a warm dark matter candidate, consistent with
all current constraints. This model also accounts naturally for the observed
Baryon Asymmetry in the Universe via early universe Leptogenesis .
The νMSM contains three right-handed (Majorana) neutrino states in addition to the light (active) neutrinos. Its lagrangian is given by
L = LSM + N R I iγµ ∂µ NR I −
1 c
N M R NR I − FαI ℓα NR I φc + h.c.
2 RI

(J.1.3)

where LSM is the SM Lagrangian, ℓα α = e, µ, τ are the left-handed lepton
flavour fields, in the three generations, which are doublets under theSU(2)

νe L
subgroup of the SM group pertaining to weak interactions, i.e. ℓe =
e−
L
etc., with να L the active neutrinos, NR I , I = 1, 2, 3 are the SM-group singlets, sterile (right-handed) neutrino fields, assumed Majorana, with a mass
matrix M R , and FαI are the Yukawa couplings between the leptons and the
sterile neutrinos; φic = ǫij φ⋆j , i = 1, 2, with ⋆ denoting complex conjugation, is the SU(2) dual of the Higgs SU(2) doublet field φ, which acquires a
v.e.v. hφi = v 6= 0 upon spontaneous symmetry breaking. The conjugate
T
spinor field ψc is defined as usual: ψc = Cψ , ψc = ψ T C, with C the unitary (C † = C −1 ) charge conjugation operator, which flips the fermion chirality, i.e. (ψL )c = (ψc ) R is right-handed, whilst (ψL )c = (ψc ) L is left-handed.
The Yukawa term in (J.1.3) serves the purpose of furnishing the light (active)
neutrinos, part of the lepton doublets of the SM ℓα , with Majorana masses
| F |2 v2

mν via see-saw type mechanisms mνα = 2αIM I , I = 1, 2, 3, α = e, µ, τ. A
Majorana mass term violates by construction total Lepton number L conservation, unlike the Dirac mass which conserves it. Therefore, in the presence
of Majorana right-handed neutrino states, one expects processes which violate lepton number, for instance decays of the heavy Majorana neutrinos
NI → H, ν , H ν (a bar above a particle’s symbol denotes antiparticle), or
µ → e− γ processes through loop corrections involving the Majorana states.
Taking into account CP violation in the right-handed neutrino sector, processes like NI → H, ν , Hoccur at different rates, thereby playing an important rôle in thermal Leptogenesis (lepton-antilepton asymmetries) at high
temperatures. The latter are subsequently communicated to the baryon sector
(Baryogenesis) via standard model B(rayon number)-L-conserving sphaleron
processes in the SM sector of the theory.
For energies and momenta much less than the mass m H of the Higgs field,
which according to the recent LHC data is around m H ∼ 126 GeV, which is
the situation in the galactic centre, the effective four-fermion interactions obtained from sterile-neutrino-active-neutrino pairs involving the exchange of

940

J.1. Right-handed Neutrino Warm Dark Matter and the Core of Galaxies
a neutral Higgs field quantum 1 read (upon appropriately using Fierz identities):

σα β

1
2

h

Lsterile−active−neutrino int =


| Fα 1 |2 
c
νL α N1 N1 νL α =
m2H
  (1 + γ ) 
| Fα 1 |2 
5
c
−
νL α νL α
N1
N1 +
2
2
2 mH
  (1 + γ )

| FαI |2 
5
λρ c
ν
σ
ν
N
σ
N
Lα
1
λρ 1
Lα
2
4 m2H
γα

γβ

(J.1.4)

i

. The presence of the projector (1 + γ5 )/2 in the N1 =
bilinears on the right-hand-side of (J.1.4) indicates explicitly that only the
right-handed components NR 1 enter this effective four-fermion interaction.
Since neutrino oscillation measurements (in both reactor and atmospheric/solar experiments) have indicated that at least two of the active neutrinos have to be massive, in the above see-saw-νMSSM framework one must
require the existence of at least two generations of heavy Majorana neutrino. Moreover, if one wishes to extend the rôle of the Majorana states
to Letogenesis/Baryogenesis and Cosmology of the Dark sector of the Universe, in a way consistent with Higgs physics, then it is necessary to assume
three states, two of which (the heavier) are nearly degenerate in mass. Indeed, requiring that the right-handed neutrino sector is responsible for the
phenomenologically correct leptogenesis/baryogenesis (with the density of
baryons over the entropy density s of the Universe at temperature T > GeV
being of order (n B − n B )/s ∼ n B /s ∼ 10−10 ), one should require Yukawa
couplings Fαi ∼ 10−7 , implying heavy non-degenerate right-handed neutrino masses of order M I ∼ 1011 GeV . However, this would imply corrections at one loop in the Higgs sector of the SM effective lagrangian of order
F2 M2I /4π ∼ 1014 GeV2 , which would destroy the convergence of the perturbative loop-perturbation in the SM Higgs sector. This problem can be remedied by assuming almost complete degeneracy of two of the heavy neutrino
states. For instance assuming | M2 − M3 | ∼ Γtot , where Γtot is the total decay width of the heavy states in various channels, allowed by the model, one
obtains acceptable baryogenesis, with no problem with Higgs stability, provided M I < 107 GeV Boyarsky et al. (2009b).
In fact in such a three-Majorana-right-handed neutrino scenario, the mass
M1 of the lightest of these states must differ from the masses M2 ∼ M3 of

where

1 This

is the only physical degree of freedom surviving in the standard model, since the
rest constitute Goldstone bosons absorbed by the longitudinal components of the SU(2)
gauge bosons to become massive, according to the standard Higgs symmetry breaking
mechanism.

941

J. The particle Dark Matter paradigm: the role of Dark Matter in galaxies
and its cosmological counterpart
other two heavy degenerate ones by at least five orders of magnitude 105 ,
Mass N2 ( N3 ) /Mass N1 ≥ O(105 ) ,
in order for a successful baryogeneesis to take place. The Yukawa couplings
are kept in the order of FαI ∈ {10−8 − 10−7 }, in order to keep the active neutrino masses low, below 7 meV each, so as to agree with the CMB/Planck
cosmological data, stating that the sum of the masses of the three active neutrino species ∑ j=1,2,3 m j ν ≤ 0.023 eV.
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Figure J.1.: Cosmological constraints on the mass (M1 ) and mixing (θ1 ) parameters of the lightest sterile neutrino state of the νMSM model, in order for
it to be a dark matter candidate, consistent with all the current astrophysical
and cosmological data Boyarsky et al. (2009b).
Further dark matter constraints and Big-Bag-Nucleosynthesis constraints
imply an upper bound on the allowed M1 masses, yielding the following
allowed range (cf. figure J.1):
2 keV . M1 . 50 keV .

(J.1.5)

In this case, the lightest of the Majorana states can also play the rôle of dark
matter, provided it lives longer than the age of the Universe, so as to be
practically stable. This can be easily arranged by assuming a very weak
mixing (with angle θ1 ) of this state with the SM particles. In fact the cou-
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pling of this state with SM matter in the νMSM is Boyarsky et al. (2009b):
v2 | F |2

θ1 GF = ∑α=e,µ,τ MαI2 , where GF is the Fermi coupling of weak interactions.
1
A much stronger constraint on θ1 comes from a subdominant loop decay process N1 → γ ν, one obtains for the respective width (α is the fine structure con5

9αG2
M1
stant) Γ N1 →γ ν = 1024 πF 4 sin2 (2θ1 ) M15 ∼ 5.5 × 10−22 θ12 keV
s−1 . The associ-

ated life time τN1 ∼ 1/Γ N1 (in units h̄ = c = 1 we work here) has to be larger
than the age of the Universe today, i.e. τN1 ∼ Γ N 1→γ ν ≥ tAge of Universe ∼
1

4.3 × 1017 s, The above radiative decay would produce a narrow spectral line
in the diffuse X/γ–ray spectrum,which gives the constraint Boyarsky et al.
5

keV
2
−
5
, which implies a life time for the N1 states
(2009b): θ1 ≤ 1.8 × 10
M1

larger than the Universe age by at least nine orders of magnitude .
Due to the mixing θ1 with SM particles, there would be contributions to
the mass matrix of the active neutrinos, δmν ∼ θ12 M1 Taking into account
the above constraints we thus see that the implied correction lies comfortably
within the experimental error of the neutrino masses (e.g. coming from oscillation measurements of solar neutrinos, which are characterised currently by
the smallest errors), provided
M1 ≥ 2 keV .

(J.1.6)

In the remainder of the article we shall concentrate on this lightest sterile
neutrino state, but modify the νMSM by appropriate (effective) four-fermion
interactions among the lightest sterile neutrinos in order to discuss the situation in central galactic regions, with consequences for galaxy profiles. In this
way, sterile neutrinos could play a crucial rôle not only in Baryogenesis and
the dark sector of the Universe, but also in the galactic structure. There are
two cases we can encounter in such interactions, one in which the coupling
is sufficiently strong to induce a right-handed neutrino condensate and the
case in which such condensates are not formed.

J.2. A natural candidate - the sterile neutrino
Since we infer a mass of a few keV for the particle, a natural DM candidate
that falls in this range is the sterile neutrino, a right-handed neutrino that interacts with the active ones only through mixing. The number of sterile neutrinos is not very well constrained, but the so called νMSM, the minimal standard model with neutrino masses requires three sterile neutrinos, one with a
mass in the keV range and the other two with degenerate masses of the order
of a few GeV 2 Boyarsky et al. (2009b). The νMSM has a DM candidate and
2 Degenerate

masses means that δm ≪ M
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has the minimal particle content consistent with baryogenesis without introducing new physics beyond the electroweak scale. However this neutrino
may not be cold enough to explain the observed structures of the universe,
so that we may have to go beyond the minimal model by adding some new
physics beyond the electroweak scale.
The sterile neutrino can decay via mixing with the active neutrinos into
three (anti)neutrinos. In order to be a viable DM candidate, the lifetime of the
sterile neutrino has to be greater than the age of the universe, which restricts
the mixing angle. The mechanism of production of this sterile neutrino is not
know, and several alternatives have been presented. We will show some of
them Kusenko (2009):
• Dodelson-Widrow - In this case, the sterile neutrinos are produced by
non-resonant oscillations of the active neutrinos. This takes place at
temperatures around one GeV, so it does not depend on high-scale
physics. The production peaks at T ∼ 130 GeV, so the mass is 1-3 keV.
Lyα bounds appear to disfavor this mass range.
• Lepton Assymetry - This scenario was studied by Shi and Fuller. It requires two other sterile neutrinos with degenerate masses around 1-10
GeV. Neutrino oscillations result in a lepton assymetry in the early universe, which in turn produces the baryion assymetry. The momentum
distribution in this case is colder, relaxing a little the Lyα bounds and
allow for higher masses than the DW case.
• Neutrinos produced above the electroweak scale - the neutrinos are produced by a decay of a heavy boson with a mass of 100 GeV. This gives
rise to a DM particle with mass 1-20 keV, which can easily accomodate
our model.
In any case, it is clear that the production of sterile neutrinos is nonthermal. The mass of this neutrino can be constrained by several observations, such as X-ray, Lyα, galaxies and the fact that the neutrino abundance
should be equal or less than the DM abundance. It can be seen that the mass
of the neutrino should be between 1 and 50 keV, completely consistent with
our model and making the sterile neutrino a viable candidate.

J.2.1. The effective number of neutrinos
Planck has recently released its data and it found that the effective number of
0.68
neutrinos is Ne f f = 3.36+
−0.64 Planck Collaboration et al. (2013), which is consistent with the standard value of 3.0463 .This, at first glance, would disfavour
the plasma heats up after e+ e− annihilation, the effective number of relativistic neutrinos is not 3.

3 Since
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the existence of even one sterile neutrino. However, the increase in the effective number of neutrinos, ∆Nν , is a function of the decoupling temperature
for the extra neutrinos; it is possible, therefore, to have 3 extra right-handed
neutrinos and still account for the Planck results.
As an example, if one sterile neutrino exists, decoupling at a temperature
TνDR (above the decoupling temperature of the active neutrinos), the increase
in Ne f f is
!4/3
g( TνDL )
∆Nν =
g( TνDR )
where g( T ) is the effective number of interacting relativistic degrees of freedom. With just particles of the standard model, there is a maximum of
g( TνDR ) = 427/4, for a sterile neutrino decoupling while every single particle
was relativistic. This corresponds to ∆Nν = 0.02 (with g( TνDL ) = 43/4). This
would be too small to be detected by Planck, rendering the measurement of
Ne f f unable to provide information about extra sterile neutrinos.
As mentioned before, interactions in the right-handed sector might play an
important role in galaxy halos and cores. This interactions could also play
an important role in the early universe, and we will try to set bounds for the
coupling constants based on the results of Planck for the relativistic number
of neutrinos and on the abundance of dark matter in the universe today.

J.3. On the core-halo distribution of dark matter
in galaxies
There is increasing observational evidence on the existence of at least two
species of ino particles. The first with a mass of . eV responsible for the large
scale structure of the Universe at ∼150 Mpc scales, and one responsible for
the observed structure of the galaxies.
In the context of Cosmology, there have been several attempts to constraint the mass of such particles assuming these inos within the Standard
Model weak V-A charged-current Fermi interactions. By requesting the current matter density in the Universe be larger than the density of inos, Gershtein & Zel’dovich Gershtein and Zel’dovich (1966) obtained an upper limit
mν < 400 eV/c2 , and later on Cowsik & McClelland Cowsik and McClelland
(1972) reduced such a limit to mν < 8 eV/c2 .
On the other hand, it has been purported by Tremaine & Gunn
Tremaine and Gunn (1979) that the matter in a galactic halo fulfills a Boltzmann distribution function and thus the equation of equilibrium of a classical isothermal sphere. Imposing that the phase space at the center of such
a classical system be bound by the quantum constraint given by the Pauli
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exclusion principle, they obtained a limit on the particle mass
m > 101



100 km/s
σ

1/4 

1 kpc
rc

1/4

gν−1/4 eV/c2 ,

(J.3.1)

where σ is the halo dispersion velocity, rc is the radius of core of the isothermal sphere, and gν is the particle states degeneracy.
From the above different constraints they concluded that Standard Model
light neutral leptons cannot be the main component of galactic halos. It is our
opinion that a procedure that follows the precise reverse order has to be instead applied. First adopt that particles fulfill Fermi-Dirac distribution function; second the equations of equilibrium of such a distribution of particles
should be solved, which will lead to the identification of the physical parameters of the characteristic configurations. As we will show, only after such
an identification the constraints on the mass of the particle can be inferred.
Finally, with the knowledge of the mass of the particles and their role in the
nature of the galactic structure, to analyze the possible particle interactions
and its consequences in a cosmological scenario.
Following this reverse approach, we will show below that the solution of
the equations of equilibrium for a Fermi-Dirac distribution of bare massive
fermions at finite temperatures leads to a core-halo distribution as a function of the distance where a segregation of physical regimes is present. The
densest region is the core that starts from the center and is governed by a
quantum-mechanical regime where the matter is in an almost degenerate
state. It extends up to the point where the particles becomes mildly degenerate and follow a closely constant density transition region; i.e. a density
plateau. This state separates the quantum core from the classical Boltzmann
halo, which appears below at lower densities. In the latter the density follows
an r −2 behavior that leads to the flattening of the galactic rotation curves.
It will become clear that the above much richer galactic structure implies
that the real limit on the ino mass originates in the observational verification
of a nucleated structure through the center of the galaxies, in particular on a
possible observation of the mass and radius of the core.

J.4. Equilibrium equations of a self-gravitating
massive fermions
Following Gao et al. Gao et al. (1990), we consider a system of a general relativistic self-gravitating system of massive fermions in thermodynamic equilibrium, without any specific additional interaction, namely bare fermions.
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The density ρ and pressure P of the system are then given by


Z
ǫ( p)
2
f ( p) 1 +
d3 p,
ρ=m 3
2
h
mc

 

Z
ǫ ( p ) −1
ǫ( p)
1 2
f ( p) 1 +
1+
ǫ d3 p,
P=
3 h3
mc2
2mc2

(J.4.1)
(J.4.2)

where the integration is extended over all the momentum space and f (ǫ) =
(exp[(ǫ p
− µ)/(kT )] + 1)−1 is the Fermi-Dirac distribution function. Here
ǫ( p) = c2 p2 + m2 c4 − mc2 is the particle kinetic energy, µ the chemical potential with the particle rest-mass subtracted off; T is the temperature, k is the
Boltzmann constant, h is the Planck constant, c is the speed of light, m is the
particle mass. It is important to notice that we do not include the presence of
anti-fermions, i.e. we consider temperatures T ≪ mc2 /k.
The Einstein equations in the spherically symmetric metric
ds2 = eν c2 dt2 − eλ dr2 − r2 dθ 2 − r2 sin2 θdφ2 ,

(J.4.3)

where ν and λ depend only on the radial coordinate r, can be written in the form of Tolman Tolman (1939) and Oppenheimer and Volkoff
Oppenheimer and Volkoff (1939)
dM
dP
1 dν 2
= 4πr2 ρ,
=−
( c ρ + P ),
dr
dr
2 dr
dν
2G M + 4πr3 P/c2
= 2 2
dr
c r [1 − 2GM/(c2 r )]

(J.4.4)
(J.4.5)

where M is the mass enclosed in a radius r and the function λ is related to the
mass M through e−λ = 1 − 2GM/(c2 r ).
The hydrostatic equilibrium equation (J.4.4) together with the first law of
thermodynamics imply the contemporary fulfillment of the conditions Klein
(1949) 4
eν/2 (µ + mc2 ) = constant ,
eν/2 T = constant ,
(J.4.6)
where the latter is the general relativistic isothermality Tolman condition
Tolman (1930).
Introducing the dimensionless quantities r̂ = r/χ, M̂
= GM/(c2 χ), ρ̂ =
√
c2 χ4 ρ/G, P̂ = c4 χ4 P/G, where χ = (h̄/mc)(m p /m) 8π 3 /G, with m p =
√
h̄c/G the Planck mass, and the temperature and degeneracy parameters,
4 In

the weak-field non-relativistic limit, these conditions become the traditional thermodynamic equilibrium conditions in presence of a gravitational field. Expanding the
general relativistic gravitational potential as eν/2 ≈ 1 + φ/c2 , where φ(r ) is the Newton gravitational potential, we obtain eν/2 T ≈ (1 + φ/c2 ) T ≈ T = constant, and
eν/2 (µ + mc2 ) ≈ (1 + φ/c2 )(µ + mc2 ) ≈ µ + mφ = constant, where in the latter equation we have absorbed the rest-mass energy mc2 into the right-hand constant.

947

J. The particle Dark Matter paradigm: the role of Dark Matter in galaxies
and its cosmological counterpart
β = kT/(mc2 ) and θ = µ/(kT ), respectively, Eqs. (J.4.4–J.4.6) can be rewritten
as Gao et al. (1990)
d M̂
= 4π r̂2 ρ̂,
dr̂

dθ
1 − β 0 (θ − θ0 ) M̂ + 4π P̂r̂3
=−
,
dr̂
β0
r̂2 (1 − 2 M̂/r̂ )

(J.4.7)

β(r ) = β 0 e[ν0 −ν(r)]/2

(J.4.8)

M̂ + 4π P̂r̂3
dν
= 2
,
dr̂
r̂ (1 − 2 M̂/r̂ )

where the constant in the right-hand side of Eqs. (J.4.6) have been chosen
evaluating the expression at the center r = 0 and a subscript ‘0’ indicates that
the quantity is evaluated at r = 0.

J.5. General features of the configurations
The variables of the system are θ (r ), β(r ), ν(r ), and M (r ); so Eqs. (J.4.7–J.4.8)
can be integrated outward starting from the center r = 0 for given values θ0 ,
β 0 > 0, ν0 , and M0 = 0. In Fig. J.2 wepshow the degeneracy parameter θ (r ) as
well as the circular velocity, vc (r ) = GM (r )/r, as a function of the distance.
The central temperature β 0 and the mass of the particle are the same for the
two selected central degeneracies.

Figure J.2.: Degeneracy θ (r ) and rotation curve vc (r ) of semidegenerate configuration (thick blue curve) and corresponding classical configuration (thin
red curve) for high central degeneracy. Parameters of configuration correspond to the rotational velocity at infinity v∞ = 250 km/s and are given by:
central degeneracy θ0 = 30, central temperature β 0 = 3.2 · 10−7 , and mass of
the particle m = 10 keV/c2 .
The main result of the full numerical integration of the system is not obvious a priory. The phase space distribution function encompass all the classical and quantum limits in its expression. Once the equations for gravitational
equilibrium are integrated the quantum degenerate regime (θ > 0) is segregated in the core whereas in the halo at larger distances and lower densities
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a classical Boltzmann regime (θ < 0 and |θ | ≫ 1) is approached. Between
them we find a transition region of almost constant degeneracy and density.
At larger distances in the outer halo the density decreases as r −2 and is
independent both on the central degeneracy and the ino mass. Such a universal behavior leads to three major results: 1) it leads to the flattening of the
the circular velocity vc at larger distances, which we denote as to v∞ , hence
explaining the observed morphology of the galactic rotation curves; 2) v∞
satisfies the following universal scaling law
p
v∞ ≈ 4.26 × 105 β 0 km/s ,
(J.5.1)

from which we can infer uniquely the central temperature parameter β 0 using
the observations of the rotation curves; 3) it implies that it is not possible to
constraint the mass of the particle only from the observation of the rotation
curves.

J.6. Constraining the ino mass from observations
As we have seen from Eq. (J.5.1) from the observed value of the galactic rotation curve we can fix the parameter β 0 . We show now that a lower limit
to the particle mass can be inferred by requesting that at the halo radius rh
the distribution has the observed total mass Mh , or equivalently the observed
density ρh . Since rh represents the radius at which the rotation velocity start
to flatten we calculate its numerical value at the second maximum of the circular velocity if θ0 > 0 and at the first maximum if θ0 < 0; see Fig. J.2.
We now show that a lower limit to the particle mass can be obtained by
requesting that at the halo radius rh the rotation curve has a given value v∞
and that
In Fig. 3.4 we show the general behavior of the solution of the equilibrium
equations as a function of the distance. In particular, we plot the mass profile
and the corresponding circular velocity for a fixed halo radius rh = 100 kpc
and velocity at rh , vrot = 150 km/s, typical of spiral galaxies.
To check the predicted circular velocity profiles against the observations
we took the data on rotational velocities from The Hi Nearby Galaxy Survey
(THINGS), given by de Blok et al. (2008) and Chemin et al. (2011). Rotational
curves were taken from de Blok et al. (2008), while stellar disk, buldge and
gas contributions were extracted from Chemin et al. (2011) for the Kroupa
initial mass function (IMF), as overall quality of fits was better for this IMF
(see Fig. 5 of Chemin et al. (2011)) and in some cases de Salpeter IMF leads
to rotational velocities due to stellar component only in pronounced excess
over observed total rotational velocity (see, for example, cases of NGC3521
and NGC5055 at Fig. 3 of Chemin et al. (2011)). After extraction of ordinary
matter contributions from rotational curve we obtain rotational velocity due
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Figure J.3.: The sequence of accumulated mass curves and rotational curves
of semidegenerate configurations (thin blue curves) with different central degeneracies θ0 with the same halo rotational curves and corresponding classical configuration (thick red curve). The corresponding mass of the particle
m in the units of keV/c2 is also shown. In this example we have fixed the
radius of the halo rh = 100 kpc and velocity at this radius, vrot = 150 km s−1 .
to dark matter and fit it with our rotational velocity profile and with Einasto
profile by least square method.
Some results are shown on Fig. J.4. In 5 cases of 14 considered we find out
that semidegenerate profile is preferred by reduced χ2 value in comparison
with Einasto profile (these cases are shown in italic at Fig. J.4).
While Einasto profile is a pure phenomenological one based on best fit
of the observational data, our profile is derived from the first principles
and based on the General Relativistic treatment of self-gravitating neutral
Fermions. There is the distinct possibility that our treatment gives the conceptual physical motivation for the existence of the Einasto profile directly
from the structure of the microphysical constituents.

J.7. Discussion
It is a difficult experimental task to determine the masses of neutrinos, attributing to their weak couplings to other particles. However, with the
present knowledge of cosmology, one may be able to estimate the range of
neutrino masses by calculating the contribution of neutrinos to the cosmological energy density. The estimations can only be made by postulating the
neutrino mass spectrum and their interactions in some models of elementary
particle physics. In the framework of standard model, in which three spices of
neutrinos coupled with weak interactions of the Fermi type, the lower limit
of neutrino mass of 2 GeV or the higher limit of 20 eV were found by Gershtein and Zel’dovich (G&Z) Gershtein and Zel’dovich (1966) and Lee and
Weinberg (L&W) Lee and Weinberg (1977), corresponding to nonrelativistic
and relativistic thermal decoupling of neutrinos, respectively. Clearly, keV
neutrinos are outside this mass range. However, this does not preclude the
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Figure J.4.: Rotational velocity due to dark matter v DM as a function of radius
r for some galaxies from THINGS survey. Blue thick curves show fits by
rotational velocity curves of semidegenerate configurations, while magenta
thin curves show Einasto profile fits.
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possibility of keV neutrinos as candidates of dark energy. Instead, it implies
that these keV neutrinos should not be the three neutrino species in the standard model of particle physics, rather they have different spectra and interactions, such as sterile neutrinos. In fact, assuming some peculiar properties of
these sterile neutrinos produced in the early hot Universe by oscillations from
thermal ordinary neutrinos (Dodelson and Widrow Dodelson and Widrow
(1994)), one can show also that they solve the problem of baryogenesis, see
e.g. Boyarsky et al. (2009b).
In order to establish the cosmological energy density contribution of these
fermions we need to make additional specific assumptions on their interaction. Standard picture of simple Fermi weak interactions provide two limits,
found by G&Z and L&W and corresponding to relativistic and nonrelativistic thermal decoupling of the particles, respectively. As keV mass range is
clearly outside of allowed limits, we can conclude that fermions fulfilling
simple Fermi theory of weak interaction as in G&Z and L&W are not viable
solutions.
It is clear that cosmological constraints can in principle indicate the fundamental elementary particle properties of the dark matter component of the
Universe.

J.8. On the distribution of dark matter in galaxies:
quantum treatments
One of the most quoted papers in the study of dark matter distribution in
galactic halos is certainly the work of Tremaine & Gunn Tremaine and Gunn
(1979), there the authors established a lower limit on the mass of neutrinos
composing galactic halos, by considering an isothermal classical distribution
of self-gravitating particles, and imposing quantum constraints on the phase
space density in the core of the galaxies. This treatment presenting a peculiar
mixture of quantum and classical considerations has always attracted the attention and the suspicion of many astrophysicists and theoretical physicists.
It was in particular the opinion of one of us (R. Ruffini), that a self-consistent
treatment of quantum constraints in a self-consistent quantum description of
the microphysical system was needed. A long effort so started.
One of the preliminary works in order to prove the analogy and differences between a classical and quantum self-gravitating system was advanced
within a Newtonian approach in Ruffini & Stella (1983) Ruffini and Stella
(1983). There, the problem of a semi-degenerate system of fermions under
gravitational interaction was approached, and compared and contrasted with
the classical King model.
They proposed a distribution function built for non-relativistic particles,
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which reads:
f (v) =

=

1 − exp [− j2 (v2e − v2 )]
, v ≤ ve
exp [ j2 (v2 − µ̄)] + 1
0,
v > ve ,

where ve is the escape velocity. In the limit ve → ∞, the usual Fermi distribution is obtained. The other two constant parameters are j2 = m/(2kT )
and µ̄ = 2µ/m. The relevance of this f (v) is that it is an extension of the
King model to the case of a Fermi gas. Moreover, if the degeneracy parameter θ = j2 µ̄ is defined, it can be easily seen that when θ → −∞, the nondegenerate limit is reached and the distribution function used by King is recovered. Instead, when j2 → ∞ and µ̄ → v2e the degenerate limit is obtained,
and the escape velocity is associated with the Fermi energy.
The energy integral,
E = v2 /2 + V (r ) ,
(J.8.1)
together with the Jeans theorem for spherical systems, allowed them to simply relate the escape velocity with the gravitational potential by v2e = −2V
(being V = 0 at the surface of the configuration). They finally solved
R the Pois2
son equation for W = −2j V, being the mass density given by ρ ∝ f (v)v2 dv
which is related with W via the j parameter.
For simplicity, in the attempt to understand the physical interpretation of
the parameters, an only value for the central degeneracy parameter was assumed for the sake of example,
θ (0) ≡ θ0 = 0 ,

(J.8.2)

and no other values for θ0 were explored at the time. The different normalized mass density solutions were given for different values of W (0) ≡ W0 as
shown in Fig. J.5.
Under these special conditions the analogy between the self-gravitating
system of fermions and the King model was proven, as well as a first attempt
to justify the Tremaine & Gunn limit.
It soon became clear that these solutions, although interesting in reproducing classical results of the King profiles for a self-gravitating fermion gas,
were really extremely restrictive, and not representative of the general solutions for a relativistic self-gravitating system of massive fermions. These
restrictions correspond to three different constraints: 1) θ0 = 0; 2) the application of a cut-off in the phase space which implies the elimination of an
important family of solutions; and 3) the use of a non relativistic Newtonian
approach.
A fundamental step was made by Gao et al. (1990), to include special relativity effects in the phase space of the distribution function, as well as general relativity. Thus, they considered the relativistic Fermi-Dirac distribu-
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Figure J.5.: Normalized density profiles for different values of W0 and
fixed θ0 = 0. The dotted curve corresponds to the analogous King profiles while the dashed curve represents the degenerate limit (taken from
Ruffini and Stella (1983) with permission).
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tion function for the ‘inos’ without any cut-off in theirpmomentum space,
i.e. f (ǫ) = (exp[(ǫ − µ)/(kT )] + 1)−1 , where ǫ( p) = c2 p2 + m2 c4 − mc2
is the particle kinetic energy and µ the chemical potential with the particle
rest-energy subtracted off.
They wrote the system of Einstein equations in the spherically symmetric
metric gµν = diag(eν , −eλ , −r2 , −r2 sin2 θ ), where ν and λ depend only on the
radial coordinate r, together with the thermodynamic equilibrium conditions
of Tolman Tolman and Ehrenfest (1930), and Klein Klein (1949),
eν/2 T = const. ,

eν/2 (µ + mc2 ) = const.

in the following dimensionless way,
d M̂
= 4π r̂2 ρ̂
dr̂
dθ
β (θ − θ0 ) − 1 M̂ + 4π P̂r̂3
= 0
dr̂
β0
r̂2 (1 − 2 M̂/r̂ )

(J.8.3)
(J.8.4)

dν
M̂ + 4π P̂r̂3
= 2
dr̂
r̂ (1 − 2 M̂/r̂ )

(J.8.5)

β 0 = β (r ) e

(J.8.6)

ν(r )−ν0
2

.

There, the following dimensionless quantities were introduced: r̂ = r/χ,
M̂ = GM/(c2 χ), ρ̂ = Gχ2 ρ/c2 and P̂ = Gχ2 P/c4 , where χ =
2π 3/2 (h̄/mc)(m p /m) is the dimensional factor which has unit of length and
√
scales as m−2 ; with m p = h̄c/G the Planck mass, and the temperature and
degeneracy parameters, β = kT/(mc2 ) and θ = µ/(kT ), respectively. The
mass density ρ and pressure P are expressed in terms of the standard infinite integrals in momentum space weighted with the f (ǫ) already given, for
a relativistic and semi-degenerate Fermi gas (see Gao et al. (1990)).
In that work, they solved the initial condition problem for the variables of
the system, θ (r ), β(r ), ν(r ), and M (r ), by giving at r = 0 (and indicated by a
subscript ‘0’) M0 = 0, while giving arbitrary values for the temperature and
degeneracy parameters β 0 and θ0 , respectively. In Figs. J.6–J.7, different normalized mass density solutions for different θ0 < 0 and θ0 ≥ 0 respectively
are shown, for a fixed non-relativistic central temperature parameter β 0 .
It is important to note that the system (J.8.3–J.8.6) has no particle mass m
dependence when solved in the dimensionless variables, while instead the
physical magnitudes such as r and ρ have an explicit dependence on m trough
the dimensional factor χ(m). The fact that they were mainly interested in
the general properties of the solutions without going through the physical
magnitudes, no particle mass constraints were put there.
We have recently returned to the Gao et. al. work, and propose a com-
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Figure J.6.: Different density profiles for different θ0 < 0 and fixed β 0 in dimensionless variables. To note the simple cored plus r −2 morphology (taken
from Gao et al. (1990) with permission).
pletely different way for solving the boundary condition problem for the
system (J.8.3–J.8.6), in order to fulfill the observationally inferred values of
typical dark matter halos in spiral galaxies as given in de Blok et al. (2008).
Namely, for given initial conditions M0 = ν0 = 0, arbitrary θ0 (depending
on the chosen central degeneracy), and defining the halo radius rh at the onset of the flat rotation curve, we solve an eigenvalue problem for the central
temperature parameter β 0 , until the observed halo circular velocity vh is obtained. After this, we solve a second eigenvalue problem for the particle mass
m until the observed halo mass Mh is reached at the radius rh .
The quest has been to use all these information in order to put constraints
on the mass of the ‘ino’ in galactic halos by introducing the observational
properties possibly to be utilized in this research.
Interestingly enough, as detailed in the forthcoming article, it turns out
that only for an specific range of θ0 > 0 these two eigenvalue problems can
be solved together, implying as a consequence, a novel reach morphology for
the density profiles as well as a novel particle mass bound associated with

956

J.8. On the distribution of dark matter in galaxies: quantum treatments

Figure J.7.: Different density profiles for different θ0 ≥ 0 and fixed β 0 in dimensionless variables. To note the more complex core plus ‘plateau’ plus r −2
morphology (taken from Gao et al. (1990) with permission).
it. The density profiles presents a quantum degenerate core, followed by
a low degenerate plateau until it reach the r −2 Boltzmannian regime corresponding to the flat part in the rotation curve. In Fig. J.8 we show a family
of density profiles for different values of θ0 which fulfills the mentioned halo
constraints. We also plotted for comparison the purely Boltzmannian curve
which agrees with the same observed halo magnitudes.
As can be seen from Fig. J.8, we obtain from this novel analysis a more
stringent lower mass bound for the ‘ino’ mass m, which is ∼ 10 times higher
than the ones inferred in Ruffini and Stella (1983) and Tremaine and Gunn
(1979). This is, m ≥ 0.42 keV/c2 for typical spiral galaxies.
It is interesting that the quantum and relativistic treatment of the configurations considered here are characterized by the presence of central cored
structures unlike the typical cuspy configurations obtained from a classic
non-relativistic approximation, such as the ones of numerical N-body simulations in Navarro et al. (1997). This naturally leads to a possible solution to
the well-known core-cusp discrepancy de Blok et al. (2001).
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Figure J.8.: Physical density profiles for specific ino masses m and central
degeneracies θ0 fulfilling the observational constraints Mh = 1.6 × 1011 M⊙
and vh = 168 km/s at rh = 25 Kpc (as taken from de Blok et al. (2008)). In
dot-dashed line the purely Boltzmannian profile for comparison.
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J.9. Semidegenerate Self-gravitating system of
fermion as Dark Matter on galaxies:
Universality laws

Our aim here is to propose a system of self-gravitating system of fermions at
a finite temperature as a unified model for galactic halos and compact objects
in the center of galaxies, as an alternative to the usual black hole.
The equilibrium configurations of such systems were already studied by
Gao et.al. Gao et al. (1990) and it was found that the system is unbound and
has infinite mass. In order to prevent that, a cut-off in the distribution function was used Ingrosso et al. (1992). The equations governing a spherically
symmetric self-gravitating system of fermions in general relativity are the
Tolman-Oppenheimer-Volkoff equations
dP
G ( P + ρc2 )( Mr + 4πρr3 )
= − 2
dr
c
r (rc2 − 2GM )
dMr
= 4πρr2 ,
dr

(J.9.1)
(J.9.2)

where Mr is the mass inside a radius r and ρ(r ) and P(r ) are the mass density
and the pressure, respectively given by
Z
g ǫc 
ǫ  1 − e(ǫ−ǫc )/kT 3
d p
(J.9.3)
ρ = m 3
1+
h 0
mc2 e(ǫ−µ)/kT + 1
Z
2g ǫc 
ǫ 
ǫ −1 (1 − e(ǫ−ǫc )/kT )ǫ 3
P =
1
+
1
+
d p. (J.9.4)
3h3 0
2mc2
mc2
e(ǫ−µ)/KT + 1

Here g = 2s + 1 is the multiplicity of states, m the mass of the particle, ǫp
c is the cutoff energy and ǫ is the kinectic energy of a single particle
ǫ =
p2 c2 + m2 c4 − mc2 . Since we are considering a system in thermodynamical equilibrium Klein (1949).

(µ + mc2 ) exp(ν/2) = constant, T exp( ˚ /2) = constant.

(J.9.5)

In order to solve (numerically) the system, we transform the quantities into
dimensionless ones, using a characteristic length
h̄ m p
χ=
mc m



8π 3
g

1/2

,
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where m p is the Planck mass. The transformed quantities are
ρ=

c2
c4
c2 χ
M̂r , r = χr̂.
ρ̂,
P
=
P̂,
M
=
r
G
Gχ2
Gχ2

(J.9.6)

Additionaly we define the degeneracy parameter θ0 = µ0 /kT0 , the
temperature parameter β = kT0 /mc2 and the cut-off parameter W = ǫc /kT0 ,
all in the center of the configuration; this, together with the mass of the particle, will serve as the free parameters of the system. However, when we turn
to the dimensionless equations, the mass appears only in the definition of the
characteristic length χ, and we can check the general properties of the system
without specifying a mass for the particle.
Below are shown the density profile and velocity rotation curve for different values of the degeneracy parameter and the temperature parameter:

(a)

(b)

Figure J.9.: (a) Density profile for different values of θ0 . (b) Rotation curve for
different values of β 0 .
We can see that, despite the wide range of the parameters, the shape of
the density profile is universal and composed of a central degenerate core,
an inner halo of almost constant density and a tail that scales with r −2 . Also,
from fig. J.9 it is clear that, for small values of θ0 we have smaller inner halos,
but the drop from the core is also smaller; and vice-versa for large values of θ0 .
This means that, for small enough values, we lose the core+inner halo, being
left only with the halo; inversely, for very large values of the degeneracy
parameter, the drop is so sharp that the halo is practically non-existent.
The rotation curve is also universal and composed of four parts:(I) The core
with constant density, where v ∝ r; (II) The first part of the inner halo, where
the mass of the core prevails over the mass of the halo and v ∝ r −1/2 ; (III)
Second part of the inner halo, where now the mass of the halo prevails and
again v ∝ r; (IV) The outer halo, where the velocity tends to a constant value
v0 after some oscillations of diminishing magnitude.
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Figure J.10.: Comparison of the other profiles with our model for the best-fit
parameters.

It is important to notice also that the velocity tends to a constant value as
required by observations and it depends only on the temperature parameter
at the center:
v0
log
= 5.63 + 0.5 log β 0 .
(J.9.7)
km/s
This means we can uniquely determine β 0 for any system using only the
asymptotic rotation velocity.
One important point is to compare our profile with the other existent
profiles to see its validity. We choose here the phenomenological profile of Burkert (1995), the profile coming from the N-Body simulations of
Navarro et al. (1997); Navarro et al. (1997) (NFW) and a simple pseudoisothermal profile. We find that our profile is in good agreement with both
NFW and Burkert profile up to a certain radius just after the second maximum of the rotation curve.
In order to use observations to constrain our parameters, we first build a
set of scaling laws for the physical properties of a given system, i.e., the core
radius and mass and the halo mass and radius, where we define the radius
of the core rc as the first maximum of the rotation curve and the radius of the
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halo rh as the second maximum, with respective masses:
12

Mc = 1.96 × 10 ( β 0 θ0 )

rh





mf
kev/c2
 −2

mf
kev/c2

13 0.75 0.16 θ0
= 1.49 × 10 β 0 10

rc = 0.180( β 0 θ0 )
Mh

0.75

−0.25

 −2

m
kev/c2
 −2

m
−0.25 0.16 θ0
.
= 0.35β 0
10
kev/c2

,

(J.9.8)
(J.9.9)

 −2

,

(J.9.10)
(J.9.11)

where masses are in solar masses and radii in parsecs. The cutoff parameter
does not influence the properties of the system and is used only to determine
the size. It is interesting to note that, for the core, the important quantity is
β 0 θ0 = µ/mc2 , and not the parameters themselves. Also, the halo has a much
stronger dependence on θ0 than the core. This scaling laws are exact for the
mass and are valid for log β 0 ∈ [−11, −5] and θ0 ∈ [0, 200].

Donato et al. (2009), fitting DM halos with the Burkert profile, found out
that the surface density at the Burkert radius is constant for a wide number
of galaxies, with different masses and magnitudes; this implies a constant
acceleration due to DM at the Burkert radius, a DM ) = 3.2 × 10−9 cm/s2 . Using
our scaling laws and the fact that a DM = GMh /r2h , we have the scaling law
for the acceleration:
log

a DM
m
= 11.786 + 1.25 log β 0 − 0.16θ0 + 2 log
.
2
2
km /pc.s
keV/c2

(J.9.12)

Using this, with velocities 5-500 km/s, and considering a particle with a mass
of 8.5 keV, we find that θ0 ∈ [5, 40].

Another scaling law was found by Walker et. al.Walker et al. (2010), now
for the rotation velocity:
log

v
r
= 1.47 + 0.5 log
.
km/s
kpc

(J.9.13)

We then defined an average radius where the bulk of the measurements of
Walker et al. (2010) were made. With a scaling law for this radius, we can
then compare our results with Eq. J.9.13 and we find a relation between two
parameters:
(J.9.14)
β 0 = 2.47 × 10−10+0.128θ0 m−8/5 .
Using the velocity range 5-500 km/s and a mass of 8.5 keV, we find that θ0 ∈
[6, 40], in agreement with our former result. This shows that the choice of the
radius is good, since a law like Eq. J.9.13 implies a constant acceleration.
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However, Boyarsky et al. (2009a), studying larger systems and using the
DM column density, found that the acceleration is not constant but tend to
increase for systems with M > 1010 M⊙ . Again using a scaling law for the
column density, we find a slight increase for the degeneracy parameter for
the same mass: θ0 ∈ [23, 52].
In conclusion, we show that our model could be a viable model for DM
halos and compact objects in the center of galaxies, despite still having some
problems in the core. We can use observations to constrain our parameter
space to two free parameters (the mass of the particle and the degeneracy
parameter) and show that our model can reproduce the universality laws for
a wide range of parameters.
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K.1. Introduction
A wide variety of observations of Cosmic Microwave Background (CMB)
and Large Scale Structure (LSS) power spectra over the last decade have indicated that cosmic structures originated from seed fluctuations in the very
early universe. The leading theory explaining the origin of the cosmological seed perturbations is cosmic inflation (Lyth and Riotto, 1999; Kinney,
2003), a period of accelerated expansion at very early times. During
the inflationary stage, microscopic quantum fluctuations were stretched to
macroscopic scales to provide both the initial seeds for the primordial density perturbations and tensor (gravitational-wave) fluctuations (Starobinskiǐ,
1979; Mukhanov and Chibisov, 1981; Guth and Pi, 1982; Hawking, 1982;
Bardeen et al., 1983). Despite the simplicity of the inflationary paradigm, the
exact mechanism by which cosmological perturbations are generated is not
yet established.
In the standard slow-roll inflationary scenario associated with the dynamics of a single scalar field (the inflaton), density perturbations are due to
fluctuations of the inflaton itself as it slowly rolls down along its potential.
In the simplest case, fluctuations are of the adiabatic type, namely they are
sourced by the degree of freedom that is dominating the energy density during inflation (the inflaton). In other mechanisms for the generation of perturbations, e.g., the curvaton mechanism (Mollerach, 1990; Enqvist and Sloth,
2002; Lyth and Wands, 2002; Moroi and Takahashi, 2001, 2002), the final adiabatic perturbations are produced from an initial isocurvature mode associated with quantum fluctuations of a light scalar degree of freedom (other than
the inflaton), whose energy density is negligible during inflation. The isocurvature perturbations are then transformed into adiabatic perturbations when
the the extra scalar degree of freedom (the curvaton) decays into radiation
after the end of inflation. A precise measurement of the spectral index, nS ,
of the scalar perturbations together with a detection of gravity-wave signals
in CMB anisotropies through its B-mode polarization will provide a strong
hint in favor of single-field models of inflation. Indeed, alternative mechanisms predict an amplitude of gravity waves far too small to be detectable by
experiments aimed at observing the B-mode of the CMB polarization.
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While inflation is the leading candidate model for the generation of primordial perturbations, in the words of Martinec et al. (2013): “Inflation is at
the same time a spectacular phenomenological success, and an enduring theoretical challenge.” The phenomenological success is that inflation is a simple
model for the generation of seed perturbations. The theoretical challenge is to
understand how inflation is embedded in a broader theory or model of fundamental physics. Detailed examination of the CMB perturbations are a possible way to discriminate among inflation models (Dodelson et al., 1997), perhaps even leading to a reconstruction of the inflaton potential (Lidsey et al.,
1997) (see also Martin et al. (2013) for a recently-developed approach to the
issue of how to constrain the inflationary scenario from the new CMB data).
Another application of CMB data is to search for evidence of “new”
physics, like additional relativistic degrees of freedom at recombination
(Hou et al., 2011), neutrino masses (Lesgourgues and Pastor, 2006), early
dark energy (Calabrese et al., 2011), modified gravity (Di Valentino et al.,
2012), or variation of fundamental constants like the fine-structure constant
(Menegoni et al., 2012) or the gravitational constant (Galli et al., 2009).
The goal of this paper is to examine whether existing cosmological datasets
can provide evidence for the dynamics of the inflaton field during inflation or
evidence for new “neutrino” physics. Evidence for the dynamics of the inflaton field during inflation would be a departure from the Harrison–Zel’dovich
(HZ) model (a scalar spectral index of unity and no tensor perturbations).1
The departure from the HZ model could take the form of a scalar spectral index different than unity, a “running” (a scale-dependence) of the scalar spectral index, or evidence for tensor modes2 .
The type of new “neutrino” physics we model would be a mass for neutrinos or additional relativistic degrees of freedom contributing to the expansion rate around the time of recombination.3
Our analysis will include CMB data from the nine-year data release of the
Wilkinson Microwave Anisotropy Probe (WMAP9) (Hinshaw et al., 2012),
the South Pole Telescope (SPT) (Hou et al., 2012), and the Atacama Cosmology Telescope (ACT) (Sievers et al., 2013), including measurements up
to a maximum multipole number of lmax ≃ 3000. We will also include information from measurements of baryonic acoustic oscillations (BAO) from
galaxy surveys in the form of three datasets: data release 7 (SDSS-DR7)
1 We

note that a scalar spectral index of unity is possible within slow-roll inflation
(Vallinotto et al., 2004; Starobinsky, 2005).
2 Note that the estimated values for these parameters somewhat depend, other than on the
data used, also on the assumptions about the underlying cosmological model. For example, the effect of considering more general reionization scenarios on the extraction of
inflationary parameters has been investigated in Pandolfi et al. (2010a,b, 2011).
3 Although we parameterize the additional relativistic degrees of freedom as a contribution
to the effective number of light neutrinos, Neff , of course the new relativistic species need
not be neutrinos.
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(Padmanabhan et al., 2012) and data release 9 (SDSS-DR9) (Manera et al.,
2013) from the Sloan Digital Sky Survey, and the WiggleZ project (Blake et al.,
2012). We will also use data on the Hubble constant (Riess et al., 2011b,a,
2012; Freedman et al., 2012).
This study has two motivations. On one hand, the Planck collaboration4
will release soon their first flow of data regarding the CMB anisotropies, and
therefore it is timely to have a state-of-the-art pre-Planck assessment of slowroll inflation. On the other hand, we wish to answer three basic questions:
1. Is the simple Harrison-Zel’dovich model compatible with current cosmological datasets, or is there support for a more complicated perturbation spectrum?
2. Is standard neutrino physics consistent with current cosmological
datasets, or is there support for new neutrino physics in the form of
a neutrino mass in excess of a few tenths of an electron volt or a change
in the effective number of light neutrinos?
3. In the event that there is support for physics beyond the HZ spectrum
and standard neutrinos, can one tell whether the data provides information about the primordial perturbation spectrum or the neutrino sector?
As we will see, all combinations of current datasets point to physics beyond
the minimal HZ model with standard neutrino physics. In particular, allowing for either a scalar spectral index different from unity or an additional
number of relativistic degrees of freedom, produces a significant increase in
the goodness of fit with respect to the minimal HZ model. Information beyond that depends on the dataset used.
For a dataset with ACT (and not SPT), there is no significant increase in the
goodness of fit by increasing the complexity of the perturbation spectra by
allowing for running of the scalar perturbations and/or a tensor component.
Concerning neutrino physics, there is no significant further increase in the
goodness of fit by allowing for a nonzero neutrino mass. For the dataset
with ACT, we can only say that a model with a scalar spectral index different
than unity is a much better fit than the HZ model, and a model with a nonstandard number of neutrinos is also a much better fit. In the sections below
we will quantify these statements.
The situation is much different if we examine a dataset with SPT (and not
ACT).5 There are a significant increases in goodness of fit allowing either a
4 See

http://www.rssd.esa.int/index.php?project=planck.
et al. (2013) concluded that datasets including either ACT or SPT give a consistent picture for cosmological parameters, as long as HZ+nS and HZ+ns + Neff are concerned. We find however that the answer to the question of whether cosmological data
points to physics beyond an HZ +nS model strongly depends on the choice of whether
the dataset includes ACT or SPT.

5 Calabrese
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running of the scalar spectral index (and not much increase in goodness of
fit just by allowing a tensor component) on top of the HZ+ns model, or a
nonzero neutrino mass to the HZ model. Again, in the sections below we
will quantify these statements.
Therefore, we conclude that a cosmological dataset including SPT suggests
either a more complex perturbation spectrum than simply a scalar spectral
index different than unity, or some other new physics such as a modification
of the number of relativistic degrees of freedom. The data do not prefer one
approach over the other.
The papers is organized as follows: In the next section we review the pertinent features of slow-roll inflation. In Sec. K.3 we review how neutrinos (or
other light species) affect the CMB anisotropies. In Sec. K.4 we discuss our
data analysis method and the datasets examined. Section K.5 presents our
results for cosmological parameters and the maximum likelihood for various
models. In Sec. K.6 we discuss implications for physics beyond the HZ model
for neutrino physics and for inflation. Section K.7 contains our conclusions.

K.2. Slow-roll inflation and CMB anisotropies
As mentioned in the introduction, we will work under the hypothesis that the
adiabatic perturbations originated within the single-field, slow-roll framework of inflation. It should be kept in mind that if future experiments do not
detect isocurvature modes or large non-Gaussianity it will not be possible to
distinguish directly the inflaton contribution from the, e.g., curvaton contribution, see Kinney et al. (2012). On the other hand, a detection of a significant
amount of tensor modes through CMB anisotropies will disfavor curvatonlike models as they tend to generate a negligible tensor contribution.
Within the single-field slow-roll paradigm, many specific models for inflation have been proposed. We limit ourselves here to models with “normal”
gravity (i.e., general relativity) and a single order parameter for the vacuum,
described by a canonical scalar field φ, the inflaton, with Lagrangian
L=

1 µν
g ∂µ φ∂ν φ − V (φ) .
2

(K.2.1)

The equations of motion for the spacetime are given by the Friedmann Equations, which for a homogeneous field φ are

 2

ȧ
8π 1 2
H =
φ̇ + V (φ) ,
=
a
3m2Pl 2
 
i
4π h
ä
= − 2 φ̇2 − V (φ) .
a
3mPl
2
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The equation of motion for the field φ is
φ̈ + 3H φ̇ + V ′ (φ) = 0.

(K.2.3)

We have assumed a flat Friedmann-Robertson-Walker metric gµν =
diag(1, − a2 , − a2 − a2 ), where a(t) is the scale factor of the universe. Inflation is defined to be a period of accelerated expansion, ä > 0. If the field
evolution is monotonic in time, we can write the scale factor a (φ) and Hubble parameter H (φ) as functions of the field φ rather than time, i.e., we define
all of our physical parameters along the trajectory in phase space φ̇ (φ) corresponding to the classical solution to the equations of motion. Equations
(K.2.2) and (K.2.3) can then be re-written exactly in the Hamilton-Jacobi form
m2Pl ′
φ̇ = −
H ( φ ),
4π
 ′
2 12π
32π 2
H ( φ ) − 2 H 2 ( φ ) = − 4 V ( φ ).
mPl
mPl

(K.2.4)

These are completely equivalent to the second-order equation of motion. The
second of the above equations is referred to as the Hamilton-Jacobi equation,
and can be written in the useful form
!


1
8π
H 2 (φ) 1 − ǫ(φ) =
V ( φ ),
(K.2.5)
3
3m2Pl
where ǫ is defined to be
m2Pl
ǫ(φ) ≡
4π



H ′ (φ)
H (φ)

2

.

(K.2.6)

The physical meaning of ǫ(φ) can be seen by expressing ä in Eq. (K.2.2) as
 
ä
= H 2 (φ) [1 − ǫ(φ)] ,
(K.2.7)
a
so that the condition for inflation, ( ä/a) > 0, is equivalent to ǫ < 1. The scale
factor is given by


N

a ∝ e = exp

Z t
t0

H dt ,

(K.2.8)

where the number of e-folds N is
N≡

Z te
t

H dt =

√ Z
2 π φ dφ
p
.
dφ =
mPl φe
φ̇
ǫ(φ)

Z φe
H
φ

(K.2.9)

Most simple inflation models satisfy the slow-roll approximation, which is
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the assumption that the evolution of the field is dominated by the drag from
the cosmological expansion, so that φ̈ ≃ 0 and φ̇ ≃ −V ′ /3H. The equation
of state of the scalar field is dominated by the potential, so that p ≃ −ρ,
and the expansion rate is approximately H 2 ≃ 8πV (φ)/3m2Pl . The slow roll
approximation is consistent if both the slope and curvature of the potential
are small, V ′ , V ′′ ≪ V (in units of the Planck mass mPl ). In this case the
parameter ǫ can be expressed in terms of the potential as
m2
ǫ ≡ Pl
4π



H ′ (φ)
H (φ)

2

m2
≃ Pl
16π



V ′ (φ)
V (φ)

2

.
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We will also define a second “slow-roll parameter” η by


m2Pl H ′′ (φ)
η (φ) ≡
4π " H (φ)
 #

m2Pl V ′′ (φ) 1 V ′ (φ) 2
.
−
≃
8π V (φ)
2 V (φ)

(K.2.11)

Slow roll is then a consistent approximation for ǫ, η ≪ 1.

Perturbations created during inflation are of two types: scalar (or curvature) perturbations, which couple to the stress-energy of matter in the
universe and form the “seeds” for structure formation, and tensor, or
gravitational-wave perturbations, which do not couple to matter. Both scalar
and tensor perturbations contribute to CMB anisotropies. Scalar fluctuations
can also be interpreted as fluctuations in the density of the matter in the universe. Scalar fluctuations can be quantitatively characterized by the comoving curvature perturbation PR . As long as slow roll is attained, the curvature
(scalar) perturbation at horizon crossing can be shown to be (Lyth and Riotto,
1999; Kinney, 2003)
PR1/2 (k )

=



H2
2π φ̇



k= aH



H 1
√
=
mPl πǫ



.

(K.2.12)

k= aH

The fluctuation power spectrum is, in general, a function of wavenumber k,
and is evaluated when a given mode crosses outside the horizon during inflation, k = aH. Outside the horizon, modes do not evolve, so the amplitude
of the mode when it crosses back inside the horizon during a later radiationor matter-dominated epoch is just its value when it left the horizon during
inflation. Instead of specifying the fluctuation amplitude directly as a function of k, it is convenient to specify it as a function of the number of e-folds N
before the end of inflation at which a mode crossed outside the horizon.
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The scalar spectral index nS for PR is defined by
nS − 1 ≡

d ln PR
,
d ln k

(K.2.13)

so that a scale-invariant spectrum, in which modes have constant amplitude
at horizon crossing, is characterized by nS = 1.
To lowest order in slow roll, the power spectrum of tensor fluctuation modes and the corresponding tensor spectral index is given by
(Lyth and Riotto, 1999; Kinney, 2003)


4H
1/2
√
PT (k N ) =
,
mPl π k=aH
d ln PT
nT ≡
.
(K.2.14)
d ln k
The ratio of tensor-to-scalar modes is then PT /PR = 16ǫ, so that tensor modes
are negligible for ǫ ≪ 1. In the limit of slow roll, the spectral indices nS and
n T vary slowly or not at all with scale. We can write the spectral indices nS
and n T to lowest order in terms of the slow-roll parameters ǫ and η as
nS ≃ 1 − 4ǫ + 2η,
n T ≃ −2ǫ.

(K.2.15)

The tensor/scalar ratio is frequently expressed as a quantity r, which is
conventionally normalized as
r ≡ 16ǫ =

PT
.
PR

(K.2.16)

The tensor spectral index is not an independent parameter, but is proportional to the tensor/scalar ratio, given to lowest order in slow roll by n T ≃
−2ǫ = −r/8. A given inflation model can therefore be described to lowest
order in slow roll by three independent parameters: PR , PT , and nS .
Deviations from a simple power-law spectrum of perturbations are higher
order in the slow-roll parameters, and thus serve as a test of the consistency
of the slow-roll approximation. Scale dependence in the observables corresponds to scale dependence in the associated slow-roll parameter, and can
be quantified in terms of the infinite hierarchy of inflationary flow equations
(Kinney, 2002),
dǫ
= 2ǫ (η − ǫ) ,
dN
dη
= 2 λ − ǫη,
dN
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..
.
dℓ λ
= [(ℓ − 1)η − ℓǫ] ℓ λ + (ℓ+1) λ.
dN

(K.2.17)

The higher-order flow parameters are defined by


2
H ′ (φ)
ǫ ≡
,
H (φ)
H ′′ (φ)
,
η ≡ 2M2P
H (φ)
H ′ (φ) H ′′′ (φ)
2
λ ≡ 4M4P
,
H 2 (φ)
..
.
ℓ H ′ (φ)(ℓ−1) d(ℓ+1) H (φ)

ℓ
2
,
λ ≡ 2MP
H (φ)ℓ
dφ(ℓ+1)
2M2P

(K.2.18)

where the prime denotes derivatives with respect to scalar field φ. It is then
straightforward to calculate the scale-dependence of the spectral index by
relating the wavenumber k to the number of e-folds N,
dn
1
d
≡ nrun = −
(2η − 4ǫ)
d ln k
1 − ǫ dN
 
= 10ǫη − 8ǫ2 − 2 2 λ + O(ǫ3 ) + · · · .

(K.2.19)

Since the running depends on higher-order flow parameters than the spectral index itself, it is an independent parameter, even in slow-roll inflation
models. In typical single-field inflation models, the running of the spectral
index is negligible, so a detection of scale dependence in the spectral index
would rule out a large class of viable single-field inflation models, and would
therefore be a powerful probe of inflationary physics.

K.3. Neutrinos and CMB anisotropies
In what follows we we examine the possibility of new neutrino physics as an
alternative to extending the complexity of primordial perturbations.
One direction for new neutrino physics is a change in the effective number of relativistic degrees of freedom, Neff , that defines the physical energy
density in relativistic particles ρrad , defined by
"
#
 
7 4 4/3
ρrad = 1 +
(K.3.1)
Neff ργ ,
8 11
where ργ is the energy density of the CMB photons and Neff is the effective
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number of light neutrino species. In the standard scenario, assuming three
active massless neutrino species with standard electroweak interactions and
the present CMB temperature of Tγ = 2.726K, see, e.g., Ref. Fixsen (2009),
the expected value is Neff = 3.046. This is slightly larger than 3 because of
non-instantaneous neutrino decoupling (see, e.g., Mangano et al. (2005)). As
mentioned previously, any new species that is relativistic around recombination will contribute to Neff , whether it is a neutrino species or not. The exact
contribution of a new relativistic species will depend on the number of spin
degrees of freedom, whether the new species is a boson or fermion, and the
temperature of decoupling of the new species.
We also consider the possibility of a mass for one or more of the three
known active neutrino species. The present contribution to the overall energy density is given by
Ων h2 = Σi=1,2,3

mi
,
92.5 eV

(K.3.2)

where mi are the masses of the three neutrino mass eigenstates.
A change in neutrino physics can have important implications for interpretation of inflationary parameters from CMB anisotropies, see Refs.
Hamann et al. (2010); Bowen et al. (2002); Archidiacono et al. (2011). For example, varying Neff can have an impact on determination of nS and its running, since it changes both the position of the CMB peaks in the angular spectrum and the structure of the “damping tail” at very large multipoles (see
Hou et al. (2011)). In general, a higher Neff can put higher values of nS in better agreement with the data, i.e., there is a positive correlation between the
two parameters.
Masses for neutrinos also have important implications for interpretation
of inflationary parameters from CMB anisotropies. Massive neutrinos damp
the dark-matter fluctuations on scales below the horizon when they become
nonrelativistic (see e.g., Hu et al. (1998)). Neutrinos with masses mν . 0.3
eV are relativistic at recombination and affect the CMB anisotropy mainly
through gravitational lensing, while neutrinos with larger masses slightly increase the CMB small-scale anisotropy by damping the gravitational potential at recombination. The final result is a small anti-correlation with nS , i.e.,
larger neutrino masses shift the constraints on nS to smaller values.

K.4. Data Analysis Method
The analysis method we adopt is based on the publicly available Monte Carlo
Markov Chain (MCMC) package cosmomc (Lewis and Bridle, 2002) with a
convergence diagnostic done through the Gelman and Rubin statistic.
We sample the following four-dimensional standard set of cosmological
parameters, adopting flat priors on them: the baryon and cold dark matter
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densities Ωb and Ωc , the angular size of the sound horizon at decoupling θ,
and the optical depth to reionization τ.
As discussed in a separate section, we will also vary the relativistic number
of degrees of freedom parameter Neff and the total neutrino mass Σmν . The
standard three-neutrino framework predicts Neff = 3.046, while oscillation
neutrino experiments place a lower bound Σmν > 0.05 eV (Fogli et al., 2006).
For the inflationary parameters we consider the scalar spectral index nS
and its running nrun , the overall normalization of the spectrum AS at k =
0.002 Mpc−1 and the amplitude of the tensor modes relative to the scalar, r =
A T /AS , again at k = 0.002 Mpc−1 .
We consider purely adiabatic initial conditions and we impose spatial flatness.
We analyze the following set of CMB data: WMAP9 (Hinshaw et al., 2012),
SPT (Hou et al., 2012), and ACT (Sievers et al., 2013), including measurements up to a maximum multipole number of lmax ≃ 3000. For all these
experiments we make use of the publicly available codes and data. For the
ACT experiment we use the “lite” version of the likelihood (Dunkley et al.,
2013).
We also consider the effect of including additional datasets to the basic datasets just described. Consistently with the measurements of HST
(Riess et al., 2011b,a, 2012; Freedman et al., 2012), we consider a Gaussian prior on the Hubble constant H0 = 73.8 ± 2.4 km s−1 Mpc−1 . We
also include information from measurements of baryonic acoustic oscillations (BAO) from galaxy surveys. Here, we follow the approach presented in Ref. (Hinshaw et al., 2012) combining three datasets: SDSS-DR7
(Padmanabhan et al., 2012), SDSS-DR9 (Manera et al., 2013) and WiggleZ
(Blake et al., 2012).
Since, as we see in the next section, the ACT and the SPT datasets are providing significantly different conclusions on inflationary parameters, we will
include them separately. In what follows we will consider two combinations
of datasets. We refer to an analysis using the WMAP9 + ACT + HST + BAO
datasets as the “extended ACT” (eACT) dataset and to an analysis with the
WMAP9 + SPT + HST + BAO datasets as the “extended SPT” (eSPT) dataset.
We use the Markov chains obtained from CosmoMC to reconstruct the posterior distributions of each of the model parameters. In the tables, we present
our results in the form of the 68% credible interval for each parameter, i.e.,
the interval symmetric around the mean containing 68% of the total posterior
probability. We make an exception to this rule in those cases where the posterior probability is not vanishingly small at the edge of the prior range; this
happens in particular around r = 0 and ∑ mν = 0. In this case we adopt the
following rule: if the maximum of the posterior distribution is clearly distinguished from zero, we quote the 68% interval as above; otherwise, we quote
a 95% upper limit.
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We also use our Markov chains to recover the maximum likelihood (i.e.,
minimum χ2 ) parameter values. We use the minimum χ2 values estimated
from the chains to perform an approximate model comparison by computing
the likelihood ratio (actually, equivalently, the difference in χ2 ) between models. As a rule of thumb, given two models M1 and M2 , where the latter reduces to the former for a particular choice of parameter values (in which case
the two models are said to be “nested”), we say that the data show preference
for M2 over M1 when the absolute value of ∆χ2 ≡ χ2min (M2 ) − χ2min (M1 ) is
larger than the number of additional parameters in the extended model. A
more accurate assessment of the relative probability of the two models would
require the calculation of the Bayesian evidence; see e.g. Noreña et al. (2012)
and Feeney et al. (2013) for an application to models with extra neutrinos and
to inflationary models, respectively.
We note however that MCMC methods are usually optimized to sample
the full posterior distribution around the region of maximum probablity, and
not to recover the exact value and position of the maximum likelihood. The
precision to be associated with our estimate of the minimum χ2 can be evaluated by computing the probability of finding in the chains a sample having
a χ2 within δ(χ2 ) from the actual minimum (see e.g. Hamann (2012)). This
probability depends on the dimensionality of the parameter space and on the
number of independent samples in the chains. We let our chains run until
we can claim a 95% probability of having found the best-fit model with an
uncertainty δ(χ2 ) ≤ 1.

K.5. Extensions of the HZ model and eACT and
eSPT
As a first step in our analysis we evaluate the compatibility of current cosmological datasets eSPT and eACT with a simple reference model, which
we choose to be the Harrison-Zel’dovich (HZ) model with nS = 1, r = 0,
nrun = 0, mν = 0, and Neff = 3.046. We then consider extensions of this
model involving more complex perturbation spectra, with various combinations of nS 6= 1, r > 0, and nrun 6= 0. Then we examine extensions of the
HZ model with nonstandard neutrino physics with combinations of mν 6= 0
and/or Neff 6= 3.046.

K.5.1. Extensions of the perturbation sector
The results of our analysis with regard to perturbation spectra is reported
in Table K.1. As stated in the previous section, we analyze the eACT and
eSPT datasets and we consider different cases for primordial perturbations
and compare them with the reference HZ model. In all models analyzed in
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Table K.1.: Augmenting the minimal Harrison-Zel’dovich cosmological
model through inflationary parameters. Listed are posterior means for the
cosmological parameters from the indicated datasets (errors refer to 68% confidence intervals, unless otherwise stated).
Dataset

Parameter
100 Ωb h2
Ω c h2
100 θ
log[1010 AS ]

eSPT

τ

Reference Model
HZ +nS

HZ +nS + r

HZ +nS + nrun

2.331 ± 0.025

2.225 ± 0.032

2.228 ± 0.032

2.236 ± 0.031

0.1148 ± 0.0017

0.1167 ± 0.0018

0.1166 ± 0.0018

0.1180 ± 0.0019

3.12 ± 0.03

3.21 ± 0.03

3.20 ± 0.03

3.14 ± 0.04

1.0430 ± 0.0009

1.0419 ± 0.0010

1.0422 ± 0.0009

0.078 ± 0.012

0.077 ± 0.012

0.090 ± 0.014

≡0

≡0

< 0.12 (d)

≡0

≡1

nS

≡0

nrun

0.959 ± 0.008

≡0

0.962 ± 0.008

1.037 ± 0.029

HZ +nS + r + nrun
2.272 ± 0.036

0.1178 ± 0.0018
1.0424 ± 0.0009
3.04 ± 0.07

0.095 ± 0.015
1.107 ± 0.045
0.28 ± 0.16

≡0

−0.029 ± 0.011

−0.051 ± 0.015
7615.9

H0 ( a)
−2 log L (b)

71.33 ± 0.65

69.33 ± 0.74

69.42 ± 0.76

7653.4

7624.7

7625.6

7616.8

100 Ωb h2

≡0

−28.7

−27.8

−36.6

−37.5

2.356 ± 0.027

2.282 ± 0.035

2.290 ± 0.037

2.283 ± 0.035

2.302 ± 0.038

∆χ2 (c)
Ω c h2
100 θ

log[1010 AS ]
τ

0.1165 ± 0.0021

0.1162 ± 0.0021

0.1166 ± 0.0021

3.14 ± 0.03

3.19 ± 0.03

3.18 ± 0.03

3.19 ± 0.04

1.0416 ± 0.0016

−2 log L (b)

1.0399 ± 0.0018

1.0399 ± 0.0017

1.0400 ± 0.0017

69.51 ± 0.78

0.1167 ± 0.0022
1.0403 ± 0.0018
3.13 ± 0.05

0.102 ± 0.014

0.090 ± 0.014

0.089 ± 0.013

0.092 ± 0.015

0.094 ± 0.015

≡0

≡0

< 0.18 (d)

≡0

< 0.34 (d)

≡1

nS
nrun
H0 ( a)

69.08 ± 0.76

0.1163 ± 0.0021

r

≡0

0.971 ± 0.009

≡0

0.976 ± 0.009

0.978 ± 0.031

1.016 ± 0.042

70.50 ± 0.71

69.24 ± 0.83

69.43 ± 0.83

≡0

−0.003 ± 0.011

−0.014 ± 0.014

7617.9

7608.2

7608.4

7608.3

7608.7

≡0

−9.7

−9.5

−9.6

−9.2

∆χ2 (c)

a km s−1

1.0419 ± 0.0009

0.096 ± 0.013

r

eACT

Inflation-Motivated Extensions

HZ

69.24 ± 0.81

69.47 ± 0.83

Mpc−1

b When comparing to the χ2

values reported e.g. in the WMAP9 paper Hinshaw et al. (2012),
it should be taken into account that we use a pixel based likelihood at low ls instead than
the Gibbs-based likelihood.
c ∆χ2 ≡ (−2 log L) − (−2 log L
HZ )
d 95% c.l.

this section we assume massless neutrinos and Neff = 3.046.
As we can see from the table, both for the eACT and eSPT datasets, models
with nS 6= 1 are highly favored over the HZ reference model.
For the eSPT dataset, allowing one additional parameter, nS , to vary results
in change in χ2 of ∆χ2 ≡ (−2 log L) − (−2 log L HZ ) = −28.7. The onedimensional probability distribution for nS with the eSPT dataset is shown in
Fig. K.1. For the eACT dataset, allowing one additional parameter, nS , to vary
results in ∆χ2 ≡ (−2 log L) − (−2 log L HZ ) = −9.7. The one-dimensional
probability distribution for nS with the eACT dataset is also shown in Fig.
K.1.
If we allow other parameters describing the perturbation spectra to vary,
such as nrun and r, there are different indications from the different datasets.
Let us first consider the eSPT dataset.

976

K.5. Extensions of the HZ model and eACT and eSPT

Figure K.1.: One- and two-dimensional posterior probabilities for nS , r,
and nrun . Upper panel: One-dimensional parameter posteriors for the
models considered in the text, using the eSPT (top row) and eACT (bottom row) datasest. Lower panel: Two-dimensional posteriors for the
HZ+ns +r+running case. Dark- and light-shaded regions correspond to 68
and 95% credible intervals, respectively.
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Figure K.2.: Two-dimensional probability in the nS vs. r plane for the HZ
+nS + r model in the left panel, and the HZ +nS + nrun model in the right
panel.

The natural parameter space for constraining simple slow-roll inflation
models is to include the the tensor/scalar ratio r in addition to spectral tilt
nS . Two-dimensional contours for nS vs. r are shown in Fig. K.2, along with
the predictions of three simple slow-roll models. For the eSPT dataset, allowing r to vary in addition to allowing nS to vary results in a very marginal
decrease in χ2 of −0.9 compared to a model just allowing nS to vary. Hence,
the data do not seem to call for the additional variable r. However, the situation is quite different if we allow a running of the scalar spectral index,
nrun 6= 0, either keeping r = 0 or allowing r to vary. Adding one additional
parameter, nrun , results in ∆χ2 = −36.6 compared to the reference HZ model,
which corresponds to a change in χ2 of −7.9 compared to the HZ +nS model.
If we allow both r and nrun to vary (in addition to allowing nS to vary) there
is a gain of ∆χ2 = −37.5 compared to the reference HZ model, or a change
in χ2 of −8.8 compared to the HZ +nS model. The eSPT dataset strongly
prefers a running of the scalar spectral index. The one-dimensional probability distributions for nS , r and nrun with the eSPT dataset are shown in Fig.
K.1. Two-dimensional contours of r vs. nS , nrun vs. nS and nrun vs. r are also
shown in Fig. K.1.
The eACT dataset also prefers a scalar spectral index different from unity.
Recall that adding one additional parameter nS results in a decrease in χ2
compared to the reference HZ model of ∆χ2 = −9.7. If we then allow one
additional parameter, either r or nrun , there is only a very marginal change
in χ2 beyond the HZ + nS model. Even allowing both additional parameters
nrun and r again results in a very marginal decrease in χ2 at the expense of
two additional parameters. The one-dimensional probability distributions
for nS , r and nrun with the eACT dataset are also shown in Fig. K.1, and the
two-dimensional contours of r vs. nS , nrun vs. nS and nrun vs. r are also shown
in Fig. K.1.
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Figure K.3.: Comparing the constraints on ns (top panel) and nrun (bottom
panel) for different model/datasets combinations. The solid and dashed bars
denote 1- and 2-σ constraints, respectively.

We summarize our findings with respect to ns and nrun in Fig. K.3,
where we compare the constraints on these parameters for the different
model/dataset combinations considered in the paper. It is clear from this
figure that the tension between the two datasets increases when the model
complexity is also increased. Moreover, as discussed above in the context of
the goodness-of-fit of the various models, we also notice that the results of
parameter estimation from eACT are more stable, with respect to eSPT, to the
increase of the complexity of the model.
Our conclusion is that the eSPT and eACT datasets are not consistent, as
long as inflation-motivated extensions to the minimal model are concerned.
While both call for a scalar spectral index different than unity, the eSPT
dataset seems to be better described by a more complicated perturbation
spectrum than just a scalar spectrum of constant spectral index. On the other
hand, the eACT dataset seems to be well described by a constant scalar spectral index (slightly less than unity), and does not seem to require additional
complexity.

K.5.2. Extensions of the neutrino sector
We now repeat the analysis presented in previous subsection but now considering the possibility of an extra effective neutrino number and including
neutrino masses.
The constraints from the eSPT and eACT dataset are in Table K.2. For both
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Table K.2.: Augmenting the minimal Harrison-Zel’dovich cosmological
model through new neutrino physics. Listed are posterior means for the cosmological parameters from the indicated datasets (errors refer to 68% credible
intervals, unless otherwise stated).
Dataset

Parameter
100 Ωb h2
Ω c h2
100 θ
log[1010 AS ]

eSPT

τ

Neutrino-Motivated Extensions

HZ

HZ + Neff

HZ +mν

2.331 ± 0.025

2.311 ± 0.024

2.330 ± 0.024

0.1148 ± 0.0017

0.1394 ± 0.0057

0.1100 ± 0.0023

3.12 ± 0.03

3.15 ± 0.03

3.12 ± 0.03

1.0430 ± 0.0009

1.0404 ± 0.0010

1.0434 ± 0.0009

HZ + Neff + mν
2.332 ± 0.037

0.1315 ± 0.0057
1.0412 ± 0.0011
3.14 ± 0.03

0.096 ± 0.013

0.085 ± 0.012

0.103 ± 0.014

0.095 ± 0.014

≡0

≡0

0.39 ± 0.14

0.96 ± 0.53

Neff
∑ mν ( a)

≡ 3.046

H0 (b)

71.33 ± 0.65

75.5 ± 1.1

69.82 ± 0.76

7653.4

7625.9

7645.3

≡0

−27.5

−8.1

−36.3

2.356 ± 0.027

2.332 ± 0.029

2.358 ± 0.029

2.337 ± 0.029

−2 log L (c)
∆χ2 (d)

100 Ωb h2
Ω c h2
100 θ
log[1010 AS ]
eACT

Reference Model

τ

4.26 ± 0.26

≡ 3.046

0.1163 ± 0.0021

0.1318 ± 0.0057

0.1156 ± 0.0021

3.14 ± 0.03

3.16 ± 0.03

3.13 ± 0.03

1.0416 ± 0.0016

1.0382 ± 0.0020

1.0421 ± 0.0016

4.45 ± 0.32
74.0 ± 1.2
7617.1

0.1296 ± 0.0057
1.0387 ± 0.0020
3.15 ± 0.03

0.102 ± 0.014

0.097 ± 0.014

0.105 ± 0.015

0.099 ± 0.014

≡0

≡0

0.24 ± 0.15

< 0.46 (e)

Neff
∑ mν ( a)

≡ 3.046

H0 (b)

70.50 ± 0.71

73.2 ± 1.1

69.82 ± 0.79

72.4 ± 1.2

7617.9

7609.7

7616.7

7609.2

≡0

−8.2

−1.2

−8.7

−2 log L (c)
∆χ2 (d)

3.88 ± 0.28

≡ 3.046

3.80 ± 0.28

a eV
b km s−1

Mpc−1

c When comparing to the χ2

values reported e.g. in the WMAP9 paper Hinshaw et al. (2012),
it should be taken into account that we use a pixel based likelihood at low ls instead than
the gibbs-based likelihood.
d ∆χ2 ≡ (−2 log L) − (−2 log L
HZ )
e 95% c.l.

datasets, adding the additional parameter Neff greatly improves the fit. In
fact, allowing Neff improves the fits of both eSPT and eACT by about as much
as allowing the spectral index to vary from unity.
However, allowing the neutrino mass to vary, we again again obtain different indications from the two datasets. For the SPT dataset, adding a neutrino
mass improves the χ2 by −8.1 if Neff is kept fixed and by −8.8 if it is allowed
to vary. For the ACT dataset, on the contrary, the goodness of fit improves
only marginally (at the price of one additional parameter) by allowing a nonzero neutrino mass, independently of whether Neff is fixed or not.
In Fig. K.5 we compare the constraints on Neff and ∑ mν for the different
model/dataset combinations considered in the paper. Again we see the same
trend observed in the case of the spectrum parameters, namely that the values estimated from the two datasets tend to diverge as new parameters are
added, and that the values estimated from eACT are more stable than those
estimated from eSPT when the complexity of the model is increased.
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Figure K.4.: One- and two-dimensional posterior probabilities for the eACT
and eSPT data for the parameters Neff and mν .
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Figure K.5.: Comparing the constraints on ns (top panel) and nrun (bottom
panel) for different model/datasets combinations. The solid and dashed bars
denote 1- and 2-σ constraints, respectively.

K.6. Directions for New Physics
Using the two data combinations described here, models with either primordial perturbations beyond the HZ model or additional light degrees of freedom provide a much better fit than the HZ model. Thus, cosmological data
point to some interesting new physics. Unfortunately, the direction is unclear.
Probably the most dramatic explanation would be additional light degrees
of freedom: It would be very surprising if there is a new light species beyond
the standard model of particle physics (as we have emphasized, it need not
be extra neutrino species, although we parameterize them as such).
For the eACT dataset, just adding a tilt to the scalar spectrum seems to be
all that is demanded of the data. This would tell us something about inflation,
but there are a large number of inflation models that can give a slightly red
spectrum.
For the eSPT dataset however, the data seems to demand more than simply
a tilt to the scalar spectrum. A much improved fit can be obtained by allowing the possibility of a large running of the scalar spectrum. The running
could be so large as to have a large impact in inflation model building and
call in doubt the simple slow-roll approximation. Alternatively, as data seem
to indicate a non-power-law scalar spectral index with a very large variation
of the spectral index, one might invoke models where the flattening of the
inflaton potential is obtained through the inclusion of large quantum corrections in the mass parameter Stewart (1997) which result in large variation of
the spectral index with the scale. Another class of models which allow for a

982

K.7. Conclusions
large negative running are models in which inflation occurs near an inflection point of the potential, where the third derivative V ′′′ of the potential is
substantial, and the higher-order slow roll parameter 2 λ is comparable to the
lower-order parameters ǫ and η. Inflection point inflation models have been
argued, e.g. in Ref. McAllister et al. (2012), to be characteristic of inflation on
the string landscape.

K.7. Conclusions
We analyzed the recently released Atacama Cosmology Telescope (ACT)
and South Pole Telescope (SPT) data in combination with the Wilkinson Microwave Anisotropy Probe 9-year data (WMAP9), the Sloan Digital Sky Survey Data Release 9, the WiggleZ large-scale structure data, and the Hubble
Space Telescope determination of the Hubble parameter (HST). We tested
these data against two cosmological scenarios: (1) a scale-invariant, purely
scalar “Harrison-Zel’dovich” (HZ) power spectrum with the addition of parameters motivated by inflationary cosmology, tilt nS , nonzero tensor/scalar
ratio r, and running of the spectral index nS , and (2) the HZ power spectrum
with a nonstandard effective neutrino number Ne f f and/or neutrino mass
mν . We find that both the extended ACT data (eACT) and the extended SPT
data (eSPT) favor extensions to the simple HZ model to at least 95% confidence.
In the case of the inflation-motivated extensions to HZ, both eACT and
eSPT favor a deviation from a scale-invariant power spectrum with “red”
tilt, nS < 1, and neither show any evidence for a nonzero tensor/scalar ratio.
The eACT data are consistent with negligible running of the spectral index, as
predicted by simple slow-roll inflation models. The eACT data are consistent
at the 95% confidence level with simple chaotic inflation V (φ) = m2 φ2 , and
with power-law inflation, V (φ) ∝ exp (φ/µ), as well as “small-field” models
predicting negligible tensors and nS < 1. The eSPT data, however, are inconsistent with a purely power-law power spectrum, favoring negative running
of the spectral index nrun = −0.029 ± 0.011 in the case with a prior of r = 0,
and nrun = −0.051 ± 0.015 in the case where r 6= 0 is allowed. While the eSPT
data are not in disagreement with the most general possible single-field inflation models, they are in significant conflict with slow-roll models predicting
nrun ≪ nS . The eACT data are consistent with such models.
In the case of extensions to HZ involving additional light degrees of freedom, eACT and eSPT again produce qualitatively different constraints. Both
the eACT and eSPT data favor additional light degrees of freedom, with
Ne f f = 3.88 ± 0.28 for eACT, and Ne f f = 4.26 ± 0.26 for eSPT (with a
prior of mν = 0). The eACT and eSPT data differ, however, with respect
to nonzero neutrino masses. The eACT data are consistent at 95% with zero
neutrino mass, with ∑ mν = 0.24 ± 0.15 eV (with a prior of Ne f f ≡ 3.04),
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and ∑ mν < 0.46 eV (with Ne f f 6= 3.04). The eSPT data favor nonzero neutrino mass, with ∑ mν = 0.39 ± 0.14 eV (with a prior of Ne f f ≡ 3.04), and
∑ mν = 0.96 ± 0.53 eV (with Ne f f 6= 3.04).
In either scenario, HZ + inflation or HZ + neutrinos, considering the ACT
and SPT data separately results in qualitatively different conclusions about
extensions to a standard scale-invariant Λ+Cold Dark Matter concordance
cosmology, a tension which is not evident when considering combined constraints from ACT and SPT.

984

L. Updating constraints on
inflationary features in the
primordial power spectrum with
the Planck data
L.1. Introduction
The recent results from the Planck satellite on the cosmic microwave background (CMB, hereafter) angular power spectrum are in very good agreement with the theoretical expectations of the simplest inflationary model
based on a single, minimally coupled, scalar field Ade et al. (2013c).
However, as already discussed in Ade et al. (2013d), some interesting hints
for deviations from scale invariance are present in the Planck data and are
certainly worthwhile of further investigation.
In this brief paper, we present new constraints on an inflationary model
with steplike features as proposed by Adams et al. (1997b,a).
Steplike features in the inflationary potential are expected in theories with
multiple interacting scalar fields as supergravity-inspired models, where
supersymmetry-breaking phase transitions occur during inflation. At the
same time, steplike features are able to produce localized oscillations in the
CMB angular power spectra and, in particular, as we have already shown
in Benetti et al. (2012), to provide a better fit with respect to the featureless
case using the WMAP data. It is therefore timely to analyze the new Planck
data, which covers a larger multipole range respect to WMAP, and to quantify the compatibility of the features with this new data set.
A first analysis has already been provided by the Planck collaboration
in Ade et al. (2013d). However, as we will discuss in the next section, this
analysis assumed an analytical and, therefore, approximate formula for the
features and investigated a range of angular scales different from the one
analyzed in Benetti et al. (2012). In particular, as we will discuss below, the
analysis presented in Ade et al. (2013d) for steplike feature did not cover the
range of low multipoles. Moreover, the remaining cosmological parameters
were not let to vary freely but fixed at their best-fit values, therefore neglecting possible correlations.
Here, on the contrary, we assume the same parameter range of Benetti et al.
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Table L.1.: best-fit values and 68% confidence limits for the cosmological and
step parameters. The second and third columns refer to ΛCDM model; the
fourth, fifth and sixth column show the constraints on the features model
using the same prior ranges of Benetti et al. (2012) with, respectively, the numerical integration approach and the analytical approximate approach; the
last two columns show the constraints obtained using the analytical approach
and the parameter range of Ade et al. (2013d).
ΛCDM model

Numerical integration 1

Approx 2 4

Approximate parameterization 3 4

Parameter

best-fit5

68% limits

best-fit5

68% limits

best-fit5

best-fit5

68% limits

100 Ωb h2

2.210

2.220

2.220 ± 0.028

2.199

2.220

Ω c h2

2.220 ± 0.028

2.220 ± 0.029

0.1203

0.1212

0.1209

100 θ

1.0413

1.0410

1.0410

τ

0.090

0.092

0.094

ns

0.963

0.958

0.960

109 As 6

2.21

2.20 ± 0.05

2.20

2.22

2.22

2.22 ± 0.04

b

...

...

14.66

...

...

...

log c

...

...

−2.85

...

...

...

log d

...

...

−1.44

−1.32 ± 0.54

...

...

...

Af

...

...

...

...

0.90

0.10

0.10 ± 0.06

ln η f /Mpc

...

...

...

...

7.17

7.25

ln xd

...

...

...

...

0.4

4.47

Age [Gyr]

13.82

13.82 ± 0.05

13.83

13.82 ± 0.05

13.83

13.84

zre

11.3

11.4

11.5

H0 [km s−1 Mpc−1 ]

67.2

66.7

66.7

−2 log L

9803

9794

9793

0.1199 ± 0.0027
1.0413 ± 0.0006
0.090 ± 0.013
0.961 ± 0.007

11.1 ± 1.1
67.3 ± 1.2

0.1212
1.0411
0.089
0.959

11.1
66.7

0.1203 ± 0.0028
1.0413 ± 0.0006
0.091 ± 0.014
0.959 ± 0.008
2.21 ± 0.06

14.99 ± 0.29

−2.99 ± 0.61

11.2 ± 1.2
67.1 ± 1.2

9794

0.1200 ± 0.0026
1.0413 ± 0.0006
0.089 ± 0.010
0.960 ± 0.007

6.34 ± 3.7

1.86 ± 1.74

13.82 ± 0.05
11.1 ± 0.9
67.3 ± 1.2

a Uses

initial potential as Eq.(1).
low-ℓ priors.
c Uses Planck Ade et al. (2013d) priors.
d Uses approximate parametrization as Eq(2).
e Calculated using BOBYQA algorithm.
f k = 0.05 Mpc−1 .
0
b Uses

(2012) and we integrate the set of differential equations to accurately compute
the oscillations in the CMB angular spectrum, given a steplike feature in the
inflationary potential (again, see Benetti et al. (2012)). Moreover, we let all the
parameters to vary freely, taking into account possible correlations between
the parameters. For comparison, we also use the analytical model adopted
in Ade et al. (2013d).
The paper is organized as follows: in Sec.II we briefly explain the analysis
method adopted; in Sec.III we present the results of our analysis and in
Sec.IV we summarize our conclusions.
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L.2. Model and Analysis method
Following the work of Adams et al. Adams et al. (2001), we consider a model
with a steplike feature added to a chaotic potential V (φ) = m2 φ2 /2, for the
inflaton field φ, of the form



1 2 2
φ−b
V (φ) = m φ 1 + c tanh
,
(L.2.1)
2
d
where b is the value of the field where the step is located, c is the height of
the step and d its slope.
In order to evaluate the density perturbation spectrum we numerically
evolve the relevant equations that, for brevity, we do not report here
and we refer the reader to Benetti et al. (2012); Leach and Liddle (2001);
Leach et al. (2001); Adams et al. (2001); Peiris et al. (2003); Hamann et al.
(2007); Covi et al. (2006); Mortonson et al. (2009); Hazra et al. (2010);
Ashoorioon and Krause (2006).
Moreover, we also adopt an analytical parametrization for the scalar primordial power spectrum given by Adshead and Hu (2012); Adshead et al.
(2012):
PR (k ) = exp[ln P0 (k ) +

kη f
Af
W ′ (kη f )],
kη
f
3 sinh ( )
x

(L.2.2a)

d

W ′ ( x ) = (−3 +

9 sin 2x
9
) cos 2x + (15 − 2 )
2
2x
x
x

(L.2.2b)

where P0 (k ) = As ( kk∗ )ns −1 is the smooth spectrum with the standard
power law form, A f is the kinetic energy perturbation of the step, η f is the
step crossing time in units of Mpc and xd the dimensionless damping scale.
Using this method, by placing the features directly on the density power
spectrum, we do not integrate the system of differential equations, with a
significantly smaller computing time. This is the same approach that has
been used in Ade et al. (2013d).
We therefore consider a “vanilla” theoretical model with the addition of
features in the primordial spectrum, parametrized in both cases (numerical
and analytical) by three parameters. Together with these parameters we vary
the usual cosmological parameters as the baryon density, ωb , the cold dark
matter density, ωc , the ratio between the sound horizon and the angular
diameter distance at decoupling, θ, the optical depth, τ, the primordial scalar
amplitude, As , and, finally the primordial spectral index ns . We also vary
the nuisance foreground parameters Ade et al. (2013b), we consider purely
adiabatic initial conditions, fix the sum of neutrino masses to 0.06 eV, and we
limit the analysis to scalar perturbations.
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We then perform a Monte Carlo Markov chain analysis via the publicly
available package C OSMO MC Lewis and Bridle (2002). We use a modified
version of the CAMB (Lewis et al. (2000)) code, needed to compute the
CMB anisotropies spectrum for given values of the parameters describing
this type of inflationary model. The Gelman and Rubin criteria is used to
evaluate the convergence of the chains, demanding that R − 1 ≤ 0.02. By
default C OSMO MC uses a simple Metropolis-Hastings algorithm that needs
to evaluate the model likelihood at each point traversed by the chains. It is
designed to draw samples from the posterior distribution and not to find
the best-fit model. Thus in the analysis we use the bound optimization BY
quadratic approximation (BOBYQA) algorithm, developed by Powell Powell
(2009), that is an optimized method for minimizing functions of more variables and is implemented in C OSMO MC. The quoted results in this paper for
the best-fit values of the parameters, as well as for the value of the χ2 itself,
are obtained using Powell’ s routines.
The data set considered in this work, available from the European Space
Agency website, 1 are:

1. high-l Planck temperature (50 < ℓ < 2500, derived from the C AM S PEC likelihood by combining spectra in the frequency range 100-217
GHz Ade et al. (2013b)),

2. low-ℓ Planck temperature (2 < ℓ < 49, derived from a componentseparation algorithm, Commander, applied to maps in the frequency
range 30-353 GHz Ade et al. (2013a)),

3. low-ℓ WMAP 9-year polarization Hinshaw et al. (2013).
The likelihood code is provided by the Planck collaboration Ade et al.
(2013b).

The pivot wave number selected is k ⋆ = k0 = 0.05 Mpc−1 , which is the
same value chosen by the Planck collaboration for this type of study. This
parameter is degenerate with the value of the position of the step in φ, e.g.
changing k0 from 0.05 to 0.002 Mpc−1 shifts the step value b by ∼ 0.5 towards
lower values (see Benetti et al. (2012)).
1 http://www.sciops.esa.int
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Figure L.1.: One-dimensional posterior probability densities for the step parameters of an inflationary model with steplike features in the potential, obtained by numerical integration of the mode equations.

L.3. Results and discussion
We essentially consider three types of analysis with the results reported in
Table 1. The first analysis assumes a simple ΛCDM model with a featureless
spectrum. For the second analysis we considered the steplike model in the
inflationary potential, numerically integrating the relevant equations and assuming the following priors on the corresponding parameters: 14.2 ≤ b ≤
15.5, −4 ≤ log c ≤ −1, −2.5 ≤ log d ≤ −0.5. These results are reported in
the fourth and fifth columns of Table L.1. The comparison between the results presented in the two tables is useful in order to identify the impact of
primordial features on the constraints on the standard ΛCDM parameters.
In the third analysis we used the analytical formula presented in Ade et al.
(2013d) with the same choice of priors and given by 0 ≤ A f ≤ 0.2 , 0 ≤
ln(η f /Mpc) ≤ 12, −1 ≤ lnxd ≤ 5. These values are reported in the last two
columns of Table L.1.
As we can see, introducing oscillations in the primordial spectrum either
by numerical integration of the relevant equation or by using the abovementioned analytical formula, reduces the χ2 of the best-fit model by ∆χ2 ∼
9. However, the feature parameters are poorly constrained, as also shown
in Fig.L.1 where we report the posterior probabilities for the numerical integrating analysis. Moreover, the introduction of features has little effect on the
constraints on the remaining, nuisance, cosmological parameters.
In Fig.L.1 we can also note that the posteriors are better defined with respect to those present in our previous work of Benetti et al. (2012) although
they are significantly different from a Gaussian distribution. In particular, we
see that the use of the Planck data eliminates a bimodal form in the posterior
probability for the b parameter, present in the WMAP9 data. As we see in
Table I, both the analytical and the numerical method provide the same re-
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Figure L.2.: Primordial power spectra for inflationary potentials with step.
The red line shows the best-fit spectrum in the case of the numerical integration approach with m = 7.5 x 10−6 , using the prior ranges of Benetti et al.
(2012), while the black line shows the best-fit spectrum of the respective approximate parametrization analysis. The blue line plots the best-fit approximate scalar power in the range of parameters of Ade et al. (2013d), which
causes features in 150 < ℓ < 300.
duction in the χ2 value. In particular, the results for the analytical method are
fully consistent with those reported in Ade et al. (2013d).
However, the effects on the CMB angular spectra are drastically different.
The best-fit model obtained from a numerical integration provides significantly different oscillations with respect to the best-fit model obtained in the
case of the analytical approximation.
We can clearly see this in Fig. L.2, where we plot the primordial power
spectra for the best-fit models obtained in the case of numerical integration
(red line) and for the case of analytical approximation (blue line) used in the
Planck analysis.
In Fig. L.3 we compare the best-fit CMB angular spectra obtained in the
two cases. As we can see, the numerical integration method identifies the
oscillations on large angular scales (10 < ℓ < 60) while the analytical method
provides a better fit by producing oscillations around the first Doppler peak.
This difference is essentially due to the different choice of priors on the
feature parameters assumed in the two analyses. To check this, we changed
the priors for the analysis based on the analytical formula to 0.8 ≤ A f ≤ 1 ,
7 ≤ ln(η f /Mpc) ≤ 8, 0 ≤ lnxd ≤ 0.5, obtaining the best-fit values reported
in Table I, sixth column. As we can see, the best-fit has now A f ∼ 0.9, a
value that was excluded by the choice of priors used in Ade et al. (2013d).
The corresponding primordial spectrum is reported in Fig.L.2 as a black line
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and, as we can see, is in full agreement with the best-fit spectra obtained from
the analysis made assuming the numerical integration method.
We can therefore conclude that one needs to be extremely cautious in the
choice of priors when looking for features in the CMB spectra since probability distributions for the parameters are highly multimodal.

L.4. Concluding remarks
We have presented updated constraints on an inflationary model with a steplike feature in the inflaton potential, using WMAP9 low-ℓ polarization data
and the recent temperature data released by the Planck experiment. Such
a feature would induce oscillations in the anisotropy power spectrum with
magnitude, extent and position depending on three step parameters.
We have considered two different methods. The first uses a numerical routine to accurately calculate the primordial density spectrum corresponding
to a given inflaton potential. The second employs an approximate form of
the power spectrum, reproducing the features caused by a steplike inflaton
potential. For the latter analysis, we have also studied the impact of different
prior ranges, corresponding to features in the low-ℓ and mid-ℓ ranges.
The analysis done performing the exact integration of the mode equations
shows a minimum χ2 value with ∆χ2 ≃ 9 with respect to the featureless
ΛCDM model, at the cost of three new parameters. This improvement is
due to the presence of oscillations in the multipole range 10 < ℓ < 60.
These results can be matched using instead the analytical approach, by choosing a suitable prior range for the parameters, different from the one used
in Ade et al. (2013d). On the other hand, the results for the analytical method
with the same prior range as Ade et al. (2013d), corresponding instead to oscillations in the range 150 < ℓ < 300, are fully consistent with those reported
there. The improvement in the goodness of fit is still ∆χ2 ≃ 9, although it is
caused by oscillations in a completely different range of scales.
Finally, the constraints on the step parameters are improved with respect
to our previous work Benetti et al. (2012).
Future polarization data, as discussed in Benetti et al. (2012) will clearly
further improve the constraints presented here.
Our results are in reasonable agreement, given the different
method of analysis adopted, also with those recently presented
in Meerburg and Spergel (2013).
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Figure L.3.: Upper panel: Temperature power spectrum for the best-fit
ΛCDM model (light blue line) and for two step models with features at low-ℓ
(red line) and features at the first peak (blue line), corresponding to the bestfit of the numerical integration (with the same priors as Benetti et al. (2012))
and analytical approach (with the same priors as Ade et al. (2013d)), compared to the Planck temperature data.
Middle panel: The same as above, zoomed in the region 10 < ℓ < 60 and
150 < ℓ < 300.
Lower panel: The same as above, plotted in terms of residuals with respect
to the ΛCDM best-fit.
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A NDR ÉASSON , H.
The Einstein-Vlasov System/Kinetic Theory.
Living Reviews in Relativity, 14, p. 4 (2011).
doi:10.12942/lrr-2011-4.
A RBOLINO , M.V. AND R UFFINI , R.
The ratio between the mass of the halo and visible matter in spiral galaxies and
limits on the neutrino mass.
A&A , 192, pp. 107–116 (1988).
A RCHIDIACONO , M., C ALABRESE , E. AND M ELCHIORRI , A.
Case for dark radiation.
Phys. Rev. D, 84(12), 123008 (2011).
doi:10.1103/PhysRevD.84.123008.
A RTSIMOVICH , L.A. AND S AGDEEV , R.Z.
Plasma physics for physicists.
Moscow Atomizdat (1979).
A SHOORIOON , A. AND K RAUSE , A.
Power Spectrum and Signatures for Cascade Inflation (2006).
B AND , D., M ATTESON , J., F ORD , L., S CHAEFER , B., PALMER , D., T EEGAR DEN , B., C LINE , T., B RIGGS , M., PACIESAS , W., P ENDLETON , G. ET AL .
BATSE observations of gamma-ray burst spectra. I - Spectral diversity.
ApJ , 413, pp. 281–292 (1993).
doi:10.1086/172995.
B ARDEEN , J.M., S TEINHARDT , P.J. AND T URNER , M.S.
Spontaneous creation of almost scale-free density perturbations in an inflationary
universe.
Phys. Rev. D, 28, pp. 679–693 (1983).
doi:10.1103/PhysRevD.28.679.
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D I P IAZZA , A., M ÜLLER , C., H ATSAGORTSYAN , K.Z. AND K EITEL , C.H.
Extremely high-intensity laser interactions with fundamental quantum systems.
Reviews of Modern Physics, 84, pp. 1177–1228 (2012).
doi:10.1103/RevModPhys.84.1177.
D I VALENTINO , E., M ELCHIORRI , A., S ALVATELLI , V. AND S ILVESTRI , A.
Parametrized modified gravity and the CMB bispectrum.
Phys. Rev. D, 86(6), 063517 (2012).
doi:10.1103/PhysRevD.86.063517.
D IECKMANN , M.E.
Particle Simulation of an Ultrarelativistic Two-Stream Instability.
Physical Review Letters, 94(15), 155001 (2005).
doi:10.1103/PhysRevLett.94.155001.
D ODELSON , S., K INNEY , W.H. AND K OLB , E.W.
Cosmic microwave background measurements can discriminate among inflation
models.
Phys. Rev. D, 56, pp. 3207–3215 (1997).
doi:10.1103/PhysRevD.56.3207.

1003

Bibliography
D ODELSON , S. AND W IDROW , L.M.
Sterile neutrinos as dark matter.
Physical Review Letters, 72, pp. 17–20 (1994).
doi:10.1103/PhysRevLett.72.17.
D OLGOV , A.D.
Neutrinos in cosmology.
Phys. Rep. , 370, pp. 333–535 (2002).
D ONATO , F., G ENTILE , G., S ALUCCI , P., F RIGERIO M ARTINS , C., W ILKIN SON , M.I., G ILMORE , G., G REBEL , E.K., K OCH , A. AND W YSE , R.
A constant dark matter halo surface density in galaxies.
MNRAS , 397, pp. 1169–1176 (2009).
doi:10.1111/j.1365-2966.2009.15004.x.
D UNKLEY , J., C ALABRESE , E., S IEVERS , J., A DDISON , G.E., B ATTAGLIA , N.,
B ATTISTELLI , E.S., B OND , J.R., D AS , S., D EVLIN , M.J., D UNNER , R. ET AL .
The Atacama Cosmology Telescope: likelihood for small-scale CMB data.
ArXiv e-prints (2013).
E CKART , C.
The Thermodynamics of Irreversible Processes. III. Relativistic Theory of the Simple Fluid.
Physical Review, 58, pp. 919–924 (1940).
doi:10.1103/PhysRev.58.919.
E HLERS , J.
Survey of general relativity theory.
In Relativity, Astrophysics and Cosmology, pp. 1–125 (1973).
E IKENBERRY , S.S., C AMERON , P.B., F IERCE , B.W., K ULL , D.M., D ROR ,
D.H., H OUCK , J.R. AND M ARGON , B.
Twenty Years of Timing SS 433.
ApJ , 561, pp. 1027–1033 (2001).
doi:10.1086/323380.
E NQVIST , K. AND S LOTH , M.S.
Adiabatic CMB perturbations in pre-Big-Bang string cosmology.
Nuclear Physics B, 626, pp. 395–409 (2002).
doi:10.1016/S0550-3213(02)00043-3.
F EDOTOV , A.M., N AROZHNY , N.B., M OUROU , G. AND K ORN , G.
Limitations on the Attainable Intensity of High Power Lasers.
Physical Review Letters, 105(8), 080402 (2010).
doi:10.1103/PhysRevLett.105.080402.

1004

Bibliography
F EENEY , S.M., P EIRIS , H.V. AND V ERDE , L.
Is there evidence for additional neutrino species from cosmology?
Journal of Cosmology and Astroparticle Physics, 4, 036 (2013).
doi:10.1088/1475-7516/2013/04/036.
F IUZA , F., F ONSECA , R.A., T ONGE , J., M ORI , W.B. AND S ILVA , L.O.
Weibel-Instability-Mediated Collisionless Shocks in the Laboratory with Ultraintense Lasers.
Physical Review Letters, 108(23), 235004 (2012).
doi:10.1103/PhysRevLett.108.235004.
F IXSEN , D.J.
The Temperature of the Cosmic Microwave Background.
ApJ , 707, pp. 916–920 (2009).
doi:10.1088/0004-637X/707/2/916.
F OGLI , G., L ISI , E., M ARRONE , A., M ELCHIORRI , A., PALAZZO , A. ET AL .
A global analysis of neutrino oscillations.
Conf. Proc., C060726, pp. 284–287 (2006).
F REDERIKSEN , J.T., H EDEDAL , C.B., H AUGBØLLE , T. AND N ORDLUND , Å.
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M ÉSZ ÁROS , P., L AGUNA , P. AND R EES , M.J.
Gasdynamics of relativistically expanding gamma-ray burst sources - Kinematics,
energetics, magnetic fields, and efficiency.
ApJ , 415, pp. 181–190 (1993).
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