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3. Brief description

Astroparticle physics is a new field of research emerging at the intersection
of particle physics, astrophysics and cosmology. Theoretical development in
these fields is mainly triggered by the growing amount of experimental data
of unprecedented accuracy, coming both from the ground based laboratories
and from the dedicated space missions.

3.1. Electron-positron plasma

Electron-positron plasma is of interest in many fields of astrophysics, e.g. in
the early universe, gamma-ray bursts, active galactic nuclei, the center of our
Galaxy, hypothetical quark stars. It is also relevant for the physics of ultrain-
tense lasers and thermonuclear reactions. We study some properties of dense
and hot electron-positron plasmas. In particular, we are interested in the is-
sues of its creation and relaxation, its kinetic properties and hydrodynamic
description, baryon loading, transition to transparency and radiation from
such plasmas.

Two completely different states exist for electron-positron plasma: opti-
cally thin and optically thick. Optically thin pair plasma may exist in active
galactic nuclei and in X-ray binaries. The theory of relativistic optically thin
nonmagnetic plasma and especially its equilibrium configurations was es-
tablished in the 80s by Svensson, Lightman, Gould and others. It was shown
that relaxation of the plasma to some equilibrium state is determined by a
dominant reaction, e.g. Compton scattering or bremsstrahlung.

Developments in the theory of gamma ray bursts from one side, and ob-
servational data from the other side, unambiguously point out on existence
of optically thick pair dominated non-steady phase in the beginning of for-
mation of GRBs. The spectrum of radiation from optically thick plasma is
assumed to be thermal. However, in such a transient phenomena as gamma-
ray bursts there could be not enough time for the plasma to relax into equi-
librium.

3.1.1. Thermalization of the electron-positron-photon plasma

One of crucial assumptions adopted in the literature on gamma-ray bursts
(Ruffini et al. (1999),Ruffini et al. (2000)) is that initial state of the pair plasma,
formed in the source of the gamma-ray burst is supposed to be thermal, with
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3. Brief description

equal temperature of pairs and photons. This assumption was analyzed by
Aksenov et al. (2007),Aksenov et al. (2008). The electron-positron-photon
plasma was assumed to be homogeneous and isotropic, in the absence of
magnetic fields, with average energy per particle bracketing electron rest
mass, in the range 0.1MeV . ε . 10MeV. Relativistic Boltzmann equations
were solved numerically for pairs and photons, starting from arbitrary initial
configurations described by the corresponding distribution functions. All bi-
nary and triple collisions were accounted for, by the corresponding collisional
integrals.

The evolution of the plasma was followed up to reaching thermal equilib-
rium with the same temperature of photons and pairs, and vanishing chem-
ical potentials of both pairs and photons, for details see Appendix B. It was
shown that thermal equilibrium is reached on a short timescale t < 10−12 sec,
much shorter than the dynamical timescale. The conclusion was reached that
initial state of the plasma in GRB sources is indeed thermal.

3.1.2. Thermalization of mildly relativistic plasma with
proton loading

Proton loading of electron-positron plasma was considered by Aksenov et al.
(2008). This paper systematically presents details of the computational scheme
used by Aksenov et al. (2007), as well as generalizes the treatment, consider-
ing proton loading of the pair plasma. When proton loading is large, pro-
tons thermalize first by proton-proton scattering, and then with the electron-
positron-photon plasma by proton-electron scattering. In the opposite case
of small proton loading proton-electron scattering dominates over proton-
proton one. Thus in all cases the plasma, even with proton admixture, reaches
thermal equilibrium configuration on a timescale t < 10−11 sec sec. We show
that it is crucial to account for not only binary but also triple direct and in-
verse interactions between electrons, positrons, photons and protons. Several
explicit examples are given and the corresponding timescales for reaching ki-
netic and thermal equilibria are determined.

3.1.3. Fireball vs fireshell and equations of motion

Gamma-ray bursts are very different from the fireball phenomenon (e.g. atomic
bomb explosion) with high temperature inside, blast wave propagating into
the surrounding dense atmosphere and a characteristic self-similar motion
described by Sedov solution, which can be obtained easily by dimensionality
considerations.

In a gamma-ray burst explosion, after appearance of dense and hot opti-
cally thick plasma composed of electron-positron pairs and photons it starts
to expand adiabatically, governed by equations of relativistic hydrodynam-
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3.2. Collisionless shockless relativistic electron-ion plasma

ics. The surrounding medium is either rarefied or even absent and the motion
is purely relativistic expansion into the vacuum.

The work of Ruffini et al. (1999),Ruffini et al. (2000) on the pair electromag-
netic pulse created by a black hole have shown that electron-positron pairs
can self-accelerate outwards from the source, and form a relativistic shell ex-
panding with unprecedented large Lorentz factors, of the order of several
hundreds. It was shown, that non-equilibrium effects should be taken into
account, in particular dynamical approach of the plasma to transparency was
described by the usual hydrodynamic equations together with the rate equa-
tion for electron-positron pairs

During acceleration phase, occurring because of large radiative pressure,
the plasma engulfs certain amount of baryonic matter, and continue to accel-
erate until the plasma becomes transparent, electron-positron pairs disappear
and all photons escape.

Although initially uniform plasma remains uniform during expansion in
the comoving frame, it appears as a narrow shell, which we refer to as a
fireshell, in the laboratory frame. From hydrodynamic equations it is possi-
ble to show (Vereshchagin (2008)) that the thickness of the fireshell indeed
remains constant under the condition γ >> 1, which is approached soon
after beginning of expansion since the scaling law γ ∝ r, characterizes expan-
sion of the radiation-dominated pair plasma. This conclusion was obtained
by Ruffini et al. (1999) by the analysis of different geometries of the plasma.

In the work of Bianco et al. (2006) we have compared and contrasted ex-
isting models of hydrodynamic evolution of gamma-ray bursts in the litera-
ture. It was pointed out, that in spite of many qualitative similarities, several
crucial quantitative differences exist, namely a) the appropriate model for
geometry of expanding fireshell (PEM-pulse) is given by the constant width
approximation; there is no broadening of the fireshell; b) there is a bound on
parameter B which comes from violation of constant width approximation,
B ≤ 10−2; c) the rate equation for electron-positron pairs plays crucial role
in description of the approach to transparency. Details are given in the Ap-
pendix C. All these differences are crucial when the theory is confronted with
observations, as shown by Ruffini et al. (2007).

3.2. Collisionless shockless relativistic electron-ion
plasma

After transparency is reached photons leave the ultrarelativistic shell, where
only electrons and protons remain. Collisions are no longer efficient to main-
tain common temperature of particles. However, protons and electrons have
very different kinetic energy since their mass is different. Hydrodynamic
treatment, adopted for description of the fireshell in its optically thick phase
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3. Brief description

becomes oversimlified in the optically thin phase. Description of collisionless
plasma calls for kinetic treatment. This time, however, since collisions can be
neglected, Vlasov-Maxwell equations should be solved.

Chechetkin et al. (2008) consider cold collisionless electron-proton plasma,
moving in the vacuum with bulk Lorentz factor Γ = 200. In order to de-
scribe such a system numerical integration of Vlasov-Maxwell equations is
performed by a 3-dimensional Lagrange code, see Appendix A. The plasma
is shown to experience kinetic instabilities, leading to generation of stochas-
tic electro-magnetic fields on the length scales, smaller than the plasma skin
depth L. The motion of electrons and proton randomizes in these stochastic
fields, leading to a termal-like spread in the distrubution function of electrons
and protons. Both electrons and protons, and the electromagnetic field reach
equipartition on a timescale L/c. Large fraction of the momentum, stored
initially in protons is converted into Poynting flux.

As the result, expanding shell has complex structure. Particle’s distribution
functions are anisotropic, but transverse momentum of particles is compara-
ble to the total momentum. Electric and magnetic fields are highly fluctuat-
ing. Such inhomogeneous plasma is expected to produce jitter-like radiation.
This radiation could explain prompt radiation from GRBs.

3.3. Neutrino in cosmology

Many observational facts make it clear that luminous matter alone cannot
account for the whole matter content of the Universe. Among them there
is the cosmic background radiation anisotropy spectrum, that is well fitted
by a cosmological model in which just a small fraction of the total density is
supported by baryons.

In particular, the best fit to the observed spectrum is given by a flat ΛCDM
model, namely a model in which the main contribution to the energy density
of the Universe comes from vacuum energy and cold dark matter. This result
is confirmed by other observational data, like the power spectrum of large
scale structures.

Another strong evidence for the presence of dark matter is given by the
rotation curves of galaxies. In fact, if we assume a spherical or ellipsoidal
mass distribution inside the galaxy, the orbital velocity at a radius r is given
by Newton’s equation of motion. The peculiar velocity of stars beyond the
visible edge of the galaxy should then decrease as 1/r. What is instead ob-
served is that the velocity stays nearly constant with r. This requires a halo
of invisible, dark, matter to be present outside the edge. Galactic size should
then be extended beyond the visible edge. From observations is follows that
the halo radius is at least 10 times larger than the radius of visible part of the
galaxy. Then it follows that a halo is at least 10 times more massive than all
stars in a galaxy.
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3.3. Neutrino in cosmology

Neutrinos were considered as the best candidate for dark matter about
twenty years ago. Indeed, it was shown that if these particles have a small
mass mν ∼ 30 eV, they provide a large energy density contribution up to crit-
ical density. Tremaine and Gunn (1979) have claimed, however, that massive
neutrinos cannot be considered as dark matter. Their paper was very influen-
tial and turned most of cosmologists away from neutrinos as cosmologically
important particles.

Tremaine and Gunn paper was based on estimation of lower and upper
bounds for neutrino mass; when contradiction with these bounds was found,
the conclusion was made that neutrinos cannot supply dark matter. The up-
per bound was given by cosmological considerations, but compared with the
energy density of clustered matter. It is possible, however, that a fraction of
neutrinos lays outside galaxies.

Moreover, their lower bound was found on the basis of considerations of
galactic halos and derived on the ground of the classical Maxwell-Boltzmann
statistics. Gao and Ruffini (1980) established a lower limit on the neutrino
mass by the assumption that galactic halos are composed by degenerate neu-
trinos. Subsequent development of their approach Arbolino and Ruffini (1988)
has shown that contradiction with two limits can be avoided.

At the same time, in 1977 the paper by Lee and Weinberg (1977) appeared,
in which authors turned their attention to massive neutrinos with mν >
2 GeV. Such particles could also provide a large contribution into the energy
density of the Universe, in spite of much smaller value of number density.

Recent experimental results from laboratory (see Dolgov (2002) for a re-
view) rule out massive neutrinos with mν > 2 GeV. However, the paper by
Lee and Weinberg was among the first where very massive particles were
considered as candidates for dark matter. This can be considered as the first
of cold dark matter models.

Today the interest toward neutrinos as a candidate for dark matter came
down, since from one side, the laboratory limit on its mass do not allow for
significant contribution to the density of the Universe, and from other side,
conventional neutrino dominated models have problems with formation of
structure on small scales. However, in these scenarios the role of the chem-
ical potential of neutrinos was overlooked, while it could help solving both
problems.

3.3.1. Massive neutrino and structure formation

Lattanzi et al. (2003) have studied the possible role of massive neutrinos in
the large scale structure formation. Although now it is clear, that massive
light neutrinos cannot be the dominant part of the dark matter, their influ-
ence on the large scale structure formation should not be underestimated. In
particular, large lepton asymmetry, still allowed by observations, can affect
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3. Brief description

cosmological constraints on neutrino mass.

3.3.2. Cellular structure of the Universe

Figure 3.1.: Cellular structure of the Universe.

One of the interesting possibilities, from a conceptual point of view, is the
change from the description of the physical properties by a continuous func-
tion, to a new picture by introducing a self-similar fractal structure. This
approach has been relevant, since the concept of homogeneity and isotropy
formerly apply to any geometrical point in space and leads to the concept
of a Universe observer-homogeneous Ruffini (1989). Calzetti et al. (1987),Gi-
avalisco (1992),Calzetti et al. (1988) have defined the correlation length of a
fractal

r0 =
(

1− γ

3

)1/γ
RS, (3.3.1)

where RS is the sample size, γ = 3−D, and D is the Hausdorff dimension of
the fractal. Most challenging was the merging of the concepts of fractal, Jeans
mass of dark matter and the cellular structure in the Universe, advanced by
Ruffini et al. (1988). The cellular structure emerging from this study is repre-
sented in Figure 3.1. There the upper cutoff in the fractal structure Rcutoff ≈
100 Mpc, was associated to the Jeans mass of the ”ino” Mcell =

(
mpl
mino

)2
mpl.

Details see in Appendix D.

3.3.3. Lepton asymmetry of the Universe

Lattanzi et al. (2005),Lattanzi et al. (2006) studied how the cosmological con-
straints on neutrino mass are affected by the presence of a lepton asymmetry.
The main conclusion is that while constraints on neutrino mass do not change

152



3.3. Neutrino in cosmology

by the inclusion into the cosmological model the dimensional chemical po-
tential of neutrino, as an additional parameter, the value of lepton asymmetry
allowed by the present cosmological data is surprisingly large, being

L = ∑
ν

nν − nν̄

nγ
. 0.9, (3.3.2)

Therefore, large lepton asymmetry is not ruled out by the current cosmologi-
cal data. Details see in Appendix E.
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4. Publications

4.1. Publications before 2005

1. R. Ruffini, D. J. Song, and L. Stella, “On the statistical distribution off
massive fermions and bosons in a Friedmann universe” Astronomy and
Astrophysics, Vol. 125, (1983) pp. 265-270.

The distribution function of massive Fermi and Bose particles in an expanding
universe is considered as well as some associated thermodynamic quantities,
pressure and energy density. These considerations are then applied to cosmo-
logical neutrinos. A new limit is derived for the degeneracy of a cosmological
gas of massive neutrinos.

2. R. Ruffini and D. J. Song, “On the Jeans mass of weakly interacting neu-
tral massive leptons”, in Gamow cosmology, eds. F. Melchiorri and R.
Ruffini, (1986) pp. 370–385.

The cosmological limits on the abundances and masses of weakly interacting
neutral particles are strongly affected by the nonzero chemical potentials of
these leptons. For heavy leptons (mx > GeV), the value of the chemical po-
tential must be much smaller than unity in order not to give very high values
of the cosmological density parameter and the mass of heavy leptons, or they
will be unstable. The Jeans’ mass of weakly interacting neutral particles could
give the scale of cosmological structure and the masses of astrophysical ob-
jects. For a mass of the order 10 eV, the Jeans’ mass could give the scenario
of galaxy formation, the supercluster forming first and then the smaller scales,
such as clusters and galaxies, could form inside the large supercluster.

3. D. Calzetti, M. Giavalisco, R. Ruffini, J. Einasto, and E. Saar, “The corre-
lation function of galaxies in the direction of the Coma cluster”, Astro-
physics and Space Science, Vol. 137 (1987) pp. 101-106.

Data obtained by Einasto et al. (1986) on the amplitude of the correlation func-
tion of galaxies in the direction of the Coma cluster are compared with theo-
retical predictions of a model derived for a self-similar observer-homogeneous
structure. The observational samples can be approximated by cones of angu-
lar width alpha of about 77 deg. Eliminating sources of large observational
error, and by making a specified correction, the observational data are found
to agree very well with the theoretical predictions of Calzetti et al. (1987).

155



4. Publications

4. R. Ruffini, D. J. Song, and S. Taraglio, “The ’ino’ mass and the cellu-
lar large-scale structure of the universe”, Astronomy and Astrophysics,
Vol. 190, (1988) pp. 1-9.

Within the theoretical framework of a Gamow cosmology with massive ”inos”,
the authors show how the observed correlation functions between galaxies
and between clusters of galaxies naturally lead to a ”cellular” structure for the
Universe. From the size of the ”elementary cells” they derive constraints on
the value of the masses and chemical potentials of the cosmological ”inos”.
They outline a procedure to estimate the ”effective” average mass density of
the Universe. They also predict the angular size of the inhomogeneities to be
expected in the cosmological black body radiation as remnants of this cellular
structure. A possible relationship between the model and a fractal structure is
indicated.

5. D. Calzetti, M. Giavalisco, and R. Ruffini, “The normalization of the
correlation functions for extragalactic structures”, Astronomy and As-
trophysics, Vol. 198 (1988), pp. 1-15.

It is shown that the spatial two-point correlation functions for galaxies, clus-
ters and superclusters depend explicitly on the spatial volume of the statistical
sample considered. Rules for the normalization of the correlation functions are
given and the traditional classification of galaxies into field galaxies, clusters
and superclusters is replaced by the introduction of a single fractal structure,
with a lower cut-off at galactic scales. The roles played by random and stochas-
tic fractal components in the galaxy distribution are discussed in detail.

6. M. V. Arbolino and R. Ruffini, “The ratio between the mass of the halo
and visible matter in spiral galaxies and limits on the neutrino mass”,
Astronomy and Astrophysics, Vol. 192, (1988) pp. 107-116.

Observed rotation curves for galaxies with values of the visible mass ranging
over three orders of magnitude together with considerations involving equi-
librium configurations of massive neutrinos, impose constraints on the ratio
between the masses of visible and dark halo comporents in spiral galaxies.
Upper and lower limits are derived for the mass of the particles making up the
dark matter.

7. A. Bianconi, H. W. Lee, and R. Ruffini, “Limits from cosmological nu-
cleosynthesis on the leptonic numbers of the universe”, Astronomy and
Astrophysics, Vol. 241 (1991) pp. 343-357.

Constraints on chemical potentials and masses of ’inos’ are calculated using
cosmological standard nucleosynthesis processes. It is shown that the elec-
tron neutrino chemical potential (ENCP) should not be greater than a value of
the order of 1, and that the possible effective chemical potential of the other
neutrino species should be about 10 times the ENCP in order not to conflict
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with observational data. The allowed region (consistent with the He-4 abun-
dance observations) is insensitive to the baryon to proton ratio η, while those
imposed by other light elements strongly depend on η.

8. R. Ruffini, J. D. Salmonson, J. R. Wilson, and S.-S. Xue, “On the pair
electromagnetic pulse of a black hole with electromagnetic structure”,
Astronomy and Astrophysics, Vol. 350 (1999) pp. 334-343.

We study the relativistically expanding electron-positron pair plasma formed
by the process of vacuum polarization around an electromagnetic black hole
(EMBH). Such processes can occur for EMBH’s with mass all the way up to
6 · 105M�. Beginning with a idealized model of a Reissner-Nordstrom EMBH
with charge to mass ratio ξ = 0.1, numerical hydrodynamic calculations are
made to model the expansion of the pair-electromagnetic pulse (PEM pulse)
to the point that the system is transparent to photons. Three idealized special
relativistic models have been compared and contrasted with the results of the
numerically integrated general relativistic hydrodynamic equations. One of
the three models has been validated: a PEM pulse of constant thickness in the
laboratory frame is shown to be in excellent agreement with results of the gen-
eral relativistic hydrodynamic code. It is remarkable that this precise model,
starting from the fundamental parameters of the EMBH, leads uniquely to the
explicit evaluation of the parameters of the PEM pulse, including the energy
spectrum and the astrophysically unprecedented large Lorentz factors (up to
6 · 103 for a 103M� EMBH). The observed photon energy at the peak of the
photon spectrum at the moment of photon decoupling is shown to range from
0.1 MeV to 4 MeV as a function of the EMBH mass. Correspondingly the total
energy in photons is in the range of 1052 to 1054 ergs, consistent with observed
gamma-ray bursts. In these computations we neglect the presence of baryonic
matter which will be the subject of forthcoming publications.

9. R. Ruffini, J. D. Salmonson, J. R. Wilson, and S.-S. Xue, “On the pair-
electromagnetic pulse from an electromagnetic black hole surrounded
by a baryonic remnant”, Astronomy and Astrophysics, Vol. 359 (2000)
pp. 855-864.

The interaction of an expanding Pair-Electromagnetic pulse (PEM pulse) with
a shell of baryonic matter surrounding a Black Hole with electromagnetic struc-
ture (EMBH) is analyzed for selected values of the baryonic mass at selected
distances well outside the dyadosphere of an EMBH. The dyadosphere, the
region in which a super critical field exists for the creation of e+e− pairs, is
here considered in the special case of a Reissner-Nordstrom geometry. The in-
teraction of the PEM pulse with the baryonic matter is described using a sim-
plified model of a slab of constant thickness in the laboratory frame (constant-
thickness approximation) as well as performing the integration of the general
relativistic hydrodynamical equations. Te validation of the constant-thickness
approximation, already presented in a previous paper Ruffini et al. (1999) for a
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PEM pulse in vacuum, is here generalized to the presence of baryonic matter.
It is found that for a baryonic shell of mass-energy less than 1% of the total
energy of the dyadosphere, the constant-thickness approximation is in excel-
lent agreement with full general relativistic computations. The approximation
breaks down for larger values of the baryonic shell mass, however such cases
are of less interest for observed Gamma Ray Bursts (GRBs). On the basis of
numerical computations of the slab model for PEM pulses, we describe (i) the
properties of relativistic evolution of a PEM pulse colliding with a baryonic
shell; (ii) the details of the expected emission energy and observed tempera-
ture of the associated GRBs for a given value of the EMBH mass; 103M�, and
for baryonic mass-energies in the range 10−8 to 10−2 the total energy of the
dyadosphere.

10. M. Lattanzi, R. Ruffini, and G. Vereshchagin, “On the possible role of
massive neutrinos in cosmological structure formation”, in Cosmology
and Gravitation, eds. M. Novello and S. E. Perez Bergliaffa, Vol. 668 of
AIP Conference Series, (2003) pp. 263–287.

In addition to the problem of galaxy formation, one of the greatest open ques-
tions of cosmology is represented by the existence of an asymmetry between
matter and antimatter in the baryonic component of the Universe. We believe
that a net lepton number for the three neutrino species can be used to under-
stand this asymmetry. This also implies an asymmetry in the matter-antimatter
component of the leptons. The existence of a nonnull lepton number for the
neutrinos can easily explain a cosmological abundance of neutrinos consistent
with the one needed to explain both the rotation curves of galaxies and the
flatness of the Universe. Some propedeutic results are presented in order to
attack this problem.

4.2. Publications (2005 - 2007)

1. A.G. Aksenov, R. Ruffini and G.V. Vereshchagin, “Thermalization of
nonequilibrium electron-positron-photon plasmas”, Physical Review Let-
ters, Vol. 99 (2007) No 12, 125003.

Starting from a nonequilibrium configuration we analyze the role of the di-
rect and the inverse binary and triple interactions in reaching thermal equi-
librium in a homogeneous isotropic pair plasma. We focus on energies in the
range 0.1− 10 MeV. We numerically integrate the relativistic Boltzmann equa-
tion with the exact QED collisional integrals taking into account all binary and
triple interactions. We show that first, when a detailed balance is reached for
all binary interactions on a time scale tk < 10−14 sec, photons and electron-
positron pairs establish kinetic equilibrium. Subsequently, when triple inter-
actions satisfy the detailed balance on a time scale teq < 10−12 sec, the plasma
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reaches thermal equilibrium. It is shown that neglecting the inverse triple in-
teractions prevents reaching thermal equilibrium. Our results obtained in the
theoretical physics domain also find application in astrophysics and cosmol-
ogy.

2. C.L. Bianco, R. Ruffini, G.V. Vereshchagin and S.-S. Xue, “Equations of
Motion and Initial and Boundary Conditions for Gamma-ray Burst”,
Journal of the Korean Physical Society, Vol. 49 (2006) No. 2, pp. 722-
731.

We compare and contrast the different approaches to the optically thick adia-
batic phase of GRB all the way to the transparency. Special attention is given
to the role of the rate equation to be self consistently solved with the rela-
tivistic hydrodynamic equations. The works of Shemi and Piran (1990), Piran,
Shemi and Narayan (1993), Meszaros, Laguna and Rees (1993) and Ruffini,
Salmonson, Wilson and Xue (1999,2000) are compared and contrasted. The role
of the baryonic loading in these three treatments is pointed out. Constraints
on initial conditions for the fireball produced by electro-magnetic black hole
are obtained.

3. P. Singh, K. Vandersloot and G.V. Vereshchagin, “Nonsingular bouncing
universes in loop quantum cosmology”, Physical Review D, Vol. 74
(2006) 043510.

Nonperturbative quantum geometric effects in loop quantum cosmology (LQC)
predict a ρ2 modification to the Friedmann equation at high energies. The
quadratic term is negative definite and can lead to generic bounces when the
matter energy density becomes equal to a critical value of the order of the
Planck density. The nonsingular bounce is achieved for arbitrary matter with-
out violation of positive energy conditions. By performing a qualitative anal-
ysis we explore the nature of the bounce for inflationary and cyclic model po-
tentials. For the former we show that inflationary trajectories are attractors
of the dynamics after the bounce implying that inflation can be harmoniously
embedded in LQC. For the latter difficulties associated with singularities in
cyclic models can be overcome. We show that nonsingular cyclic models can
be constructed with a small variation in the original cyclic model potential by
making it slightly positive in the regime where scalar field is negative.

4. M. Lattanzi, R. Ruffini and G.V. Vereshchagin, “Joint constraints on the
lepton asymmetry of the Universe and neutrino mass from the Wilkin-
son Microwave Anisotropy Probe”, Physical Review D, Vol. 72 (2005)
063003.

We use the Wilkinson Microwave Anisotropy Probe (WMAP) data on the spec-
trum of cosmic microwave background anisotropies to put constraints on the
present amount of lepton asymmetry L, parametrized by the dimensionless
chemical potential (also called degeneracy parameter) xi and on the effective
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number of relativistic particle species. We assume a flat cosmological model
with three thermally distributed neutrino species having all the same mass
and chemical potential, plus an additional amount of effectively massless ex-
otic particle species. The extra energy density associated to these species is
parametrized through an effective number of additional species ∆Nothers

e f f .
We find that 0 < |ξ| < 1.1 and correspondingly 0 < |L| < 0.9 at 2σ, so that
WMAP data alone cannot firmly rule out scenarios with a large lepton number;
moreover, a small preference for this kind of scenarios is actually found. We
also discuss the effect of the asymmetry on the estimation of other parameters
and, in particular, of the neutrino mass. In the case of perfect lepton symmetry,
we obtain the standard results. When the amount of asymmetry is left free, we
find at 2sigma. Finally we study how the determination of |L| is affected by
the assumptions on ∆Nothers

e f f . We find that lower values of the extra energy
density allow for larger values of the lepton asymmetry, effectively ruling out,
at 2sigma level, lepton symmetric models with ∆Nothers

e f f ' 0.

5. G.V. Vereshchagin, “Gauge Theories of Gravity with the Scalar Field in
Cosmology”, in “Frontiers in Field Theory”, edited by O. Kovras, Nova
Science Publishers, New York, (2005), pp. 213-255 (ISBN: 1-59454-127-
2).

Brief introduction into gauge theories of gravity is presented. The most general
gravitational lagrangian including quadratic on curvature, torsion and non-
metricity invariants for metric-affine gravity is given. Cosmological implica-
tions of gauge gravity are considered. The problem of cosmological singularity
is discussed within the framework of general relativity as well as gauge theo-
ries of gravity. We consider the role of scalar field in connection to this prob-
lem. Initial conditions for nonsingular homogeneous isotropic Universe filled
by single scalar field are discussed within the framework of gauge theories of
gravity. Homogeneous isotropic cosmological models including ultrarelativis-
tic matter and scalar field with gravitational coupling are investigated. We
consider different symmetry states of effective potential of the scalar field, in
particular restored symmetry at high temperatures and broken symmetry. Ob-
tained bouncing solutions can be divided in two groups, namely nonsingular
inflationary and
oscillating solutions. It is shown that inflationary solutions exist for quite gen-
eral initial conditions like in the case of general relativity. However, the phase
space of the dynamical system, corresponding to the cosmological equations
is bounded. Violation of the uniqueness of solutions on the boundaries of the
phase space takes place. As a result, it is impossible to define either the past
or the future for a given solution. However, definitely there are singular solu-
tions and therefore the problem of cosmological singularity cannot be solved
in models with the scalar field within gauge theories of gravity.

6. R. Ruffini, M. G. Bernardini, C. L. Bianco, L. Caito, P. Chardonnet, M.
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G. Dainotti, F. Fraschetti, R. Guida, M. Rotondo, G. Vereshchagin, L.
Vitagliano, S.-S. Xue,
”The Blackholic energy and the canonical Gamma-Ray Burst” in Cos-
mology and Gravitation: XIIth Brazilian School of Cosmology and Grav-
itation, edited by M. Novello and S.E. Perez Bergliaffa, AIP Conference
Proceedings, Vol. 910, Melville, New York, 2007, pp. 55-217.

Gamma-Ray Bursts (GRBs) represent very likely “the” most extensive com-
putational, theoretical and observational effort ever carried out successfully
in physics and astrophysics. The extensive campaign of observation from
space based X-ray and γ-ray observatory, such as the Vela, CGRO, BeppoSAX,
HETE-II, INTEGRAL, Swift, R-XTE, Chandra, XMM satellites, have been matched
by complementary observations in the radio wavelength (e.g. by the VLA)
and in the optical band (e.g. by VLT, Keck, ROSAT). The net result is unprece-
dented accuracy in the received data allowing the determination of the ener-
getics, the time variability and the spectral properties of these GRB sources.
The very fortunate situation occurs that these data can be confronted with a
mature theoretical development. Theoretical interpretation of the above data
allows progress in three different frontiers of knowledge: a) the ultrarelativis-
tic regimes of a macroscopic source moving at Lorentz gamma factors up to
∼ 400; b) the occurrence of vacuum polarization process verifying some of the
yet untested regimes of ultrarelativistic quantum field theories; and c) the first
evidence for extracting, during the process of gravitational collapse leading to
the formation of a black hole, amounts of energies up to 1055 ergs of black-
holic energy — a new form of energy in physics and astrophysics. We outline
how this progress leads to the confirmation of three interpretation paradigms
for GRBs proposed in July 2001. Thanks mainly to the observations by Swift
and the optical observations by VLT, the outcome of this analysis points to the
existence of a “canonical” GRB, originating from a variety of different initial
astrophysical scenarios. The communality of these GRBs appears to be that
they all are emitted in the process of formation of a black hole with a negligi-
ble value of its angular momentum. The following sequence of events appears
to be canonical: the vacuum polarization process in the dyadosphere with the
creation of the optically thick self accelerating electron-positron plasma; the
engulfment of baryonic mass during the plasma expansion; adiabatic expan-
sion of the optically thick “fireshell” of electron-positron-baryon plasma up
to the transparency; the interaction of the accelerated baryonic matter with
the interstellar medium (ISM). This leads to the canonical GRB composed of a
proper GRB (P-GRB), emitted at the moment of transparency, followed by an
extended afterglow. The sole parameters in this scenario are the total energy of
the dyadosphere Edya, the fireshell baryon loading MB defined by the dimen-
sionless parameter B = MBc2/Edya, and the ISM filamentary distribution
around the source. In the limit B −→ 0 the total energy is radiated in the P-
GRB with a vanishing contribution in the afterglow. In this limit, the canonical
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GRBs explain as well the short GRBs. In these lecture notes we systematically
outline the main results of our model comparing and contrasting them with
the ones in the current literature. In both cases, we have limited ourselves to
review already published results in refereed publications. We emphasize as
well the role of GRBs in testing yet unexplored grounds in the foundations of
general relativity and relativistic field theories.

7. M. Lattanzi, R. Ruffini and G.V. Vereshchagin, ”Do WMAP data con-
straint the lepton asymmetry of the Universe to be zero?” in Albert Ein-
stein Century International Conference, edited by J.-M. Alimi, and A.
Füzfa, AIP Conference Proceedings, Vol. 861, Melville, New York, 2006,
pp.912-919.

It is shown that extended flat ΛCDM models with massive neutrinos, a size-
able lepton asymmetry and an additional contribution to the radiation content
of the Universe, are not excluded by the Wilkinson Microwave Anisotropy
Probe (WMAP) first year data. We assume a flat cosmological model with
three thermally distributed neutrino species having all the same mass and
chemical potential, plus an additional amount of effectively massless exotic
particle species X. After maximizing over seven other cosmological parame-
ters, we derive from WMAP first year data the following constraints for the
lepton asymmetry L of the Universe (95% CL): 0 < |L| < 0.9, so that WMAP
data alone cannot firmly rule out scenarios with a large lepton number; more-
over, a small preference for this kind of scenarios is actually found. We also
find for the neutrino mass mν < 1.2eV and for the effective number of rela-
tivistic particle species −0.45 < ∆Ne f f < 2.10, both at 95% CL. The limit on
∆Ne f f is more restrictive man others found in the literature, but we argue that
this is due to our choice of priors.

8. R. Ruffini, C.L. Bianco, G.V. Vereshchagin, S.-S. Xue “Baryonic loading
and e+e− rate equation in GRB sources” to appear in the proceedings
of ”Relativistic Astrophysics and Cosmology - Einstein’s Legacy” Meet-
ing, November 7-11, 2005, Munich, Germany.

The expansion of the electron-positron plasma in the GRB phenomenon is
compared and contrasted in the treatments of Meszaros, Laguna and Rees, of
Shemi, Piran and Narayan, and of Ruffini et al. The role of the correct numeri-
cal integration of the hydrodynamical equations, as well as of the rate equation
for the electron-positron plasma loaded with a baryonic mass, are outlined and
confronted for crucial differences.

9. G.V. Vereshchagin, M. Lattanzi, H.W. Lee, R. Ruffini, ”Cosmological
massive neutrinos with nonzero chemical potential: I. Perturbations in
cosmological models with neutrino in ideal fluid approximation”, in
proceedings of the Xth Marcel Grossmann Meeting on Recent Develop-
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ments in Theoretical and Experimental General Relativity, World Scien-
tific: Singapore, 2005, vol. 2, pp. 1246-1248.

Recent constraints on neutrino mass and chemical potential are discussed with
application to large scale structure formation. Power spectra in cosmologi-
cal model with hot and cold dark matter, baryons and cosmological term are
calculated in newtonian approximation using linear perturbation theory. All
components are considered to be ideal fluids. Dissipative processes are taken
into account by initial spectrum of perturbations so the problem is reduced to
a simple system of equations. Our results are in good agreement with those
obtained before using more complicated treatments.

10. M. Lattanzi, H.W. Lee, R. Ruffini, G.V. Vereshchagin, ”Cosmological
massive neutrinos with nonzero chemical potential: II. Effect on the es-
timation of cosmological parameters”, in proceedings of the Xth Marcel
Grossmann Meeting on Recent Developments in Theoretical and Exper-
imental General Relativity, World Scientific: Singapore, 2005, vol. 2, pp.
1255-1257.

The recent analysis of the cosmic microwave background data carried out by
the WMAP team seems to show that the sum of the neutrino mass is <0.7 eV.
However, this result is not model-independent, depending on precise assump-
tions on the cosmological model. We study how this result is modified when
the assumption of perfect lepton symmetry is dropped out.

11. R. Ruffini, M. Lattanzi and G. Vereshchagin, ”On the possible role of
massive neutrinos in cosmological structure formation” in Cosmology
and Gravitation: Xth Brazilian School of Cosmology and Gravitation,
edited by M. Novello and S.E. Perez Bergliaffa, AIP Conference Pro-
ceedings, Vol. 668, Melville, New York, 2003, pp.263-287.

In addition to the problem of galaxy formation, one of the greatest open ques-
tions of cosmology is represented by the existence of an asymmetry between
matter and antimatter in the baryonic component of the Universe. We believe
that a net lepton number for the three neutrino species can be used to under-
stand this asymmetry. This also implies an asymmetry in the matter-antimatter
component of the leptons. The existence of a nonnull lepton number for the
neutrinos can easily explain a cosmological abundance of neutrinos consistent
with the one needed to explain both the rotation curves of galaxies and the
flatness of the Universe. Some propedeutic results are presented in order to
attack this problem.

4.3. Publications (2008)

1. A.G. Aksenov, C.L. Bianco, R. Ruffini and G.V. Vereshchagin, “GRBs
and the thermalization process of electron-positron plasmas” in the Pro-
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ceedings of the ”Gamma Ray Bursts 2007” meeting, AIP Conf.Proc.
1000 (2008) 309-312.

We discuss temporal evolution of the pair plasma, created in Gamma-Ray
Bursts sources. A particular attention is paid to the relaxation of plasma into
thermal equilibrium. We also discuss the connection between the dynamics of
expansion and spatial geometry of plasma. The role of the baryonic loading
parameter is emphasized.

2. A. G. Aksenov, R. Ruffini, and G. V. Vereshchagin, “Thermalization of
Electron-Positron-Photon Plasmas with an Application to GRB” in REL-
ATIVISTIC ASTROPHYSICS: 4th Italian-Sino Workshop, AIP Confer-
ence Proceedings, Vol. 966, Melville, New York, 2008, pp. 191-196.

The pair plasma with photon energies in the range 0.1− 10MeV is believed
to play crucial role in cosmic Gamma-Ray Bursts. Starting from a nonequilib-
rium configuration we analyze the role of the direct and the inverse binary and
triple interactions in reaching thermal equilibrium in a homogeneous isotropic
pair plasma.We numerically integrate the relativistic Boltzmann equation with
the exact QED collisional integrals taking into account all binary and triple in-
teractions. We show that first, when a detailed balance is reached for all bi-
nary interactions on a time scale tk= 10−14sec , photons and electronpositron
pairs establish kinetic equilibrium. Subsequently, when triple interactions sat-
isfy the detailed balance on a time scale teq= 10−12sec , the plasma reaches
thermal equilibrium. It is shown that neglecting the inverse triple interactions
prevents reaching thermal equilibrium. Our results obtained in the theoretical
physics domain also find application in astrophysics and cosmology.

3. R. Ruffini, and G. V. Vereshchagin, S.-S. Xue, “Vacuum Polarization
and Electron-Positron Plasma Oscillations” in RELATIVISTIC ASTRO-
PHYSICS: 4th Italian-Sino Workshop, AIP Conference Proceedings, Vol.
966, Melville, New York, 2008, pp. 207-212.

We study plasma oscillations of electrons-positron pairs created by the vacuum
polarization in an uniform electric field. Our treatment, encompassing the
case of E > Ec, shows also in the case E < Ecthe existence of a maximum
Lorentz factor acquired by electrons and positrons and allows determination
of the a maximal length of oscillation. We quantitatively estimate how plasma
oscillations reduce the rate of pair creation and increase the time scale of the
pair production.

4.4. PHD Thesis

Title of the thesis: “Pair plasma and Gamma-Ray Bursts”. Supervisor: prof.
R. Ruffini. Thesis presented on the 20th of May 2008, at the Department of
Physics, University of Rome ”Sapienza”.
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4.5. Invited talks at international conferences

1. “Thermalization of the pair plasma with proton loading”

(with R. Ruffini, and A.G. Aksenov)

Probing Stellar Populations out to the Distant Universe, Cefalu’, Italy,
September 7-19, 2008.

2. “Thermalization of the pair plasma with proton loading”

(with R. Ruffini, and A.G. Aksenov)

3rd Stueckelberg Workshop, Pescara, Italy, 8-18 July, 2008.

3. “Thermalization of the pair plasma”

(G.V. Vereshchagin, R. Ruffini, and A.G. Aksenov)

4. “Non-singular solutions in Loop Quantum Cosmology”

(G.V. Vereshchagin)

2nd Stueckelberg Workshop, Pescara, Italy, 3-7 September, 2007.

5. “(From) massive neutrinos and inos and the upper cutoff to the fractal
structure of the Universe (to recent progress in theoretical cosmology)”

(G.V. Vereshchagin, M. Lattanzi and R. Ruffini)

A Century of Cosmology, San Servolo, Venice, Italy, 27-31 August, 2007.

6. “Pair creation and plasma oscillations”

(G.V. Vereshchagin, R. Ruffini, and S.-S. Xue)
4th Italian-Sino Workshop on Relativistic Astrophysics, Pescara, Italy,
20-29 July, 2007.

7. “Thermalization of electron-positron plasma in GRB sources”

(with R. Ruffini, and A.G. Aksenov)
Xth Italian-Korean Symposium on Relativistic Astrophysics, Pescara,
Italy, 25-30 June, 2007.

8. “Kinetics and hydrodynamics of the pair plasma”

(G.V. Vereshchagin, R. Ruffini, C.L. Bianco, A.G. Aksenov)

9. “Pair creation and plasma oscillations”

(G.V. Vereshchagin, R. Ruffini and S.-S. Xue)
Cesare Lattes Meeting on GRBs, Black Holes and Supernovae, Mangaratiba-
Portobello, Brazil, 26 February - 3 March 2007.
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10. “Cavallo-Rees classification revisited”

(G.V. Vereshchagin, R.Ruffini and S.-S. Xue)

On recent developments in theoretical and experimental general rela-
tivity, gravitation and relativistic field theories: XIth Marcel Grossmann
Meeting, Berlin, Germany, 23-29 July, 2006.

11. “Kinetic and thermal equilibria in the pair plasma”

(G.V. Vereshchagin)

The 1st Bego scientific rencontre, Nice, 5-16 February 2006.

12. “From semi-classical LQC to Friedmann Universe”

(G.V. Vereshchagin)

Loops ’05, Potsdam, Golm, Max-Plank Institut für Gravitationsphysik
(Albert-Einstein-Institut), 10-14 October 2005.

13. “Equations of motion, initial and boundary conditions for GRBs”

(G.V. Vereshchagin, R. Ruffini and S.-S. Xue)

IXth Italian-Korean Symposium on Relativistic Astrophysics, Seoul, Mt.
Kumgang, Korea, 19-24 July 2005.

14. “On the Cavallo-Rees classification and GRBs”

(G.V. Vereshchagin, R. Ruffini and S.-S. Xue)

II Italian-Sino Workshop on Relativistic Astrophysics, Pescara, Italy, 10-
20 June, 2005.
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A. Kinetic instabilities in
collisionless ultra-relativistically
streaming cold electron-ion
plasma

A.1. Introduction

Current interest in collisionless electron-ion plasmas is threefold. First of all,
collisionless plasma is thought to exist in astrophysical environments such as
jets in active galactic nuclei (see e.g. Begelman et al. (1994); Maraschi (2003)),
microquasars, pulsar winds and supernova remnants (see e.g. Blandford
and Eichler (1987)), as well as in gamma-ray bursts (GRBs), see e.g. Piran
(2005). Secondly, experimental observation and study of such plasma un-
der the same conditions as in astrophysics, is becoming possible also in the
laboratory, see e.g. Medvedev and Spitkovsky (2008). Thirdly, collisionless
plasma, with its numerous instabilities, is extremely complex object and its
theoretical understanding has been boosted only recently, thanks to develop-
ment and application of fully three-dimensional computer simulations, using
extensively parallel computing see e.g. Hededal (2005); Silva (2006).

One of the most interesting phenomena in collisionless plasma is occurence
of collisionless shocks. Such shocks, which unlike usual hydrodynamic shocks
are mediated by electromagnetic fields Silva (2006); Waxman (2006), are be-
lieved to be places of particle acceleration from the one hand, and intense
photon emission from the other hand. Nonrelativistic collisionless shocks
are believed to be the sources of photon emission in supernovae remnants
Blandford and Eichler (1987), while relativistic shocks are considered as giv-
ing origin to the gamma and X-ray radiation coming from GRBs Medvedev
and Loeb (1999); Gruzinov and Waxman (1999). Occurence of such shocks
in the case of GRBs is expected due to interaction and subsequent deceler-
ation of ultrarelativistic blast waves propagating from the source of a GRB
into a rarefied interstellar medium (ISM). Since, from the one hand, mag-
netic fields in the ISM can be amplified after the passage of the shock, and,
from the other hand, electrons can be accelerated by the shock, conditions
for syncrotron emission by electrons, are expected to be reached Medvedev
(2000). In fact, it was expected, and partially supported by earlier simula-
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electron-ion plasma

tions, that electrons are efficiently accelerated by the shock, and their distri-
bution functions acquire a power law form Silva et al. (2003); Frederiksen
et al. (2004); Hededal et al. (2004); Nishikawa et al. (2006). Recent simula-
tions, reaching greater spatial and temporal resolution, show that the dis-
tribution of particles is thermal-like, with no evidence for power law tails
Spitkovsky (2005); Ramirez-Ruiz et al. (2007); Spitkovsky (2008a), see how-
ever Spitkovsky (2008b). Even more severe constraints on syncrotron mod-
els of GRBs come from the fact that all simulations show quickly decaying
electromagnetic field in the downstream. Such a field is too weak to power
radiation, which is observed from GRBs Waxman (2006); Chang et al. (2008).

In this Letter we discuss dynamical and microphysical properties of ultra-
relativistically expanding into the vacuum plasma shell, being composed of
electrons and protons, totally neutral. Such a shell is collisionless and shock-
less. Developent of plasma instabilities in the shell is studied, and, as a conse-
quence, occurence of inhomogeneous electromagnetic fields, which presence
change in turn the dynamics of particles. We argue that many processes, oc-
curing in the shell, remind those, taking place in collisionless shock, among
them reaching energy equipartition between electrons, protons and electro-
magnetic field Chang et al. (2008). Basic difference, however is that electro-
magnetic fields are generated in all the volume occupied by the shell which
is much larger than the volume where magnetic field is sustained in the case
of the shock.

The paper is organized as follows. In Section 2 we introduce basic equa-
tions and discuss the method. In Section 3 results of numerical simulations
are presented. In Section 4 discussion of the main results is given. Conclu-
sions follow in Section 5.

A.2. The method

Consider collisionless ultrarelativistically streaming plasma shell consisting
of equal amount N of electrons with mass me and protons with mass mp.
Such a plasma is described self-consistently by the system of Vlasov–Maxwell
equations which represent plasma as a continuous medium and takes into
account only collective interactions of particles via electromagnetic field.

The problem does not contain intrinsic scale and therefore the length is
measured in arbitrary units L. Following Diachenko (1985); Ginzburg et al.
(2004) we introduce dimensionless units summarized in Tab. A.1.
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Table A.1.: Dimensionless units.
Quantity Units
Charge ẽi ei = ẽi/e
Mass m̃i mi = m̃i/me
Energy w̃ w = w̃/(mec2)
Momentum p̃ p = p̃/(mec)
Electric field strength Ẽ E = ẼeL/(mec2)
Magnetic field strength H̃ H = H̃eL/(mec2)
Number density ñi ni = 4πe2L2ñi/(mec2)
Distribution function f̃i fi = 2e2 f̃i/L.

In these units Vlasov–Maxwell equations read

∂ fi

∂t
+ vi

∂ fi

∂r
+ ei (E + vi ×H)

∂ fi

∂±p
= 0, (A.2.1)

∂E
∂t
−∇×H + j = 0,

∂H
∂t

+∇× E = 0, (A.2.2)

∇ · R = ρ, ∇ · H = 0. (A.2.3)

where vi=∂w/∂pi is particle velocitiy, w =
(
p2

i + m2
i
)1/2 is particle energy,

and index ”i” denotes type of particles. Charge density ρ and current j are

ρ = ∑
i

ei

∫
fi(r, p, t)dp, j = ∑

i
ei

∫
vi fi(r, p, t) dp. (A.2.4)

The difficulty with direct numerical solution of equations (A.2.1-A.2.3) is re-
flected by the fact that the distribution function depends on seven variables.
The problem is intrinsically spatially three-dimensional and time-dependent.
Moreover, the number of particles in realistic physical problems is very large.

We adopt a ”macroparticle method” Birdsall and Langdon (1985); Sigov
(2001) which introduces a grid in the phase space and assigns to each grid a
”macroparticle” with the mass mM and charge eM given by the sum of masses
and charges of particles occupying a given cell. Due to mass and charge
conservation it follows that

mMnM = mini, eMnM = eini,

and then charge to mass ratio ei/mi, plasma frequency ω0i = (4πe2ni/mi)1/2

and Debye length di = ω−1(kTi/mi)1/2 are the same for real particles and
macroparticles. Consequently, all dynamical properties of a plasma, consist-
ing of macroparticle are identical to those of a plasma, consiting of real parti-
cles.

In our dimensionless units the plasma skin depth is c/ωp = L. Notice, that
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for relativistic systems the pasma frequency depends on the Lorentz gamma
factor ωi = ω0iΓ−1/2, where Γ is bulk Lorentz factor of the plasma.

Vlasov equation (A.2.1) is usually obtained in the plasma theory from the
Liouville theorem closing the BBGKY hierarchy by neglecting two-particle
correlation functions. Another way to obtain this equation, which shows
close relation between the macroparticle method and the Vlasov equation,
is due to Klimontovich Klimontovich (1997).

Introducing Klimontovich distribution functions for the microspopic phase
density

fi(r, p, t) =
∫

δ [r− R (t, ω)] δ [p− P (t, ω)] dω, (A.2.5)

where ω is Lagrange coordinate along trajectory of the particle, into (A.2.1)
we obtain for functions R(t, ω), P(t, ω) the Hamiltonian system

∂R
∂t

= v(P),
∂P
∂t

= ∑
i

ei

[
E(R, t) +

1
c

v(P)×H(R, t)
]

. (A.2.6)

Consequently for the charge density and current we have

ρ̃(t, r) = ∑
i

ei

∫
δ [r− R (t, ω)] dω,

j̃(t, r) = ∑
i

ei

∫
δ [r− R (t, ω)] v [P (t, ω)] dω.

Distribution function in energy is defined as

Fi(w) =
dEi

dw
, Ei =

∫
fi(r, p, t)w dpdr, (A.2.7)

where Ei is the total energy of particles of a given sort.
While Vlasov equation, unlike macroparticle method, deals with ensamble

averaged one-particle distribution function, equations (A.2.6) and (A.2.1) and
identical for the Klimontovich function (A.2.5). Besides, solution of equations
(A.2.2),(A.2.3) and (A.2.6) is an approximate solution to the Vlasov-Maxwell
system with the accuracy O(µ), where µ = (nd)−1 is the plasma parameter
Birdsall and Langdon (1985); Sigov (2001).

A.3. Numerical results

We follow the time evolution of plasma within the spatial region chosen as
a three-dimensional rectangular box with the longer side coinciding with the
z–direction, having square perpendicular section. This simulation region rep-
resents a part of the shell. All particles are located initially at the bottom of
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the simulation region, being homogeneously distributed on the plane (x, y)
and occupying part of the volume in the range of z coordinate. Velocities of
all particles are equal and point in positive z–direction, so particles stream
along the longer side of the rectangular box until reach the top.

Soon after simulation starts generation of small-scale inhomogeneous non-
stationary electromagnetic field occurs due to plasma instability. Particles
moving in such a field deviate from their original trajectories since inhomo-
geneous electromagnetic field induce randomization of motion of particles.
In order to avoid loss of particles periodic boundary conditions are imposed
on the walls of the simulation volume.

The simulation region dimensions are X0 = Y0 = 0.3, Z0 = 10.0. Pe-
riodicity conditions guarantee number of particles conservation as well as
conservation of projection of their momenta on ortogonal to z–axis plane.
Electrons and protons initially have equal number densities ne = np. At the
moment t = 0 the distribution functions of electrons and protons are repre-
sented by Dirac δ-functions, which means particles have negligible thermal
velocities, compared to their kinetic energy. Initial value of the Lorentz factor
Γ0 = 223.6. Electromagnetic field is absent. Total number of macroparticles
is 1.44× 106. One macroparticle represents 25 real particles.
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Figure A.1.: Energy distribution function of electrons for different time mo-
ments. At the moment t = 0 the energy distribution is the Dirac δ-function
(not shown). In course of time the distribution function spreads and its max-
imum is shifted to higher energies.

We define the average Lorentz factor of particles γi = ∑a wa/(Nmic2),
where a counts particles of a given type and N is total number of particles of
a given type. Distribution functions of electrons and protons as functions of
their average Lorentz factors are shown in Figs. A.1 and A.2. Initially the dis-
tribution functions are represented by the Dirac δ-functions peaked in initial
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Figure A.2.: Energy distribution function of protons for different time mo-
ments. At the moment t = 0 the energy distribution is the Dirac δ-function,
but protons contain much more energy than electrons due to difference of
their masses. In course of time the distribution function spreads and its max-
imum is shifted to lower energies. This is an indication that the bulk Lorentz
factor of the plasma decreases.

value of the Lorentz factor Γ0. On a timescale t ' 0.2 both distribution func-
tions of electrons (protons) spread significantly, also shifting towards higher
(lower) energies. It means that average enegries of particles start to change,
together with the balance of total energy in electrons and protons. This rapid
spread of distribution functions proceed until t ' 0.5, when distributions al-
ready remind thermal ones with power law in lower energy part, and expo-
nential decline in the higher energy part. The form of distribution functions
does not change substantially after this moment, however the maximum still
moves.

The energy of particles, computed as the integral (A.2.7), is shown in Fig.
A.3 by the red line for protons and black line for elecrons, along with the en-
ergy in electromagnetic field (green line). Since the plasma is collisionless,
particles can interact only via electromagnetic field. Therefore by the time
when distribution functions of electrons and protons start to change we ex-
pect generation of electromagnetic fields. This is indeed the case as shown in
Fig. A.3. In this way the energy is redistributed not only between the parti-
cles, but also between particles and fields. The redistribution process is rather
efficient so that at the moment t ' 0.5 the energy in all components nearly
reach equipartition. The energy in particles components experience damped
oscillatitons after t ' 0.5, while the energy in electromagnetic field grows
monotonically reaching super-equipartition values after t ' 2. The energy
conservation is verified by the blue line, shown in Fig A.3.
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Figure A.3.: Energy of electrons, protons and electromagnetic field in the sim-
ulation region. At the moment t = 0 almost all energy is stored in kinetic
energy of protons. Propagation of particles with different masses (electrons
and protons) generate stochastic electromagnetic fields which in turn change
trajectories of particles. Thus kinetic energy of protons is transferred into
the electromagnetic field. Electrons are accelerated by the structures in this
stochastic field, so the energy of protons is transferred into protons as well.
In a short time L/c equipartition of energy is reached for protons, electrons
and electromagnetic field. As one can see, later the energy in electromagnetic
field is even greater than the energy in protons.
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Figure A.4.: Energy density in electric and magnetic fields as function of the
wavenumber k, for the miment t = 1.9. While most energy is in small-scale
fluctuations in electric field, magnetic field fluctuations do not possess char-
acteristic scale.
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Figure A.5.: Projections of momenta of electrons in py, px and pz, px planes
for t = 1. Momentum distribution of particles is anisotropic.

Energy density of electric and magnetic fields as function of the wavenum-
ber k is shown in Fig. A.4 for a section at X = Y = 0.1, Z. The corresponding
wavelength can be obtained as usual by l = 2π/k. Most energy in electric
field is concentrated as short wavelengths l ' 0.01.

Momentum distribution of electrons is shown in Fig. A.5, for t = 1. At
this moment electrons trajectories do not remind initial trajectores and there
is considerable amount of particles moving backwards. The momentum dis-
tribution is anisotropic in pz, px plane, since majority of particle is moving in
the positive z-direction. However, it is isotropic in py, px plane.

In Fig. A.6 electric and magnetic field strengths are shown in the section of
the simulation region with Z = 7.5.

A.4. Discussion

In this paper we presented results of numerical simulations of collisionless
ultrarelativistically streaming neutral electron-ion plasma. This problem, al-
though showing some similarities with the currently popular collisionless
shocks simulation problem, e.g. Spitkovsky (2008a), is at the same time very
different. Firstly, in these works collisionless shocks in the electron-positron
or electron-ion relativistic plasmas formed due to interaction of counter-streaming
relativistic jets are considered, while in our case the medium is shockless and
streams in only one direction as a whole. Secondly, for the electron-ion case
unrealistic values of ion to electron mass ratio are taken, while we consider
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Figure A.6.: Electric (left) and magnetic (right) field strengths in sections Z =
7.5.

real value of the mass ratio m̃p/m̃e = 1836. Thirdly, most simulations are
performed in two-dimensions, while we solve Vlasov-Maxwell equations in
fully three-dimensional setup.

Similarities, found between our results and the results of simulations of
collisionless shock include: a) generation of stochastic inhomogeneous elec-
tromagnetic fields, rapidly changing in space and time; b) equipartition of
energies between protons, electrons and electromagnetic fields; c) acceler-
ation of electrons due to stochastization of their motion and energy trans-
fer from protons via scattering on inhomogeneties of electromagnetic fields;
d) thermal-like energy distributions of electrons and protons; e) absence of
high-energy power-law tails in energy distiributions of electrons or protons;
f) filament-like spatial structure of magnetic fields.

The major difference, however, with all previous works is that kinetic in-
stability observed in the simulations occurs on spatial scales, much smaller
than the skin depth scale c/ωp.
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B. Thermalization of the mildly
relativistic plasma

B.1. Introduction

An electron-positron plasma is of interest in many fields of physics and as-
trophysics. One of the crucial quantities in this analysis is the timescale of
the thermalization process. In the early universe Weinberg (1972),Kolb and
Turner (1990),Hu (1995),Weinberg (2008) during the lepton era, ultrarelativis-
tic electron-positron pairs contribute to the matter contents of the Universe.
In gamma-ray bursts (GRBs) electron-positron pairs play essential role in the
dynamics of expansion Goodman (1986),Piran (1999),Ruffini et al. (1999). In-
dications exist on the presence of the pair plasma also in active galactic nuclei
Wardle et al. (1998), in the center of our Galaxy Churazov et al. (2005), around
hypothetical quark stars Usov (1998). In the laboratory pair plasma is ex-
pected to appear in the fields of ultra intense lasers Blaschke et al. (2006),
where particle production may serve as a diagnostic tool for high-energy
plasma Kuznetsova et al. (2008).

In many stationary astrophysical sources the pair plasma is thought to
be in thermodynamic equilibrium. A detailed study of the relevant pro-
cesses Bisnovatyi-Kogan et al. (1971),Weaver (1976),Lightman (1982),Gould
(1982),Stepney and Guilbert (1983),Coppi and Blandford (1990), radiatiation
mechanisms Lightman and Band (1981), possible equilibrium configurations
Lightman (1982),Svensson (1982a),Guilbert and Stepney (1985) and spectra
Zdziarski (1984) in an optically thin pair plasma has been carried out. Particu-
lar attention has been given to collisional relaxation process Gould (1981),Step-
ney (1983), pair production and annihilation Svensson (1982b), relativistic
bremsstrahlung Gould (1980),Haug (1985), double Compton scattering Light-
man (1981),Gould (1984).

An equilibrium occurs if the sum of all reaction rates vanishes. For in-
stance, electron-positron pairs are in equilibrium when the net pair produc-
tion (annihilation) rate is zero. This can be achieved by variety of ways and
the corresponding condition can be represented as a system of algebraic equa-
tions Svensson (1984). However, the main assumption made in all the above
mentioned works is that the plasma is assumed to obey relativistic quantum
statistics. The latter is shown to be possible, in principle, in the range of tem-
peratures up to 10 MeV Bisnovatyi-Kogan et al. (1971),Stepney (1983). Our
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main task is to prove that independently of a wide set of initial conditions,
thermal equilibruim forms for the phase space distribution functions are re-
covered during the process of thermalization by two body and three body
direct and inverse particle-particle collisions.

At the same time, in some cases mentioned above the pair plasma can be
optically thick. Although moderately thick plasmas have been considered
in the literature Guilbert and Stepney (1985), only qualitative description
Bisnovatyi-Kogan et al. (1971),Svensson (1982a) is available for large opti-
cal depths. Assumption of thermal equilibrium is often adopted for rapidly
evolving systems such as GRBs without explicit proof Goodman (1986),Pi-
ran (1999),Ruffini et al. (1999),Iwamoto and Takahara (2004). Then hydrody-
namic approximation is usually applied both for leptons and photons. How-
ever, particles may not be in equilibrium initially. Moreover, they may not
reach an equilibrium in rapidly evolving systems such as the early Universe
or transient events, when the energy is released on a very short timescale.

Ultrarelativistic expansion of GRBs sources is unprecedented in astrophysics.
There are indications that relativistic jets in X-ray binaries have Lorentz fac-
tors γ ∼ 2− 10 while in active galactic nuclei γ ∼ 10− 20 Miller-Jones et al.
(2006). Some GRBs sources have γ ∼ 400 and possibly more Vergani (2007),
see however even in the absence of jets []. There is a consensus in the litera-
ture that the acceleration required to reach ultrarelativistic velocities in GRBs
comes from the pressure of an ultrarelativistic electron-positron pairs and
photons. Therefore, the source does not move as a whole, but expands as a
finite size shell (in laboratory frame) from a compact region, almost reaching
the speed of light. The bulk of radiation is emitted far from the region of for-
mation of the plasma, when it becomes optically thin for photons, trapped
initially inside by the huge optical depth. Thus plasma is optically thick
at the moment of its formation and intense interactions between electrons,
positrons and photons take place in it. Even if initially the energy is released
in the form of only photons, or only pairs, the process of creation and anni-
hilation of pairs soon redistribute the energy between particles in such a way
that the final state will be a mixture of pairs and photons. The main question
arises: what is the initial state, prior to expansion, of the pair plasma? Is it in a
kind of equilibrium and, if so, is it thermal equilibrium, as expected from the
optically thick plasma? Stationary sources in astrophysics have enough time
for such an equilibrium to be achieved. On the contrary, for GRBs with the
timescale of expansion of the order of milliseconds it is not clear a priori that
an equilibrium can be reached.

In the literature there is no consensus on this point. Some authors con-
sidered thermal equilibrium as the initial state prior to expansion Goodman
(1986),Ruffini et al. (1999), while others did not Cavallo and Rees (1978). In
fact, the detailed study of the pair plasma equilibrium configurations, per-
formed in Svensson (1982a), cannot answer this question, because essentially
nonequilibrium processes have to be considered.

180



B.2. Qualitative description of the pair plasma

Thus, observations provide motivation for theoretical analysis of physi-
cal conditions taking place in the sources of GRBs and, more generally, in
nonequilibrium optically thick pair plasma. Notice that there is substantial
difference between the ion-electron plasma on the one hand and electron-
positron plasma on the other hand. Firstly, the former is collisionless in the
wide range of parameters Landau and Lifshitz (1981), while collisions are al-
ways essential in the latter. Secondly, when collisions are important relevant
interactions in the former case are Coulomb scattering of particles which are
usually described by the classical Rutherford cross-section. In contrast, in-
teractions in the pair plasma are described by quantum cross-sections even if
the plasma itself can be still treated as classical one.

Our study reported in Aksenov et al. (2007),Aksenov et al. (2008) in the
case of pure pair plasma clarified the issue of initial state of the pair plasma
in GRBs sources. Our numerical calculations show that the pair plasma on
a timescale t . 10−12 sec reach thermal equilibrium prior to expansion, due
to intense binary and triple collisions. In this paper we present details about
the computational scheme adopted in Aksenov et al. (2007) and turn to a
more general case, the pair plasma loaded with baryons. Occurence of the
thermalization process and the corresponding timescales are necessary for
determining the dynamics of GRBs. Thermalization timescales t . 10−12 sec
are indeed necessary in order to relatethe observed properties of GRBs to the
nature of the source, see e.g. Ruffini et al. (2007).

B.2. Qualitative description of the pair plasma

First of all we specify the domain of parameters characterizing the pair plasma
considered in this paper. It is convenient to use dimensionless parameters
usually adopted for this purpose.

We consider mildly relativistic pair plasma, thus the average energy per
particle ε brackets the electron rest mass energy

0.1 .
ε

mc2 . 10. (B.2.1)

The lower boundary is required for significant concentrations of pairs, while
the upper boundary is set to avoid substantial production of other particles
such as muons and neutrinos.

We define the plasma parameter g = (n−d3)−1, where d =
√

kBT−
4πe2n−

=
c
ω

√
θ− is the Debye length, kB is Boltzmann’s constant, e, n− and T− are the

electron charge, number density and temperature respectively, c the is speed
of light, θ− = kBT−/(mc2) is dimensionless temperature, ω =

√
4πe2n−/m

is the plasma frequency and m is the electron mass. To ensure applicability
of kinetic approach it is necessary that the plasma parameter is small, g� 1.

181



B. Thermalization of the mildly relativistic plasma

This condition means that kinetic energy of particles dominates their poten-
tial energy due to mutual interaction. For the pair plasma considered in this
paper this condition is satisfied.

Further, the classicality parameter, defined as κ = e2/(h̄vr) = α/βr, where
h̄ is Planck’s constant, α = e2/(h̄c) is the fine structure constant, vr = βrc
is mean relative velocity of particles, see (B.10.12). The condition κ � 1
means that particles collisions can be considered classically, while for κ �
1 quantum description is required. In our case both for pairs and protons
quantum cross-sections are used since κ < 1.

The strength of screening of the Coulomb interactions is characterized by
the Coulomb logarithm Λ = Mdvr/h̄, where M is the reduced mass. For
electron-electron or electron-positron scattering the reduced mass is just m/2,
while for electron-proton or positron-proton scattering the reduced mass is
just the proton mass M ' M; for proton-proton scattering M ' M/2. Coulomb
logarithm varies with mean particle velocity and Debye length, and it cannot
be set a constant as is usually done in most of studies of the pair plasma.

Finally, we consider pair plasma with linear dimensions R exceeding the
mean free path of photons l = (n−σ)−1, where σ is the corresponding total
cross-section. Thus the optical depth τ = nσR � 1 is large, and interactions
between photons and other particles have to be taken in due account. We
discuss these interaction in the next Section.

Note that natural parameters for perturbative expansion in the problem
under consideration are the fine structure constant α and the electron-proton
mass ratio m/M.

B.3. Pure pair plasma

For simplicity we first consider pure pair plasma composed of electrons e−,
positrons e+, and photons γ. We will turn to a more general case, includ-
ing protons p in the next Section. We assume that pairs or photons appear
by some physical process in the region with a size R and on a timescale
t < R/c. We further assume that distribution functions of particles depend
neither on spatial coordinates nor on the direction of momenta. We then have
fi = fi(ε, t), namely we consider isotropic distributions functions in momen-
tum space for a spatially uniform plasma.

To make sure that classical kinetic description is adequate we estimate the
dimensionless degeneracy temperature

θF =

[(
h̄

mc

)2 (
3π2n−

) 2
3 + 1

]1/2

− 1, (B.3.1)

and compare it with the estimated temperature in thermal equilibrium. With
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our initial conditions (B.2.1) the degeneracy temperature is always smaller
than the temperature in thermal equilibrium and therefore we can safely ap-
ply the classical kinetic approach. Besides, since we deal with ideal plasma
with the plasma parameter g ∼ 10−3 it is enough to consider only one-particle
distribution functions. These considerations justify our computational ap-
proach based on classical relativistic Boltzmann equation. At the same time
the right hand side of Boltzmann equations contains collisional integrals as
functions of quantum matrix elements, as discussed below and in Appen-
dices C-E.

Relativistic Boltzmann equations Belyaev and Budker (1956),Mihalas and
Mihalas (1984) in spherically symmetric case for which the original code is
designed Aksenov et al. (2004) are

1
c

∂ fi

∂t
+ βi

(
µ

∂ fi

∂r
+

1− µ2

r
∂ fi

∂µ

)
−∇U

∂ fi

∂p
= (B.3.2)

= ∑
q

(
η

q
i − χ

q
i fi
)

,

where µ = cos ϑ, ϑ is the angle between the radius vector r from the origin
and the particle momentum p, U is a potential due to an external force, βi =
vi/c are particles velocities, fi(ε, t) are their distribution functions, the index
i denotes the type of particle, ε is its energy, and η

q
i and χ

q
i are the emission

and the absorption coefficients for the production of a particle of type “i” via
the physical process labeled by q. This is a coupled system of partial-integro-
differential equations. For homogeneous and isotropic distribution functions
of electrons, positrons and photons (B.3.2) reduces to

1
c

∂ fi

∂t
= ∑

q

(
η

q
i − χ

q
i fi
)

, (B.3.3)

which is a coupled system of integro-differential equations. In (B.3.3) we also
explicitly neglected the Vlasov term, describing collisionless interaction of
particles in the mean field, since energy density of fluctuations of the electro-
magnetic field are many orders of magnitude smaller than the energy density
of particles Lemoine (1995).

Therefore, the left-hand side of the Boltzmann equation is reduced to par-
tial derivative of the distribution function with respect to time. The right-
hand side contains collisional integrals, representing interactions between
electrons, positrons and photons.

As example of collisional integral consider absorption coefficient for Comp-
ton scattering which is given by

χ
cs

fγ =
∫

dk′dpdp′Wk′,p′;k,p fγ(k, t) f±(p, t), (B.3.4)
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where p and k are momenta of electron (positron) and photon respectively,
dp = dε±doε2

±β±/c3, dk′ = dε′γε′2γ do′γ/c3 and the transition function Wk′,p′;k,p
is related to the transition probability differential dwk′,p′;k,p per unit time as

Wk′,p′;k,pdk′dp′ ≡ Vdwk′,p′;k,p. (B.3.5)

The differential probability dwk′,p′;k,p = wk′,p′;k,pdk′dp′ is given by (B.7.3).
Given the momentum conservation one can perform one integration over

dp′ in (B.3.4) as ∫
dp′δ(k + p− k′ − p′)→ 1, (B.3.6)

but it is necessary to take into account the momentum conservation in the
next integration over dk′, so we have∫

dε′γδ(εγ + ε± − ε′γ − ε′±) = (B.3.7)

=
∫

d(ε′γ + ε′±)
1

|∂(ε′γ + ε′±)/∂ε′γ|
δ(εγ + ε± − ε′γ − ε′±)→

→ 1
|∂(ε′γ + ε′±)/∂ε′γ|

≡ Jcs,

where the Jacobian of the transformation is

Jcs =
1

1− β′±b′γ·b′±
, (B.3.8)

and bi = pi/p, b′i = p′i/p′, b′± = (β±ε±b± + εγbγ − ε′γb′γ)/(β′±ε′±).
Finally, for the absorption coefficient we have

χcs fγ = −
∫

do′γdp
ε′γ|M f i|2h̄2c2

16ε±εγε′±
Jcs fγ(k, t) f±(p, t), (B.3.9)

where the matrix element here is dimensionless. This integral is evaluated
numerically.

For all binary interactions we use exact QED matrix elements which can be
found in the standard textbooks, e.g. in Berestetskii et al. (1982),Greiner and
Reinhardt (2003),Akhiezer and Berestetskii (1981), and are given in B.7.

In order to account for charge screening in Coulomb scattering we intro-
duced the minimal scattering angles following Haug (1988), see Section B.10.
This allows to apply the same scheme for the computation of emission and
absorption coefficients even for Coulomb scattering, while many treatments
in the literature use the Fokker-Planck approximation, e.g. Pilla and Shaham
(1997).

For such a dense plasma collisional integrals in (B.3.3) should include not
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only binary interactions, having order α2 in Feynmann diagrams, but also
triple ones, having order α3 Berestetskii et al. (1982). As example for triple
interactions consider relativistic bremsstrahlung

e1 + e2 ↔ e′1 + e′2 + γ′. (B.3.10)

For the time derivative, for instance, of the distribution function f2 in the
direct and in the inverse reactions (B.3.10) one has

ḟ2 =
∫

dp1dp′1dp′2dk′
[
Wp′1,p′2,k′;p1,p2

f ′1 f ′2 f ′k −

−Wp1,p2;p′1,p′2,k′ f1 f2

]
=
∫

dp1dp′1dp′2dk′
c6h̄3

(2π)2× (B.3.11)

×
δ(4)(Pf − Pi)|M f i|2

25ε1ε2ε′1ε′2ε′γ

[
f ′1 f ′2 f ′k −

1
(2πh̄)3 f1 f2

]
,

where

dp1dp2Wp′1,p′2,k′;p1,p2
≡ V2dw1,

dp′1dp′2dk′Wp1,p2;p′1,p′2,k′ ≡ Vdw2,

and dw1 and dw2 are given by (B.12.3) for the inverse and direct process
(B.3.10) respectively. The matrix element here has dimensions of the length
squared, see Section B.12.

In the case of the distribution functions (B.3.16), see below, we have mul-
tipliers proportional to exp ν

kBT in front of the integrals. The calculation of
emission and absorption coefficients is then reduced to the well known ther-
mal equilibrium case Svensson (1984). In fact, since reaction rates of triple
interactions are α times smaller than binary reaction rates, we expect that bi-
nary reactions come to detailed balance first. Only when binary reactions are
all balanced, triple interactions become important. In addition, when binary
reactions come into balance, distribution functions already acquire the form
(B.3.16). Although there is no principle difficulty in computations using ex-
act matrix elements for triple reactions as well, our simplified scheme allows
for much faster numerical computation. The corresponding reaction rates for
triple interactions are given is Section B.9.

We consider all possible binary and triple interactions between electrons,
positrons and photons as summarized in table B.1.

Each of the above mentioned reactions is characterized by the correspond-
ing timescale and optical depth. For Compton scattering of an electron, for
instance, we have

tcs =
1

σTn±c
, τcs = σTn±R, (B.3.12)
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B. Thermalization of the mildly relativistic plasma

Binary interactions Radiative and
pair producing variants

Møller and Bhabha Bremsstrahlung
e±1 e±2 −→ e±1

′e±2
′ e±1 e±2 ↔e±′1 e±′2 γ

e±e∓ −→ e±′e∓′ e±e∓↔e±′e∓′γ
Single Compton Double Compton

e±γ−→e±γ′ e±γ↔e±′γ′γ′′

Pair production Radiative pair production
and annihilation and 3-photon annihilation

γγ′↔e±e∓ γγ′↔e±e∓γ′′

e±e∓↔γγ′γ′′

e±γ↔e±′e∓e±′′

Table B.1.: Microphysical processes in the pair plasma.

where σT = 8π
3 α2( h̄

mc )
2 is the Thomson cross-section. There are two timescales

in our problem that characterize the condition of detailed balance between
direct and inverse reactions, tcs for binary and α−1tcs for triple interactions
respectively.

Notice, that electron-positron pair can annihilate into neutrino channel with
the main contribution from the reaction e±e∓ −→νν̄. By this process the en-
ergy could leak out from the plasma if it is transparent for neutrinos. The
optical depth and energy loss for this process has been estimated following
Beaudet et al. (1967) by using Fermi theory, see also Dicus (1972),Misiaszek
et al. (2006) for calculations within electro-weak theory.

The optical depth is given by (B.3.12) with the cross-section

σνν̄ ∼
g2

π

(
h̄

mc

)2

, (B.3.13)

where g ' 10−12 is the weak interaction coupling constant and we assumed
typical energies of electron and positron to be ∼ mc2 and their relative veloc-
ities v ∼ c. Numerically σνν̄/σT = 3

8π2 (g/α)2 ' 7× 10−22. For GRBs sources
the plasma may be both transparent and opaque to neutrino production. The
energy loss when pairs are relativistic and nondegenerate is

dρ

dt
=

128g2

π5 η(5)η(4)θ9mc2
(mc

h̄

)3
(

mc2

h̄

)
. (B.3.14)

The ratio between the energy lost due to neutrinos and the energy of pho-
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B.3. Pure pair plasma

tons in thermal equilibrium is then

1
ργ

dρ

dt
∆t =

64g2

3π3 η(5)η(4)θ5
(

mc2

h̄

)
∆t ' (B.3.15)

' 1.2× 10−3θ5 ∆t
1 sec

.

For instance, for GRBs sources with the dynamical time ∆t ∼ 10−3 sec, the
energy loss due to neutrinos becomes relevant Koers and Wijers (2005) for
high temperatures θ > 15. However, on the timescale of relaxation to thermal
equilibrium ∆t ∼ 10−12 sec the energy loss is negligible.

We choose arbitrary initial distribution functions and find a common devel-
opment. At a certain time tk the distribution functions always have evolved
in a functional form on the entire energy range, and depend only on two
parameters. We find in fact for the distribution functions the expressions

fi(ε) =
2

(2πh̄)3 exp
(
− ε− νi

θi

)
, (B.3.16)

with chemical potential νi ≡ ϕi
mc2 and temperature θi ≡ kBTi

mec2 , where ε ≡ ε
mec2

is the energy of the particle. Such a configuration corresponds to a kinetic
equilibrium Kolb and Turner (1990),Pilla and Shaham (1997),Ehlers (1973) in
which particles acquire a common temperature and nonzero chemical poten-
tials. At the same time we found that triple interactions become essential for
t > tk, after the establishment of kinetic equilibrium. In strict mathematical
sense the sufficient condition for reaching thermal equilibrium is when all di-
rect reactions are exactly balanced with their inverse. Therefore, in principle,
not only triple, but also four-particle, five-particle and so on reaction have
to be accounted for in equation (B.3.3). The timescale for reaching thermal
equilibrium will be then determined by the slowest reaction which is not bal-
anced with its inverse. We stress, however, that the necessary condition is the
detailed balance at least in triple interactions, since binary reactions do not
change chemical potentials.

Notice that similar method to ours was applied in Pilla and Shaham (1997)
in order to compute spectra of particles in kinetic equilibrium. However,
although the approach was similar, the computation was never carried out in
order to actually observe the reaching of thermal equilibrium.

Finally, it is worth mentioning the physical meaning of the chemical po-
tential νk in kinetic equilibrium entering the formula (B.3.16). In the case of
pure pair plasma a non-zero chemical potential represents deviation from the
thermal equilibrium through the relation

νk = θ ln(nk/nth), (B.3.17)
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B. Thermalization of the mildly relativistic plasma

where nth are concentrations of particles in thermal equilibrium.

B.4. Proton loading

So far we dealt with leptons, having the same mass but opposite charges. In
that case the condition of electric neutrality is identically fulfilled. We de-
scribed electrons and positrons with the same distribution function. Situa-
tion becomes more complicated when admixture of protons is allowed. Since
charge neutrality

n− = n+ + np. (B.4.1)

is required, the number of electrons is not equal to the number of protons. In
such a case a new dimensionless parameter, the baryonic loading B, can be
introduced as

B =
NMc2

E
=

npMc2

ρr
, (B.4.2)

where N and np are the number and the concentration of protons, E and
ρr = ργ + ρ+ + ρ− are radiative energy and energy density respectively. Since
in relativistic plasma electrons and positrons move with almost the speed of
light, both photons and pairs in thermal equilibrium behave as relativistic
fluid with equation of state pr ' ρr/3. At the same time, protons are rela-
tively cold particles, with negligible pressure and dust-like equation of state
p ' 0. In this way by introducing parameter B we distinguish a radiation-
dominated (B < 1) from a matter-dominated (B > 1) plasma. For electrically
neutral plasmas there exists an upper limit on the parameter B defined by
(B.4.2), which is B ≤M/m.

In the range of energies (B.2.1) the radiative energy density can be approx-
imated as ρr ∼ n−mc2, and then we have for concentrations np ∼ n−B m

M . If
protons and electrons are at the same temperature then from the equality of

the kinetic energy of a proton εk,p =
Mv2

p
2 and the one of an electron εk,− ∼ mc2

we have vp
c ∼

√
m
M , therefore protons are indeed nonrelativistic.

In presence of protons additional binary reactions consist of Coulomb col-
lisions between electrons (positrons) and protons, scattering of protons on
protons and Compton scattering of protons. Additional triple reactions are
radiative variants of these reactions, see Table B.2.

Protons can be thermalized in two ways: either in a two-step process first
between themselves and then by electron/positron-proton collisions, or just
by the latter mechanism. The rate of proton-proton collisions is a factor√

m
M

np
n− ∼ B

( m
M
)3/2 smaller than the rate of electron-electron collisions, see

(B.8.15). The rate of proton-electron/positron collisions is a factor ε
Mc2 ∼ m

M
smaller than the one of electron-electron collisions, see (B.8.11). Therefore,
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Binary interactions Radiative and
pair producing variants

Coulomb scattering Bremsstrahlung
p1p2 −→ p′1p′2 p1p2 ↔ p′1p′2γ

pe± −→ p′e±′ pe± ↔ p′e±′γ
pe±1 ↔ p′e±′1 e±e∓

Single Compton Double Compton
pγ−→p′γ′ pγ↔p′γ′γ′′

pγ↔p′e±e∓

Table B.2.: Microphysical processes in the pair plasma involving protons.

for B >
√

m
M proton-proton collisions are faster, while for B <

√
m
M proton-

electron/positron ones predominate.

B.5. Conservation laws

Conservation laws consist of baryon number, charge and energy conserva-
tions. In addition, in binary reactions particle number is conserved.

Energy conservation law can be rewritten for the spectral density

d
dt ∑

i
ρi = 0, or

d
dt ∑

i,ω
Yi,ω = 0, (B.5.1)

where

Yi,ω =
∫ εi,ω+∆εi,ω/2

εi,ω−∆εi,ω/2
Eidε. (B.5.2)

Particle’s conservation law in binary reactions gives

d
dt ∑

i
ni = 0, or

d
dt ∑

i,ω

Yi,ω

εi,ω
= 0. (B.5.3)

Since baryonic number is conserved, therefore the number density of protons
is a constant

dnp

dt
= 0. (B.5.4a)

For electrically neutral plasma considered in this paper charge conservation
implies (B.4.1).

189



B. Thermalization of the mildly relativistic plasma

B.6. Determination of temperature and chemical
potentials in kinetic equilibrium

Consider distribution functions for photons and pairs in the most general
form (B.3.16). If one supposes that reaction rate for the Bhabha scattering
vanishes, i.e. there is equilibrium with respect to reaction

e+ + e− ↔ +e+′ + e−′, (B.6.5)

then the corresponding condition can be written in the following way

f+(1− f+′) f−(1− f−′) = f+′(1− f+) f−′(1 + f−), (B.6.6)

where Bose-Einstein enhancement along with Pauli blocking factors are taken
into account for generality, it can be shown that electrons and positrons have
the same temperature

θ+ = θ− ≡ θ±, (B.6.7)

and they have arbitrary chemical potentials.
With (B.6.7) analogous consideration for the Compton scattering

e± + γ↔ +e±′ + γ′, (B.6.8)

gives
f±(1− f±′) fγ(1 + fγ

′) = f±′(1− f±) fγ
′(1 + fγ), (B.6.9)

and leads to equality of temperatures of pairs and photons

θ± = θγ ≡ θk, (B.6.10)

with arbitrary chemical potentials. If, in addition, reaction rate in the pair-
creation and annihilation process

e± + e∓ ↔ γ + γ′ (B.6.11)

vanishes too, i.e. there is equilibrium with respect to pair production and
annihilation, with the corresponding condition,

f+ f−(1 + fγ)(1 + fγ
′) = fγ fγ

′(1− f+)(1− f−), (B.6.12)

it turns out that also chemical potentials of pairs and photons satisfy the fol-
lowing condition

ν+ + ν− = 2νγ. (B.6.13)

However, since, generally speaking, νγ 6= 0 the condition (B.6.13) does not
imply ν+ = ν−. These considerations were for the first time applied by Ehlers
in Ehlers (1973) and we will call (B.6.6),(B.6.9) and (B.6.12) the Ehlers balance
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B.6. Determination of temperature and chemical potentials in kinetic
equilibrium

Interaction Parameters of DFs
I e+e− scattering θ+ = θ−, ∀ν+,ν−
II e±p scattering θp = θ±, ∀ν±,νp
III e±γ scattering θγ = θ±, ∀νγ,ν±
IV pair production ν+ + ν− = 2νγ, if θγ = θ±
V Tripe interactions νγ, ν± = 0, if θγ = θ±

Table B.3.: Relations between parameters of equilibrium DFs fulfilling de-
tailed balance conditions for the reactions shown in Tab. B.1.

conditions.

Analogous consideration for the detailed balance conditions in different re-
actions lead to relations between temperatures and chemical potentials sum-
marized in table B.3.

The timescales of pair production and annihilation processes as well as
Compton scattering are nearly equal in the range of energies of interest and
are given by (B.3.12). Therefore, kinetic equilibrium is first established simul-
taneously for electrons, positrons and photons. They reach the same temper-
ature, but with chemical potentials different from zero. Later on, the temper-
atures of this electron-positron-photon plasma and the one of protons reach
a common value.

In order to find temperatures and chemical potentials we have to imple-
ment the following constraints: energy conservation (B.5.1), particle number
conservation (B.5.3), charge conservation (B.4.1), condition for the chemical
potentials (B.6.13).

Given (B.3.16) we have for photons

ργ

nγmc2 = 3θγ, nγ =
1

V0
exp

(
νγ

θγ

)
2θ3

γ, (B.6.14)

for pairs
ρ±

n±mc2 = j2(θ±), n± =
1

V0
exp

(
ν±
θ±

)
j1(θ±), (B.6.15)

and for protons

ρp

Mnpc2 = 1 +
3
2

m
M

θp, (B.6.16)

np =
1

V0

√
π

2

(
M
m

)3/2

exp

(
νp − M

m
θp

)
θ

3
2
p , (B.6.17)

where we assumed that protons are nonrelativistic, and we denoted the Comp-
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B. Thermalization of the mildly relativistic plasma

ton volume

V0 =
1

8π

(
2πh̄
mc

)3

, (B.6.18)

and functions j1 and j2 are defined as

j1(θ) = θK2(θ−1)→
{ √

π
2 e−

1
θ θ3/2, θ → 0

2θ3, θ → ∞
, (B.6.19)

j2(θ) =
3K3(θ−1) + K1(θ−1)

4K2(θ−1)
→
{

1 + 3θ
2 , θ → 0

3θ, θ → ∞
. (B.6.20)

For pure electron-positron-photon plasma in kinetic equilibrium, summing
up energy densities in (B.6.14),(B.6.15) and using (B.6.7),(B.6.10) and (B.6.13)
we obtain

∑
e+,e−,γ

ρi =
2mc2

V0
exp

(
νk

θk

) [
3θ4 + j1(θk)j2(θk)

]
, (B.6.21)

and analogously for number densities we get

∑
e+,e−,γ

ni =
2

V0
exp

(
νk

θk

) [
θ3

k + j1(θk)
]

. (B.6.22)

From (B.6.21) and (B.6.22) two unknowns, νk and θk can be found.
When protons are present, in most cases the electron-positron-photon plasma

reaches kinetic equilibrium first, while protons join the plasma later. In that
case, the temperature of protons θp is different from the rest of particles, so
while θ+ = θ− = θγ = θk, θp 6= θk.

Then summing up energy densities in (B.6.14),(B.6.15) we obtain

∑
e+,e−,γ

ρi =
mc2

V0

{[
1−

npV0

j1(θk)
exp

(
−ν+

θk

)] 1
2

× (B.6.23)

×6θ4
k exp

(
ν+

θk

)
+
[

2j1(θk) exp
(

ν+

θk

)
− npV0

]
j2(θk)

}
,

and analogously for number densities we get

∑
e+,e−,γ

ni =
1

V0

{[
1−

npV0

j1(θk)
exp

(
−ν+

θk

)] 1
2

× (B.6.24)

×6θ4
k exp

(
ν+

θk

)
+ 2j1(θk) exp

(
ν+

θk

)}
.

From (B.6.23) and (B.6.24) two unknowns, ν+ and θk can be found. Then
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B.7. Binary interactions

the rest of the chemical potentials are obtained from

exp
(

ν−
θk

)
= exp

(
ν+

θk

)
+

npV0

j1(θk)
, (B.6.25)

exp
(

νγ

θk

)
= exp

(
ν+

θk

) [
1 +

npV0

j1(θk)
exp

(
−ν+

θk

)] 1
2

, (B.6.26)

The temperature and chemical potential of protons can be found separately
from (B.6.16),(B.6.17).

In thermal equilibrium νγ vanishes and one has

ν− = θk arcsinh
[

npV0

2j1(θk)

]
, ν+ = −ν−, (B.6.27)

which both reduce to ν− = ν+ = 0 for np = 0. At the same time, for np > 0
one always has ν− > 0 and ν+ < 0 in thermal equilibrium. The chemical
potential of protons in thermal equilibrium is determined from (B.6.17) for
θk = θth, where θth is the temperature in thermal equilibrium.

B.7. Binary interactions

B.7.1. Compton scattering γe± → γ′e±′

The time evolution of the distribution functions of photons and pair parti-
cles due to Compton scattering may be described by Landau and Lifshitz
(1981),Ochelkov et al. (1979)(

∂ fγ(k, t)
∂t

)
γe±→γ′e±′

=
∫

dk′dpdp′Vwk′,p′;k,p× (B.7.1)

× [ fγ(k′, t) f±(p′, t)− fγ(k, t) f±(p, t)],

(
∂ f±(p, t)

∂t

)
γe±→γ′e±′

=
∫

dkdk′dp′Vwk′,p′;k,p× (B.7.2)

× [ fγ(k′, t) f±(p′, t)− fγ(k, t) f±(p, t)],

where

wk′,p′;k,p =
h̄2c6

(2π)2V
δ(εγ − ε± − ε′γ − ε′±)δ(k + p− k′ − p′)

|M f i|2

16εγε±ε′γε′±
,

(B.7.3)
is the probability of the process,
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|M f i|2 = 26π2α2

[
m2c2

s−m2c2 +
m2c2

u−m2c2 +
(

m2c2

s−m2c2 +
m2c2

u−m2c2

)2

−1
4

(
s−m2c2

u−m2c2 +
u−m2c2

s−m2c2

)]
, (B.7.4)

is the square of the matrix element, s = (p + k)2 and u = (p− k′)2 are in-
variants, k = (εγ/c)(1, eγ) and p = (ε±/c)(1, β±e±) are energy-momentum
four vectors of photons and electrons, respectively, dp = dε±doε2

±β±/c3,
dk′ = dε′γε′2γ do′γ/c3 and do = dµdφ.

The energies of photon and positron (electron) after the scattering are

ε′γ =
ε±εγ(1− β±b±·bγ)

ε±(1− β±b±·b′γ) + εγ(1− bγ·b′γ)
, ε′± = ε± + εγ − ε′γ , (B.7.5)

bi = pi/p, b′i = p′i/p′, b′± = (β±ε±b± + εγbγ − ε′γb′γ)/(β′±ε′±).

For photons, the absorption coefficient (B.3.9) in the Boltzmann equations
(B.3.3) is

χ
γe±→γ′e±′
γ fγ = −1

c

(
∂ fγ

∂t

)abs

γe±→γ′e±′
=
∫

dn±do′γ Jcs
ε′γ|M f i|2h̄2c2

16ε±εγε′±
fγ, (B.7.6)

where dni = dεidoiε
2
i βi fi/c3 = dεidoiEi/(2πεi).

From equations (B.7.1) and (B.7.6), we can write the absorption coefficient
for photon energy density Eγ averaged over the ε, µ-grid with zone numbers
ω and k as

(χE)γe±→γ′e±′
γ,ω ≡ 1

∆εγ,ω

∫
εγ∈∆εγ,ω

dεγdµγ(χE)γe±→γ′e±′
γ =

=
1

∆εγ,ω

∫
εγ∈∆εγ,ω

dnγdn±do′γ Jcs
ε′γ|M f i|2h̄2c2

16ε±ε′±
, (B.7.7)

where the Jacobian of the transformation is

Jcs =
ε′γε′±

εγε± (1− β±bγ·b±)
. (B.7.8)

Similar integrations can be performed for the other terms of equations (B.7.1),
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(B.7.2), and we obtain

η
γe±→γ′e±′
γ,ω =

1
∆εγ,ω

∫
ε′γ∈∆εγ,ω

dnγdn±do′γ Jcs
ε′2γ |M f i|2h̄2c2

16ε±εγε′±
, (B.7.9)

η
γe±→γ′e±′
±,ω =

1
∆ε±,ω

∫
ε′±∈∆ε±,ω

dnγdn±do′γ Jcs
ε′γ|M f i|2h̄2c2

16ε±εγ
, (B.7.10)

(χE)γe±→γ′e±′
±,ω =

1
∆ε±,ω

∫
ε±∈∆ε±,ω

dnγdn±do′γ Jcs
ε′γ|M f i|2h̄2c2

16εγε′±
. (B.7.11)

In order to perform integrals (B.7.7)-(B.7.11) numerically over φ (0 ≤ φ ≤
2π) we introduce a uniform grid φl∓1/2 with 1 ≤ l ≤ lmax and ∆φl =
(φl+1/2 − φl−1/2)/2 = 2π/lmax. We assume that any function of φ in equa-
tions (B.7.7)-(B.7.9) in the interval ∆φj is equal to its value at φ = φj =
(φl−1/2 + φl+1/2)/2. It is necessary to integrate over φ only once at the be-
ginning of calculations. The number of intervals of the φ-grid depends on
the average energy of particles and is typically taken as lmax = 2kmax = 64.

B.7.2. Pair creation and annihilation γ1γ2 � e−e+

The rates of change of the distribution function due to pair creation and an-
nihilation are

(
∂ fγj(ki, t)

∂t

)
γ1γ2→e−e+

= −
∫

dkjdp−dp+Vwp−,p+;k1,k2 fγ1(k1, t) fγ2(k2, t) ,

(B.7.12)(
∂ fγi(ki, t)

∂t

)
e−e+→γ1γ2

=
∫

dkjdp−dp+Vwk1,k2;p−,p+ f−(p−, t) f+(p+, t) ,

(B.7.13)
for i = 1, j = 2, and for j = 1, i = 2.

(
∂ f±(p±, t)

∂t

)
γ1γ2→e−e+

=
∫

dp∓dk1dk2Vwp−,p+;k1,k2 fγ(k1, t) fγ(k2, t) ,

(B.7.14)(
∂ f±(p±, t)

∂t

)
e−e+→γ1γ2

= −
∫

dp∓dk1dk2Vwk1,k2;p−,p+ f−(p−, t) f+(p+, t) ,

(B.7.15)
where

wp−,p+;k1,k2 =
h̄2c6

(2π)2V
δ(ε−+ ε+− ε1− ε2)δ(p−+ p+−k1−k2)

|M f i|2

16ε−ε+ε1ε2
.

(B.7.16)

195



B. Thermalization of the mildly relativistic plasma

Here, the matrix element |M f i|2 is given by equation (B.7.4) with the new
invariants s = (p− − k1)2 and u = (p− − k2)2, see Berestetskii et al. (1982).

The energies of photons created via annihilation of a e± pair are

ε1(b1) =
m2c4 + ε−ε+(1− β−β+b−·b+)

ε−(1− β−b−·b1) + ε+(1− β+b+·b1)
, ε2(b1) = ε− + ε+ − ε1 ,

(B.7.17)
while the energies of pair particles created by two photons are found from

ε−(b−) =
B∓
√

B2 − AC
A

, ε+(b−) = ε1 + ε2 − ε− , (B.7.18)

where A = (ε1 + ε2)2 − [(ε1b1 + ε2b2)·b−]2, B = (ε1 + ε2)ε1ε2(1− b1·b2),
C = m2

e c4[(ε1b1 + ε2b2)·b−]2 + ε2
1ε2

2(1− b1·b2)2. Only one root in equation
(B.7.18) has to be chosen. From energy-momentum conservation

k1 + k2 − p− = p+, (B.7.19)

taking square from the energy part we have

ε2
1 + ε2

2 + ε2
− + 2ε1ε2 − 2ε1ε− − 2ε2ε− = ε2

+, (B.7.20)

and taking square from the momentum part we get

ε2
1 + ε2

2 + ε2
−β2
− + 2ε1ε2b1·b2 − 2ε1ε−β−b1·b− − 2ε2ε−β−b2·b− = (ε+β+)2.

(B.7.21)
There are no additional roots because of the arbitrary e+

ε1ε2(1− b1·b2)− ε1ε−(1− β−b1·b−)− ε2ε−(1− βb2·b−) = 0, (B.7.22)
ε−β−(ε1b1 + ε2b2)·b− = ε−(ε1 + ε2)− ε1ε2(1− b1·b2).

Eliminating β we obtain

ε2
1ε2

2(1− b1·b2)2 − 2ε1ε2(1− b1·b2)(ε1 + ε2)ε−+

+
{
(ε1 + ε2)2 − [(ε1b1 + ε2b2)·b−]2

}
ε2
− =

= [(ε1b1 + ε2b2)·b−] (−m2), (B.7.23)

Therefore, the condition to be checked reads

ε−β− [(ε1b1 + ε2b2)·b−]2 = [ε−(ε1 + ε2)− (ε1ε2)(1− b1·b2)]×
× [(ε1b1 + ε2b2)·b−] ≥ 0. (B.7.24)
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Finally, integration of equations (B.7.12)-(B.7.15) yields

η
e−e+→γ1γ2
γ,ω =

1
∆εγ,ω

∫
ε1∈∆εγ,ω

d2n± Jca
ε2

1|M f i|2h̄2c2

16ε−ε+ε2
+ (B.7.25)

+
1

∆εγ,ω

∫
ε2∈∆εγ,ω

d2n± Jca
ε1|M f i|2h̄2c2

16ε−ε+
,

(χE)e−e+→γ1γ2
e,ω =

1
∆εe,ω

∫
ε−∈∆εe,ω

d2n± Jca
ε1|M f i|2h̄2c2

16ε+ε2
+ (B.7.26)

+
1

∆εe,ω

∫
ε+∈∆εe,ω

d2n± Jca
ε1|M f i|2h̄2c2

16ε−ε2
,

(χE)γ1γ2→e−e+

γ,ω =
1

∆εγ,ω

∫
ε1∈∆εγ,ω

d2nγ Jca
ε−β−|M f i|2h̄2c2

16ε2ε+
+ (B.7.27)

+
1

∆εγ,ω

∫
ε2∈∆εγ,ω

d2nγ Jca
ε−β−|M f i|2h̄2c2

16ε1ε+
,

η
γ1γ2→e−e+

e,ω =
1

∆εe,ω

∫
ε−∈∆εe,ω

d2nγ Jca
ε2
−β−|M f i|2h̄2c2

16ε1ε2ε+
+ (B.7.28)

+
1

∆εe,ω

∫
ε+∈∆εe,ω

d2nγ Jca
ε−β−|M f i|2h̄2c2

16ε1ε2
,

where d2n± = dn−dn+do1, d2nγ = dnγ1dnγ2do−, dn± = dε±do±ε2
±β± f±,

dnγ1,2 = dε1,2do1,2ε2
1,2 fγ1,2 and the Jacobian is

Jca =
ε+β−

(ε+ + ε−) β− − (ε1b1 + ε2b2) ·b−
. (B.7.29)

B.7.3. Møller scattering of electrons and positrons
e±1 e±2 → e±′1 e±′2

The time evolution of the distribution functions of electrons (or positrons) is
described by(

∂ fi(pi, t)
∂t

)
e1e2→e′1e′2

=
∫

dpjdp′1dp′2Vwp′1,p′2;p1,p2
× (B.7.30)

× [ f1(p′1, t) f2(p′2, t)− f1(p1, t) f2(p2, t)] ,
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with i = 1, j = 2, and with j = 1, i = 2, and where

wp′1,p′2;p1,p2
=

h̄2c6

(2π)2V
δ(ε1 + ε2 − ε′1 − ε′2)δ(p1 + p2 − p′1 − p′2)

|M f i|2

16ε1ε2ε′1ε′2
,

(B.7.31)

|M f i|2 = 26π2α2
{

1
t2

[
s2 + u2

2
+ 4m2c2(t−m2c2)

]
+ (B.7.32)

+
1
u2

[
s2 + t2

2
+ 4m2c2(u−m2c2)

]
+

4
tu

( s
2
−m2c2

) ( s
2
− 3m2c2

)}
,

(B.7.33)

with s = (p1 + p2)2 = 2(m2c2 + p1p2), t = (p1 − p′1)
2 = 2(m2c2 − p1p

′
1), and

u = (p1 − p′2)
2 = 2(m2c2 − p1p

′
2) Berestetskii et al. (1982).

The energies of final-state particles are given by (B.7.18) with new coef-
ficients Ã = (ε1 + ε2)2 − (ε1β1b1·b′1 + ε2β2b2·b′1)2, B̃ = (ε1 + ε2)[m2c4 +
ε1ε2(1− β1β2b1b2)], and C̃ = m2c4(ε1β1b1·b′1 + ε2β2b2·b′1)2 +[m2c4 + ε1ε2(1−
β1β2b1·b2)]2. The condition to be checked is[

ε′1(ε1 + ε2)−m2c4 − (ε1ε2)(1− β1β2b1·b2)
] [

(ε1β1b1 + ε2β2b2)·b′1
]
≥ 0.

(B.7.34)

Integration of equations (B.7.30), similar to the case of Compton scattering
in Section B.7.1 yields

η
e1e2→e′1e′2
e,ω =

1
∆εe,ω

∫
ε′1∈∆εe,ω

d2nJms
ε′21 β′1|M f i|2h̄2c2

16ε1ε2ε′2
+

+
1

∆εe,ω

∫
ε′2∈∆εe,ω

d2nJms
ε′1β′1|M f i|2h̄2c2

16ε1ε2
, (B.7.35)

(χE)e1e2→e′1e′2
e,ω =

1
∆εe,ω

∫
ε1∈∆εe,ω

d2nJms
ε′1β′1|M f i|2h̄2c2

16ε2ε′2
+

+
1

∆εe,ω

∫
ε2∈∆εe,ω

d2nJms
ε′1β′1|M f i|2h̄2c2

16ε1ε′2
, (B.7.36)

where d2n = dn1dn2do′1, dn1,2 = dε1,2do1,2ε2
1,2β1,2 f1,2 , and the Jacobian is

Jms =
ε′2β′2

(ε′1 + ε′2)β′1 − (ε1β1b1 + ε2β2b2)·b′1
. (B.7.37)
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B.7. Binary interactions

B.7.4. Bhaba scattering of electrons on positrons
e−e+ → e−′e+′

The time evolution of the distribution functions of electrons and positrons
due to Bhaba scattering is described by

(
∂ f±(p±, t)

∂t

)
e−e+→e−′e+′

=
∫

dp∓dp′−dp′+Vwp′−,p′+;p−,p+× (B.7.38)

× [ f−(p′−, t) f+(p′+, t)− f−(p−, t) f+(p+, t)],

where

wp′−,p′+;p−,p+ =
h̄2c6

(2π)2V
δ(ε−+ ε+− ε′−− ε′+)δ(p−+ p+−p′−−p′+)

|M f i|2

16ε−ε+ε′−ε′+
,

(B.7.39)
and |M f i| is given by the equation (B.7.33), but the invariants are s = (p− −
p′+)2, t = (p+ − p′+)2 and u = (p− + p+)2. The final energies ε′−, ε′+ are
functions of the outgoing particle directions in a way similar to that in Section
B.7.3, see also Berestetskii et al. (1982).

Integration of equations (B.7.38) yields

ηe−e+→e−′e+′
±,ω =

1
∆ε±,ω

∫
ε′−∈∆εe,ω

d2n′± Jbs
ε′2−β′−|M f i|2h̄2c2

16ε−ε+ε′+
+

+
1

∆ε±,ω

∫
ε′+∈∆εe,ω

d2n′± Jbs
ε′−β′−|M f i|2h̄2c2

16ε−ε+
, (B.7.40)

(χE)e−e+→e−′e+′
±,ω =

1
∆ε±,ω

∫
ε−∈∆εe,ω

d2n′± Jbs
ε′−β′−|M f i|2h̄2c2

16ε+ε′+
+

+
1

∆ε±,ω

∫
ε+∈∆εe,ω

d2n′± Jbs
ε′−β′−|M f i|2h̄2c2

16ε−ε′+
, (B.7.41)

where d2n′± = dn−dn+do′−, dn± = dε±do±ε2
±β± f±, and the Jacobian is

Jbs =
ε′+β′+

(ε′− + ε′+)β′− − (ε−β−b− + ε+β+b+)·b′−
. (B.7.42)

Analogously to the case of pair creation and annihilation in Section (B.7.2)
the energies of final state particles are given by (B.7.18) with the coefficients
Ă = (ε−+ ε+)2− (ε−β−b−·b′−+ ε+β+b+·b′−)2, B̆ = (ε−+ ε+)

[
m2 + ε−ε+(1− β−β+b−·b+)

]
,

C̆ =
[
m2 + ε−ε+(1− β−β+b−·b+)

]2 + m2 [ε−β−b−·b′− + ε+β+b+·b′−
]2. In

order to select the correct root one has to check the condition (B.7.34) chang-
ing the subscripts 1→ −, 2→ +.
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B. Thermalization of the mildly relativistic plasma

B.8. Binary reactions with protons

B.8.1. Compton scattering on protons γp→ γ′p′

The rate for this process t−1
γp , compared to the rate of Compton scattering of

electrons t−1
γe is much longer,

t−1
γp =

np

n±

( ε±
Mc2

)2
t−1
γe ε ≥ mc2. (B.8.1)

Moreover, it is longer than any timescale for binary and triple reactions con-
sidered in this paper and thus we exclude this reaction from the computa-
tions.

B.8.2. Electron-proton and positron-proton scattering
e±p→ e′±p′

The time evolution of the distribution functions of electrons due to ep→ e′p′

is described by(
∂ f±(p, t)

∂t

)
ep→e′p′

=
∫

dqdp′dq′Vwp′,q′;p,q×

× [ f±(p′, t) fp(q′, t)− f±(p, t) fp(q, t)], (B.8.2)(
∂ fp(q, t)

∂t

)
ep→e′p′

=
∫

dpdp′dq′Vwp′,q′;p,q

× [ f±(p′, t) fp(q′, t)− f±(p, t) fp(q, t)], (B.8.3)

where

wp′,q′;p,q =
h̄2c6

(2π)2V
δ(εe + εp − ε′e − ε′p)δ(p + q− p′ − q′)

|M f i|2

16εeεpε′eε
′
p

,

(B.8.4)

|M f i|2 = 26π2α2 1
t2

{
1
2
(s2 + u2) + (m2c2 + M2c2)(2t−m2c2 −M2c2)

}
,

(B.8.5)

the invariants are s = (p + q)2 = m2c2 + M2c2 + 2p · q, t = (p − p′)2 =
2(m2c2 − p · p′) = 2(M2c2 − q · q′) and u = (p− q′)2 = m2c2 + M2c2 − 2p · q′,
s + t + u = 2(m2c2 + M2c2). The energies of particles after interaction are
given by (B.7.18) with Ā = (ε± + εp)2 −

[
(ε±β±b± + εpβpbp)·b′±

]2, B̄ =
(ε±+ εp)[m2c4 + ε±εp(1− β±βpb±·bp)], C̄ = m2c4 {(ε±β±b±·b′± + εpβpbp·b′±)2 + [m2c4 + ε±εp(1− β±βpb±·bp)]

}2.
The correct root is selected by the condition (B.7.34) with the substitution
1→ ±, 2→ p.
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Absorption and emission coefficients for this reaction are

(χE)ep
±,ω =

1
∆ε±,ω

∫
ε±∈∆ε±,ω

dn±dnpdo′± Jep
ε′2±β′±ε±|M f i|2h̄2c2

16ε±εpε′±ε′p
, (B.8.6)

(χE)ep
p,ω =

1
∆εp,ω

∫
εp∈∆εp,ω

dn±dnpdo′± Jep
ε′2±β′±εp|M f i|2h̄2c2

16ε±εpε′±ε′p
, (B.8.7)

η
ep
±,ω =

1
∆ε±,ω

∫
ε′±∈∆ε±,ω

dn±dnpdo′± Jep
ε′2±β′±ε′±|M f i|2h̄2c2

16ε±εpε′±ε′p
, (B.8.8)

η
ep
p,ω =

1
∆εp,ω

∫
ε′p∈∆εp,ω

dn±dnpdo′± Jep
ε′2±β′±ε′p|M f i|2h̄2c2

16ε±εpε′±ε′p
, (B.8.9)

where dni = dεidoiε
2
i βi fi, i = ±, p, and the Jacobian is

Jep =
ε′pβ′p

(ε′± + ε′p)β′± − (εpβpbp + ε±β±b±)·b′±
. (B.8.10)

The rate for proton-electron (proton-positron) scattering is

t−1
ep ≈

ε

Mc2 t−1
ee , ε± � εp. (B.8.11)

B.8.3. Proton-proton scattering p1p2 → p′1p′2

This reaction is similar to e1e2 → e′1e′2, described in Section B.7.3. The time
evolution of the distribution functions of electrons is described by(

∂ fi(pi, t)
∂t

)
p1 p2→p′1 p′2

=
∫

dqjdq′1dq′2Vwq′1,q′2;q1,q2
× (B.8.12)

× [ f1(q′1, t) f2(q′2, t)− f1(q1, t) f2(q2, t)],

with j = 3− i, and where

wq′1,q′2;q1,q2
=

h̄2c6

(2π)2V
δ(ε1 + ε2 − ε′1 − ε′2)δ(q1 + q2 − q′1 − q′2)

|M f i|2

16ε1ε2ε′1ε′2
,

(B.8.13)

|M f i|2 = 26π2α2
{

1
t2

[
s2 + u2

2
+ 4M2c2(t−M2c2)

]
+

1
u2

[
s2 + t2

2
+ 4M2c2(u−M2c2)

]
+

4
tu

( s
2
−M2c2

) ( s
2
− 3M2c2

)}
,

(B.8.14)
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and the invariants are s = (q1 + q2)2 = 2(M2c2 + q1 · q2), t = (q1 − q′1)
2 =

2(M2c2 − q1 · q′1), and u = (q1 − q′2)
2 = 2(M2c2 − q1q

′
2).

For the rate we have

t−1
pp ≈

√
m
M

np

n±
t−1
ee , vp ≈

√
m
M

v±, v± ≈ c. (B.8.15)

B.9. Three-body processes

We adopt emission coefficients for triple interactions from Svensson (1984).
Bremsstrahlung

η
e∓e∓→e∓e∓γ
γ = (n2

+ + n2
−)

16
3

αc
ε

(
e2

mc2

)2

ln
[

4ξ(11.2 + 10.4θ2)
θ

ε

] 3
5

√
2θ + 2θ2

exp(1/θ)K2(1/θ)
,

(B.9.1)

η
e−e+→e−e+γ
γ = n+n−

16
3

2αc
ε

(
e2

mc2

)2

ln
[

4ξ(1 + 10.4θ2)
θ

ε

] √
2 + 2θ + 2θ2

exp(1/θ)K2(1/θ)
,

(B.9.2)

η
pe±→p′e±′γ
γ = (n+ + n−)np

16
3

αc
ε

(
e2

mc2

)2

ln
[

4ξ(1 + 3.42θ)
θ

ε

]
1 + 2θ + 2θ2

exp(1/θ)K2(1/θ)
,

(B.9.3)
where ξ = e−0.5772, and K2(1/θ) is the modified Bessel function of the second
kind of order 2.

Double Compton scattering

η
e±γ→e±′γ′γ′′
γ = (n+ + n−)nγ

128
3

αc
ε

(
e2

mc2

)2
θ2

1 + 13.91θ + 11.05θ2 + 19.92θ3 ,

(B.9.4)
Three photon annihilation

η
e±e∓→γγ′γ′′
γ = n+n−αc

(
e2

mc2

)2 1
ε

4
θ

(
2 ln2 2ξθ + π2

6 −
1
2

)
4θ + 1

θ2

(
2 ln2 2ξθ + π2

6 −
1
2

) , (B.9.5)

where we have joined two limiting approximations given by Svensson (1984).
Radiative pair production

η
γγ′→γ′′e±e∓
e = η

e±e∓→γγ′γ′′
γ

n2
γ

n+n−

[
K2(1/θ)

2θ2

]2

. (B.9.6)
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Electron-photon pair production

η
e±1 γ→e±′1 e±e∓
γ =

 (n+ + n−)nγαc
(

e2

mc2

)2
exp

(
−2

θ

)
16.1θ0.541, θ ≤ 2,

(n+ + n−)nγαc
(

e2

mc2

)2 (56
9 ln 2ξθ − 8

27

) 1
1+0.5/θ , θ > 2.

(B.9.7)
Proton-photon pair production

η
pγ→p′e±e∓
γ =

 npnγαc
(

e2

mc2

)2
exp

(
−2

θ

) 1
1+0.9θ , θ ≤ 1.25277,

npnγαc
(

e2

mc2

)2 [28
9 (ln 2ξθ + 1.7)− 92

27

]
, θ > 1.25277.

.

(B.9.8)
We use the absorption coefficient for three-body processes written as

χ
3p
γ = η

3p
γ /Eeq

γ , (B.9.9)

where η
3p
γ is the sum of the emission coefficients of photons in the three par-

ticle processes, Eeq
γ = 2πε3 f eq

γ /c3, where f eq
γ is given by (B.3.16).

From equation (B.13.4), the law of energy conservation in the three-body
processes is ∫

∑
i
(η

3p
i − χ

3p
i Ei)dµdε = 0 . (B.9.10)

For exact conservation of energy in these processes we introduce the follow-
ing coefficients of emission and absorption for electrons:

χ
3p
e =

∫
(η

3p
γ − χ

3p
γ Eγ)dεdµ∫

Eedεdµ
, η

3p
e = 0,

∫
(η

3p
γ − χ

3p
γ Eγ)dεdµ > 0 ,

(B.9.11)
or

η
3p
e

Ee
= −

∫
(η

3p
γ − χ

3p
γ Eγ)dεdµ∫

Eedεdµ
, χ

3p
e = 0,

∫
(η

3p
γ − χ

3p
γ Eγ)dεdµ < 0 .

(B.9.12)

B.10. Cutoff in the Coulomb scattering

Denote quantities in the center of mass (CM) frame with index 0, and with
prime after interaction. Suppose we have two particles with masses m1 and
m2. The change of the angle of the first particle in CM system is

θ10 = arccos(b10·b′10), (B.10.1)
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the numerical grid size is ∆θg, the minimal angle at the scattering is θmin.

By definition in the in CM frame

p10 + p20 = 0, (B.10.2)

where

pi0 = pi +
[
(Γ− 1)(Npi)− Γ

V
c

εi

c

]
N, i = 1, 2, (B.10.3)

and
εi = Γ(εi0 + Vpi0). (B.10.4)

Then for the velocity of the CM frame we have

V
c

= c
p1 + p2

ε1 + ε2
, N =

V
V

, Γ =
1√

1−
(V

c
)2

. (B.10.5)

By definition
b10 = b20, b′10 = b′20, (B.10.6)

and then

|p10| = |p20| = p0 ≡

≡ 1
c

√
ε2

10 −m2
1c4 =

1
c

√
ε2

20 −m2
2c4, (B.10.7)

where

ε10 =
(ε1 + ε2)2 − Γ2(m2

2 −m2
1)c4

2(ε1 + ε2)Γ
, (B.10.8)

ε20 =
(ε1 + ε2)2 + Γ2(m2

2 −m2
1)c4

2(ε1 + ε2)Γ
. (B.10.9)

Haug Haug (1988) gives the minimal scattering angle in the center of mass
system

θmin =
2h̄

McD
γr

(γr + 1)
√

2(γr − 1)
, (B.10.10)

where M, as above, is the reduced mass, the maximum impact parameter
(neglecting the effect of protons) is

D =
c2

ω

p0

ε10
, (B.10.11)
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and the invariant Lorentz factor of relative motion (e.g. Haug (1988)) is

γr =
1√

1−
( vr

c
)2

=
ε1ε2 − p1p2c2

m1m2c4 . (B.10.12)

In the CM frame we finally obtain

tmin = 2
[
(mc)2 −

(ε10

c

)2 (
1− β2

10 cos θmin

)]

Since it is invariant, we then replace t in the denominator of |M f i|2 in

(B.7.33) by the value t
√

1 + t2
min/t2 to implement the cutoff scheme. Also

at the scattering of equivalent particles we remove the case of exchange of
particles as well as scattering on small angles, in other words we change
u in the denominator of |M f i|2 in (B.7.33),(B.8.5) and (B.8.14) by the value

u
√

1 + t2
min/u2.

B.11. Mass scaling for the
proton-electron/positron reaction

Since proton mass is larger than electron mass-energy M � m, ε then for the
CM frame

V ≈p1 + p2

M
, Γ ≈ 1, J1 ≈ 1, (B.11.1)

ε′1 − ε1 ≈ V
(
e′01 − e01

)
p0 ∝

1
M

, (B.11.2)

and also

s2

c4 ≈ M4 + 4mM3 + 6m2M2, (B.11.3)

u2

c4 ≈ M4 − 4mM3 + 6m2M2, (B.11.4)∣∣M f i
∣∣2 ∝

1
t2

(
6m2 − 2t

)
M2, (B.11.5)

while
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t =
−2m2β2

e0 (1− ee0e′e0)
1− β2

e0
= (B.11.6)

=
−2m2β2

e (1− eee′e)
1− β2

e

[
1 + O

(
M−1

)]
(B.11.7)

for small angles.

This leads to the following scaling for the reaction rate

η
ep
eω − (χE)ep

eω ∝
∫ (ε′e − εe)

∣∣M f i
∣∣2

εeεpε′eε
′
p

∝
1

M.
(B.11.8)

We can therefore calculate η
ep0
eω , (χE)ep0

eω for a pseudo-particle with mass
M0 � m, ε instead of M and obtain

η
ep
eω ≈ M0

M
η

ep0
eω , (B.11.9)

(χE)ep
eω ≈ M0

M
(χE)ep0

eω . (B.11.10)

For such purpose we selected the mass of this pseudo-particle as M0 =
20m.

B.12. The definition of matrix elements

Following Berestetskii et al. (1982) define the scattering matrix, being com-
posed of real and imaginary parts

S f i = δ f i + i (2πh̄)4 δ(4) (p f − pi
)

Tf i, (B.12.1)

where δ f i is the unity matrix, δ(4) stands for the four-momentum conservation
and the elements of Tf i are scattering amplitudes.

The transition probability of a given process per unit time is then

w f i = c (2πh̄)4 δ(4) (p f − pi
) ∣∣Tf i

∣∣2 V, (B.12.2)

where V is the normalization volume.

For a process involving a outgoing particles and b incoming particles the
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differential probability per unit time is defined as

dw = c(2πh̄)4δ(4) (p f − pi
) ∣∣M f i

∣∣2 V× (B.12.3)

×
[
∏

b

h̄c
2εbV

] [
∏

a

dp′a
(2πh̄)3

h̄c
2ε′a

]
,

where p′a and ε′a are respectively momenta and energies of outgoing parti-
cles, εb are energies of particles before interaction, M f i are the corresponding
matrix elements, δ(4) stands for energy-momentum conservation, V is the
normalization volume. The matrix elements are related to the scattering am-
plitudes by

M f i =

[
∏

b

h̄c
2εbV

] [
∏

a

h̄c
2ε′aV

]
Tf i. (B.12.4)

For a binary process with 2 incoming and 2 outgoing particles it is conve-
nient to introduce the differential cross-section. In fact, the differential prob-
ability for incoming particles with four momenta p1 and p2, energies ε1 and
ε2 and masses m1 and m2 respectively, is just the product of the differential
cross-section and the flux density

dw = jdσ, (B.12.5)

where

j =
cI

ε1ε2V
, (B.12.6)

I = c
√

p1p2 −m1m2c2. (B.12.7)

In the CM reference frame the relation between the cross section and
∣∣M f i

∣∣2
acquires simplest form if cross-section is independent on the azimuth of p′1
relative to p1 then

dσ =
h̄2c4

64π

∣∣M f i
∣∣2 dt

I
, (B.12.8)

t = (p1 − p2)
2 , (B.12.9)

dt = 2 |p1|
∣∣p′1∣∣ d cos ϑ, (B.12.10)

where ϑ is the angle between p1 and p′1.
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B.13. The discretization procedure and the
computational scheme

In order to solve equations (B.3.3) we use a finite difference method by intro-
ducing a computational grid in the phase space to represent the distribution
functions and to compute collisional integrals following Aksenov et al. (2004).
Our goal is to construct the scheme implementing energy, baryon number
and electric charge conservation laws. For this reason we prefer to use in the
code, instead of distribution functions fi, the spectral energy densities

Ei(εi) =
4πε3

i βi fi

c3 , (B.13.1)

where βi =
√

1− (mic2/εi)2, in the phase space εi. Then

εi fi(p, t)drdp =
4πε3βi fi

c3 drdεi = Eidrdεi (B.13.2)

is the energy in the volume of the phase space drdp. The number density of
particles of type ”i” is given by

ni =
∫

fidp =
∫ Ei

εi
dεi, dni = fidp, (B.13.3)

while the corresponding energy density is

ρi =
∫

εi fidp =
∫

Eidεi.

We can rewrite Boltzmann equations (B.3.3) in the form

1
c

∂Ei

∂t
= ∑

q
(η̃

q
i − χ

q
i Ei), (B.13.4)

where η̃
q
i = (4πε3

i βi/c3)η
q
i .

We introduced the computational grid for phase space {εi, µ, φ}, where µ =
cos ϑ, ϑ and φ are angles between radius vector r and the particle momentum
p. The zone boundaries are εi,ω∓1/2, µk∓1/2, φl∓1/2 for 1 ≤ ω ≤ ωmax, 1 ≤
k ≤ kmax, 1 ≤ l ≤ lmax. The length of the i-th interval is ∆εi,ω ≡ εi,ω+1/2 −
εi,ω−1/2. On the finite grid the functions (B.13.1) become

Ei,ω ≡
1

∆εi,ω

∫
∆εi,ω

dεEi(ε). (B.13.5)

Now we can replace the collisional integrals in (B.13.4) by the correspond-
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ing sums.
After this procedure we get the set of ordinary differential equations (ODE’s),

instead of the system of partial differential equations for the quantities Ei,ω
to be solved. There are several characteristic times for different processes in
the problem, and therefore our system of differential equations is stiff. Un-
der these conditions eigenvalues of Jacobi matrix differs significantly, and the
real parts of eigenvalues are negative. We use Gear’s method Hall and Watt
(1976) to integrate ODE’s numerically. This high-order implicit method was
developed for the solution of stiff ODE’s.

In our method exact energy conservation law is satisfied. For binary inter-
actions the particles number conservation law is satisfied as we adopt inter-
polation of grid functions Ei,ω inside the energy intervals.

B.14. Numerical results

In what follows we consider in details three specific cases. In the first two
cases our grid consists of 60 energy intervals and 16× 32 intervals for two
angles ϑ and φ characterizing the direction of the particle momentum. In the
third case we have 40 energy intervals.

B.14.1. Case I

We take the following initial conditions: flat initial spectral densities Ei(εi) =
const, total energy density ρ = 1024erg/cm3. Plasma is dominated by pho-
tons with small amount of electron-positron pairs, the ratio between energy
densities in photons and in electron-positron pairs ζ = ρ±/ργ = 10−5. Bary-
onic loading parameter B = 10−3, corresponding to ρp = 2.7× 1018erg/cm3.

The energy density in each component of plasma changes, as can be
seen from fig. B.1, keeping constant the total energy density shown by dot-
ted line in fig. B.1, as the energy conservation requires. As early as at 10−23

sec the energy starts to redistribute between electrons and positrons from the
one hand and photons from the other hand essentially by the pair-creation
process. This leads to equipartition of energies between these particles at
3× 10−15 sec. Concentrations of pairs and photons equalize at 10−14 sec, as
can be seen from fig. B.2. From this moment temperatures and chemical po-
tentials of electrons, positrons and photons tend to be equal, see fig. B.3 and
fig. B.4 respectively, and it corresponds to the approach to kinetic equilib-
rium.

This is quasi-equilibrium state since total number of particles is still ap-
proximately conserved, as can be seen from fig. B.2, and triple interactions
are not yet efficient. At the moment t1 = 4× 10−14 sec, shown by the ver-
tical line on the left in fig. B.3 and fig. B.4, the temperature of photons and
pairs is θk ' 1.5, while the chemical potentials of these particles are νk ' −7.
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Figure B.1.: Depencence on time of energy densities of electrons (green),
positrons (red), photons (black) and protons (blue) for initial conditions I.
Total energy density is shown by dotted black line. Interaction between
pairs and photons operates on very short timescales up to 10−23 sec. Quasi-
equilibrium state is established at tk ' 10−14 sec which corresponds to kinetic
equilibrium for pairs and photons. Protons start to interact with then as late
as at tth ' 10−13 sec.

Concentration of protons is so small that their energy density is not affected
by the presence of other components; also proton-proton collisions are inef-
ficient. In other words, protons do not interact yet and their spectra are not
yet of equilibrium form, see fig. B.5. The temperature of protons start to
change only at 10−13 sec, when proton-electron Coulomb scattering becomes
efficient.

As can be seen from fig. B.4, the chemical potentials of electrons, positrons
and photons evolved by that time due to triple interactions. Since chemi-
cal potentials of electrons, positrons and photons were negative, the particles
were in deficit with respect to the thermal state. This caused the total number
of these particles to increase and consequently the temperature to decrease.
The chemical potential of photons reaches zero at t2 = 10−12 sec, shown by
the vertical line on the right in fig. B.3 and fig. B.4, which means that elec-
trons, positrons and photons are now in thermal equilibrium. However, pro-
tons are not yet in equilibrium with other particle since their spectra are not
thermal, as shown in the lower part of fig. B.5.

Finally, the proton component thermalize with other particles at 4× 10−12

sec, and from that moment plasma is characterized by unique temperature,
θth ' 0.48 as fig. B.3 clearly shows. Protons have final chemical potential
νp ' −12.8.
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Figure B.2.: Depencence on time of concentrations of electrons (green),
positrons (red), photons (black) and protons (blue) for initial conditions I.
Total number density is shown by dotted black line. In this case kinetic equi-
librium between electrons, positrons and photons is reached at tk ' 10−14

sec. Protons join thermal equilibrium with other particles at tth ' 4× 10−12

sec.

This state is characterized by thermal distribution of all particles as can
be seen from fig. B.6. There initial flat as well as final spectral densities are
shown together with fits of particles spectra with the values of the common
temperature and the corresponding chemical potentials in thermal equilib-
rium.

B.14.2. Case II

We take the following initial conditions: power law spectral densities Ei(εi)
for protons, electrons and positrons with initial energy densities ρp = 2.8×
1022 erg/cm3, ρ− = 1.5 × 1024 erg/cm3, ρ+ = 1.5 × 1021 erg/cm3, respec-
tively. We chosen flat spectral density for photons with ργ = 2.8 × 1024

erg/cm3. Initial baryonic loading parameter is set to B = 608, corresponding
to a matter-dominated plasma, unlike the previous case. As in the case I, the
most rapid reaction is electron-positron pair creation which starts to change
the energy density of positrons at 10−20 sec, see fig. B.7. Initially most energy
is in photons, followed by electrons and protons. In the course of the evolu-
tion the energy gets redistributed in such a way that in the final state most
energy is transferred first to the electrons, then follow the protons, the pho-
tons and finally the positrons. In fig. B.8 one can see that number densities
of electrons and protons are almost equal with chosen heavy proton loading.
Concentrations of particles almost do not change during evolution towards
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Figure B.3.: Depencence on time of dimensionless temperature of electrons
(green), positrons (red), photons (black) and protons (blue) for initial condi-
tions I. The temperature for pairs and photons acquires physical meaning
only in kinetic equilibrium at tk ' 10−14 sec. Protons are cooled by the
pair-photon plasma and acquire common temperature with it as late as at
tth ' 4× 10−12 sec.

thermal equilibrium.
Temperatures and chemical potentials of particles are shown in fig. B.9

and B.10 respectively. Kinetic equilibrium is established at around 8× 10−15

sec, marked by the vertical line. The temperature of pairs and photons at
that moment is θk ' 0.53, while the chemical potentials of these particles are
ν− ' 1, ν+ ' −0.9, νγ ' 0.1. Notice that chemical potentials of electrons and
positrons are almost equal in magnitude and opposite in kinetic equilibrium,
see fig. B.10. At this moment protons are not yet in equilibrium with the rest
of plasma but already established kinetic equilibrium with themselves with
the temperature θp ' 0.18 and the chemical potential νp ' −2. The common
temperature is reached at the moment 10−13 sec, which corresponds to ther-
mal equilibrium. Final values of temperature is θth ' 0.47, while chemical
potentials are ν± ' ∓1, νp ' −4.7.

The share of the proton energy density in the total energy density increased
in course of time, see fig. B.7, causing an increase in the baryonic loading
parameter which reached in thermal equilibrium the value B = 780.

Since concentration of protons is chosen to be large, proton-proton col-
lisions become more important than proton-electron/positron collisions, in
contrast to the case I. In fact, protons reached equilibrium temperature al-
ready at 10−16 sec, while they start to interact with electrons and positrons
only at 10−15 sec.
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Figure B.4.: Depencence on time of dimensionless chemical potential of elec-
trons (green), positrons (red), photons (black) and protons (blue) for initial
conditions I. The chemical potential for pairs and photons acquires physical
meaning only in kinetic equilibrium at tk ' 10−14 sec, while for protons this
happens at tth ' 4× 10−12 sec. At this time chemical potential of photons has
evolved to zero and thermal equilibrium has been already reached.

B.14.3. Case III

We take the following initial conditions: the initial ratio between concentra-
tions of electrons and protons is ς = np/n− = 10−3. The total energy den-
sity is chosen in such a way that the final temperature in thermal equilib-
rium be θth = 2. We set up flat initial spectrum for photons Eγ(εi) = const,
and power law spectra for the pairs E±(ε±) ∝

[
ε± −mc2]−2 and protons

Ep(εp) ∝
[
εp −Mc2]−4. Finally, the ratio of initial and final concentrations

of positrons is chosen to be n+ = 10−1nth
+ . Given these initial conditions the

baryon loading parameter is B = 0.2. The initial conditions are chosen
in a way to get larger temperature in thermal equilibrium, than in previous
cases. Unlike the case II, the spectrum of protons is chosen steeper than the
spectrum of pairs in order to make them colder in kinetic equilibrium.

Equipartition of energies between pairs and photons occurs earlier than
in the case I, at around 10−17 sec, see fig. B.12, since now concentrations
of particles are higher. Concentrations of pairs and photons equalize at 3×
10−17 sec, see fig. B.13. As in the case I, from this moment temperatures and
chemical potentials of electrons, positrons and photons tend to be equal, see
fig. B.14 and fig. B.15 respectively, leading to kinetic equilibrium at around
tk ' 10−16 sec.

At the moment tk, shown by the vertical line on the left in fig. B.14 and
fig. B.15, the temperature of photons and pairs is θk ' 2.2, the chemical
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potentials of these particles are νk ' −1.1, while the temperature of protons,
having well established spectrum by this time, is just θp ' 0.09.

Thermal equilibrium is reached in the electron-positron-photon plasma at
around tth ' 4× 10−15 sec, shown by the vertical line on the right of fig. B.14
and fig. B.15. Only at 4× 10−14 sec the temperature becomes common also
with protons which are heated up during this time. The temperature at this
final stage is θth ' 2 while the chemical potential of protons is νp ' −33.
Initial as well as final spectra are shown in fig. B.16.

B.15. Discussion and conclusions

Results presented above clearly show the existence of two types of equilib-
rium: the kinetic and the thermal ones. Kinetic equilibrium in pair-photon
plasma occurs when Ehlers Ehlers (1973) balance conditions (B.6.6),(B.6.9)
and (B.6.12) are satisfied so that pair-creation, Compton and Bhabha/Møller
scattering processes all come in detailed balance. The electron-positron-photon
plasma then is described by common temperature and nonzero chemical po-
tentials which are given by (B.6.23),(B.6.24) and (B.6.25),(B.6.26). Protons at
this stage may or may not have yet established equilibrium with the spec-
trum (B.3.16), depending on the value of the baryon loading parameter B.
When B is small, as in the case I, proton-proton collision are inefficient since
the rate (B.8.15) is much smaller than (B.8.11), and the proton spectrum is
shaped up by the proton-electron/positron collisions, reaching equilibrium
form at a timescale given by (B.8.11), when other particles are already in ther-
mal equilibrium. When B is large, as in the case II, protons have established
their equilibrium temperature at a timescale given by (B.8.15), prior to the
moment when kinetic equilibrium in the pair-photon plasma is established.

As we have seen, the final spectra are completely insensitive to the initial
spectra, chosen to be flat as in the case I, power-law as in the case II, or ther-
mal ones.

The meaning of non-zero chemical potentials in kinetic equilibrium can be
understood as follows. The existence of a non-null chemical potential for
photons indicates the departure of the distribution function from the one cor-
responding to the thermal equilibrium. Negative value of the chemical po-
tential generates an increase of the number of particles in order to approach
the one corresponding to the thermal equilibrium state. Positive value of
the chemical potential leads to the opposite effect, decreasing the number of
particles. Then, since the total number of particles increases (or decreases),
the energy is shared between larger (or smaller) number of particles and the
temperature decreases (or increases). Clearly, as thermal equilibrium is ap-
proached, the chemical potential of photons tends to zero, while the chemical
potentials of electrons and positrons are given by (B.6.27), to guarantee an
overall charge neutrality.
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One of the basic assumptions in this work is that triple interactions are
slower than binary ones, allowing to use reaction rates for triple interactions
in kinetic equilibrium, explicitly depending solely on temperature, chemical
potentials and concentrations of particles. For pure electron-positron plasma
in the range of energies of interest (B.2.1) there is a hierarchy of relevant
timescales: binary interactions are clearly faster than triple ones. However,
when protons are also present, the proton-proton timescale may be shorter
or longer than the corresponding binary interactions timescales for the pure
pair plasma. This violates our assumption and therefore leads to loss of quan-
titative accuracy, although still keeping qualitative results valid. In order to
overcome this difficulty and produce quantitatively precise results exact QED
matrix elements must be used for calculation of emission and absorption co-
efficients.

Notice that there is some discrepancy between our final spectra and their
thermal fits for high energy. This is due to poor energy resolution with adopted
grid. The result converges with higher resolutions, but it is limited by the
available computer memory. In addition, the code is quite time-consuming
and processor time increases with number of operation as third power of the
number of energy intervals.

In order to resolve proton-electron/positron scattering the number of en-
ergy intervals should be increased as M/m comparing to the case of pure pair
plasma. Even using inhomogeneous energy grid with uniform energy step
up to the peak of the spectrum dρ/dε and decreasing energy step as ε−1 for
higher energies, we have obtained acceptable results with about 103 intervals
for this reaction. Using such fine grid is impossible in practice. On the other
hand, a small parameter m/M expansion can be adopted. In this way we
have introduced the mass scaling, which gives quite good accuracy for about
102 intervals in energy with inhomogeneous grid, described above. Finally,
it is important to stress that our code allows solution of the Boltzmann equa-
tions for long time intervals and timescales, which may differ up to 10 orders
of magnitude, from electron-positron creation and annihilation process up to
proton-electron/positron scattering, see fig. B.2, unlike approaches based on
Monte-Carlo technique Pilla and Shaham (1997). This gives us the possibility
to follow thermalization process up to reaching steady solution, i.e. thermal
equilibrium.

The assumption of the constancy of the energy density is only valid if the
following three conditions are satisfied:

• plasma is optically thick for photons. This leads to the constraint on the
spatial dimensions R0 � (nthσT)−1 ∼ 10−5 cm.

• neutrinos are not produced. This gives the constraint on the tempera-
ture from (B.3.15) as θ � 7× 102.
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• plasma does not expand. Given tdyn =
(

1
R

dR
dt

)−1
� tth, this leads to

R0 � 10−2 cm.

To summarize, we have considered the evolution of an initially nonequi-
librium optically thick electron-positron-photon plasma with proton loading
up to reaching thermal equilibrium on a timescale tth . 10−11 sec. Starting
from arbitrary initial conditions we obtain kinetic equilibrium, on a timescale
tk . 10−14 sec, from first principles, solving numerically the relativistic Boltz-
mann equation with collisional integrals computed from exact QED matrix
elements. Our results can be applied in the theories of the early universe, in
high energy plasma physics, are crucial for the theoretical models of GRBs
Ruffini et al. (2000) and can in principle be tested in laboratory experiments
aiming the generation of electron-positron pairs.
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Figure B.5.: Spectral density as function of particle energy for electrons
(green), positrons (red), photons (black) and protons (blue) for initial con-
ditions I at intermediate time moments t1 = 4× 10−14 sec (upper figure) and
t2 = 10−12 sec (lower figure). Fits of the spectra with chemical potentials
and temperatures corresponding to thermal equilibrium state are also shown
by yellow (electrons and positrons), grey (photons) and light blue (protons)
thick lines. The upper figure shows the spectra when kinetic equilibrium is
established for the first time between electrons, positrons and photons while
the lower figure shows the spectra at thermal equilibrium between these par-
ticles. On both figures protons are not yet in equilibrium neither with them-
selves nor with other particles.
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Figure B.6.: Spectral density as function of particle energy are shown as be-
fore at initial and final moments of the computations. The final photon spec-
trum is black body one.
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Figure B.7.: Depencence on time of energy densities for initial conditions II.
Colors are as in the case I. Protons start to interact with other particles as late
as at t ' 10−16 sec.
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Figure B.8.: Depencence on time of concentrations for initial conditions II.
Colors are as in the case I.
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Figure B.9.: Depencence on time of dimensionless temperature for initial con-
ditions II. Colors are as in the case I. The pair-photon plasma is heating pro-
tons. Protons join thermal equilibrium at tth ' 10−13 sec.
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Figure B.10.: Depencence on time of dimensionless chemical potential for ini-
tial conditions II. Colors are as in the case I. The chemical potential of photons
is almost zero in kinetic equilibrium. The chemical potentials of electrons and
positrons are almost equal and opposite in kinetic equilibrium, to maintain
electric neutrality.
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Figure B.11.: Initial and final spectral density as function of particle energy
for initial conditions II. Fits of the final spectra with chemical potentials and
temperatures are also shown.
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Figure B.12.: Depencence on time of energy densities for initial conditions
III. Colors are as in the case I. Protons start to interact with other particles at
about 10−17 sec.
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Figure B.13.: Depencence on time of concentrations for initial conditions III.
Colors are as in the case I.
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Figure B.14.: Depencence on time of dimensionless temperature for initial
conditions III. Colors are as in the case I. Pairs and photons acquire the tem-
perature at tk ' 10−16 sec.
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Figure B.15.: Depencence on time of dimensionless chemical potential for ini-
tial conditions III. Colors are as in the case I. The chemical potentials equalize
at tk ' 10−16 sec.
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Figure B.16.: Initial and final spectral density as function of particle energy
for initial conditions III. The spectrum of protons is chosen to be steeper than
the one of electrons and positrons. Fits of the final spectra with chemical
potentials and temperatures are also shown.
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C. Hydrodynamics of the pair
plasma

We give systematic derivation of the main equations, present a critical review
of existing models for isotropic relativistic fireballs, compare and contrast
these models, following Bianco et al. (2006). In the next section we derive
basic equations and describe approximations involved. Then we present the
model Ruffini et al. (1999),Ruffini et al. (2000) which differs from other mod-
els in the literature as it describes the dynamics of the fireshell taking into
account the rate equations for electron-positron pairs. Then we compare and
contrast above mentioned models.

C.1. Local, global and average conservation laws

C.1.1. Particle number

The first relevant equation represents continuity of relativistic flux and reads1

(nUµ);µ =
1√−g

∂ (
√−g nUµ)

∂xµ = 0, (C.1.1)

where n is the number density of relativistic fluid, Uµ is its velocity field.
Defining particle number as

N =
∫

V

√
−g nU0dV. (C.1.2)

we see that

dN
dt

= −
∫

V

√
−g nUidV = −

∮
Σ

√
−g nUidSi, (C.1.3)

where we have used the Ostrogradsky-Gauss theorem. Thus, if particles do
not cross the surface Σ bounding considered volume V, the total number of
particles is constant during system evolution.

1Greek indices denote four-dimensional components and run from 0 to 3 while Latin indices
run from 1 to 3. The general relativistic effects are neglected, which is a good approxi-
mation, but we left the general definition of the energy-momentum conservation to take
into account the most general coordinate system.

225



C. Hydrodynamics of the pair plasma

Now assume spherical symmetry2, which is usually done for fireballs de-
scription. With spherical spatial coordinates xi = {r, ϑ, } the interval is

ds2 = −dt2 + dr2 + r2dϑ2 + r2 sin2 ϑdϕ2. (C.1.4)

Assuming absence of fluxes through the boundary Σ we rewrite (C.1.1)

∂ (nγ)
∂t

+
1
r2

∂

∂r

(
r2n
√

γ2 − 1
)

= 0, (C.1.5)

Integrating this equation over the volume from certain ri(t) to re(t) which we
assume to be comoving with the fluid

dri(t)
dt

= β(ri, t),
dre(t)

dt
= β(re, t), (C.1.6)

and ignoring a factor 4π we have

re∫
ri

∂ (nγ)
∂t

r2dr +
re∫

ri

∂

∂r

(
r2n
√

γ2 − 1
)

dr = (C.1.7)

∂

∂t

re∫
ri

(nγ) r2dr− dre

dt
n(re, t)γ(re, t)r2

e +
dri

dt
n(ri, t)γ(ri, t)r2

i +

+r2
e n(re, t)

√
γ2(re, t)− 1− r2

i n(ri, t)
√

γ2(ri, t)− 1 =

=
d
dt

re∫
ri

(nγ) r2dr = 0,

Since we deal with arbitrary comoving boundaries, this means that the num-
ber of particles in each shell between the boundaries conserves, as well as the
total number of particles integrated over all shells, in other words,

N = 4π

R(t)∫
0

nγr2dr = const, (C.1.8)

where R(t) is the external radius of the fireshell.
Following Piran et al. (1993) one can transform (C.1.5) from the variables

2The only nonvanishing components of the energy-momentum tensor are
T00, T01,, T10, T11, T22, T33. The factor

√−g = r2 sin ϑ in all expressions above be-
comes simply a volume measure and the differentials are dV = drdϑd, dS = dϑd, so the
differential laboratory volume can be written as dV ≡ √−gdV = r2 sin ϑdrdϑd.
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C.1. Local, global and average conservation laws

(t, r) to the new variables (s = t− r, r) and then show that

1
r2

∂

∂r

(
r2n
√

γ2 − 1
)

= − ∂

∂s

(
n

γ +
√

γ2 − 1

)
. (C.1.9)

Now assume the expansion velocity is ultrarelativistic,

γ� 1. (C.1.10)

In this approximation, therefore,

dN = 4πnγr2dr ≈ const. (C.1.11)

Relations (C.1.11) and (C.1.8) then imply

4π

re∫
ri

(
nγr2

)
dr = 4π

[
n(r, t)γ(r, t)r2

] re∫
ri

dr = 4π
(

nγr2
)

∆ ≈ const,

(C.1.12)
where the first argument of functions n(r, t) and γ(r, t) is restricted to the
interval ri < r < re and

∆ ≡ re − ri ≈ const. (C.1.13)

This means, that the fluid shell does not broaden, but rather has a constant
thickness. This fact proves the constant thickness approximation, adopted in
Ruffini et al. (1999),Ruffini et al. (2000).

The volume element measured by the observer outside the fireshell (to be
referred to as the lab frame in what follows), for which it appears moving
with velocity β is just

dV = 4πr2dr, (C.1.14)

while the volume element comoving with the fireshell, for which the fluid is
at rest, is

dV = 4πγr2dr, (C.1.15)

with the conversion of the volumes

dV = γdV. (C.1.16)

Then the average value of the Lorentz factor is defined as follows

〈γ〉 ≡
4π
∫

γr2dr

4π
∫

r2dr
=

V
V

. (C.1.17)

Now we can formulate the conservation law for the average value of the
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number density in the lab frame

〈n〉lab ≡
N
V

=

4π

re∫
ri

nγr2dr

4π

re∫
ri

r2dr

, (C.1.18)

Assuming r � ∆ we then obtain

〈n〉lab '
4πnγr2∆

4πr2∆
= n(r, t)γ(r, t) ∝ r−2. (C.1.19)

Therefore, the average number density in the lab frame scales as r−2.

At the same time, recalling the expression for the divergence of the four-
velocity

Uµ
;µ =

1
V

dV
dτ

, (C.1.20)

where τ is the proper time, and remembering that Uµ ∂
∂xµ = d

dτ , from (C.1.1)
we get

(nUµ);µ = Uµn;µ + nUµ
;µ =

dn
dτ

+
n
V

dV
dτ

= 0,

d ln n + d ln V = 0. (C.1.21)

This means, that the number of particles is conserved along the flow lines of
the fluid. The solution of this equation provides the definition for the comov-
ing average number density

〈n〉com ≡
N
V

=

4π

re∫
ri

nγr2dr

4π

re∫
ri

γr2dr

=
〈n〉lab
〈γ〉 . (C.1.22)

Clearly, the condition (C.1.13) gives a link between the description of the
fireshell evolution in terms of local functions, entering (C.1.5) on the one side,
and global quantities (C.1.17) and (C.1.19), on the other side. The presence of
the global conservation (C.1.8) in both these cases ensures equivalence of the
local (C.1.5) and the average (C.1.18) descriptions for the fireshell, unless its
detailed structure is considered.
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C.1.2. Energy-momentum conservation

The basis of description for relativistic fireshell is the energy-momentum prin-
ciple. It allows to obtain relativistic hydrodynamic equations, or equations
of motion for the fireshell, energy and momentum conservation equations
which are used extensively to describe interaction of relativistic baryons of
the fireshell with the interstellar matter, and boundary conditions which are
used to understand shock waves propagation in the decelerating baryons and
in the outer medium. Consider energy-momentum conservation in the most
general form:

(
Tµ

ν
)

;ν =
∂(
√−g Tµ

ν)
∂xν

+
√
−g Γµ

νλTνλ = 0, (C.1.23)

where Γµ
νλ are Cristoffel symbols and g is determinant of the metric tensor.

Integrating over the whole three-dimensional volume we obtain∫
V

Tµ
ν

;νdV = 0. (C.1.24)

Integrating over the whole four-dimensional volume and applying diver-
gence theorem we get Taub (1948)∫

t

∫
V

Tµ
ν

;νdVdt =
∮

V
Tµ

νλνdV = 0, (C.1.25)

where λα are covariant components of the outward drawn normal to the
three-dimensional hypersurface (volume V).

Now suppose that there is a discontinuity on the fluid flow. Taking the
volume to be a spherical shell and choosing the coordinate system where the
discontinuity is at rest so that in (C.1.25) for normal vectors to the disconti-
nuity hypersurface λα, we have

λαλα = 1, λ0 = 0. (C.1.26)

Let the radius of the shell Rs be very large and shell thickness ∆ be very small.
With Rs → ∞ and ∆→ 0 from (C.1.25) we arrive to[

Tαi
]

= 0, (C.1.27)

where the brackets mean that the quantity inside is the same on both sides of
the discontinuity surface. This equation together with continuity condition
for particle density flux [nUi] = 0 was used by Taub Taub (1948) to obtain rel-
ativistic Rankine-Hugoniot equations. These equations govern shock waves
dynamics which are supposed to appear during collision of the baryonic ma-
terial left from the fireshell with the interstellar medium Blandford and Mc-
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C. Hydrodynamics of the pair plasma

Kee (1976). The origin of the afterglow could be connected to the conversion
of kinetic energy into radiative energy in these shocks Piran (1999),Rees and
Meszaros (1992),Narayan et al. (1992),Katz (1994).

Consider now the energy-momentum tensor of the perfect fluid in the lab
frame (where the fluid was initially at rest)

Tµν = p gµν + ωUµUν, (C.1.28)

where ω = ρ + p is proper entalpy, p is proper pressure and ρ is proper
internal energy density.

Rewrite (C.1.23) in spherically symmetric case

∂T0
0

∂t
+

1
r2

∂

∂r

(
r2T0

1
)

= 0, (C.1.29)

∂T1
0

∂t
+

1
r2

∂

∂r

(
r2T1

1
)
− 1

r

(
T2

2 + T3
3
)

= 0, (C.1.30)

arriving to equations of motion for relativistic fireshell Piran et al. (1993),Ruffini
et al. (1999),Blandford and McKee (1976),Bisnovatyi-Kogan and Murzina (1995):

∂(γ2ω)
∂t

− ∂p
∂t

+
1
r2

∂

∂r

(
r2γ2βω

)
= 0, (C.1.31)

∂(γ2βω)
∂t

+
1
r2

∂

∂r

[
r2(γ2 − 1)ω

]
+

∂p
∂r

= 0, (C.1.32)

where the four-velocity and the relativistic Lorentz factor are defined as fol-
lows3

Uµ = (γ, γβ, 0, 0), γ ≡ (1− β2)−1/2, (C.1.33)

the radial velocity β.
The total momentum of spherically symmetric expanding shell vanishes.

However, from local conservation equations (C.1.31) one can find out that the
radial component of the four momentum vector does not vanish. In analogy
with the continuity equation (C.1.5) we integrate the first equation in (C.1.31)
over volume starting from some internal radius ri(t) up to some external ra-
dius re(t) and ignoring a factor 4π we obtain∫ re

ri

∂(γ2ω)
∂t

r2dr−
∫ re

ri

∂p
∂t

r2dr +
∫ re

ri

1
r2

∂

∂r
(r2γ2βω)r2dr =

∂

∂t

∫ re

ri

γ2ωr2dr + r2
i γ2(ri)ω(ri)β(ri)− r2

e γ2(re)ω(re)β(re)− (C.1.34)

∂

∂t

∫ re

ri

pr2dr + r2
i p(ri)− r2

e p(re) + r2
e γ2(re)ω(re)β(re)− r2

i γ2(ri)ω(ri)β(ri) = 0.

3Throughout this chapter we put the speed of light equal to 1.
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If the boundaries ri(t) and re(t) are comoving with the fluid we have

d
dt

∫ re

ri

(
γ2ω− p

)
r2dr = r2

e p(re)− r2
i p(ri). (C.1.35)

Further, if one assumes (C.1.10), one gets the following result

E = 4π
∫ R(t)

0
γ2ωr2dr = const. (C.1.36)

The differential conservation law follows from the same arguments which
lead to (C.1.11), so we also have

dE = 4πγ2ωr2dr ≈ const. (C.1.37)

Analogously to (C.1.18) we introduce the average energy density in the lab
frame

〈ρ〉
lab
≡ E

V
=

4π

re∫
ri

(γ2ω)r2dr

4π

re∫
ri

r2dr

, (C.1.38)

Taking the polytropic equation of state with the thermal index

Γ ≡ 1 +
p
ρ

, (C.1.39)

and requiring also r � ∆ and (C.1.10) we find from (C.1.38)

〈ρ〉lab ' ρ(r)γ2(r) ∝ r−2. (C.1.40)

The radial momentum equation follows from (C.1.32) as

∫ re

ri

∂(γ2βω)
∂t

r2dr +
∫ re

ri

1
r2

∂

∂r

[
r2
(

γ2 − 1
)

ω
]

r2dr +
∫ re

ri

∂p
∂r

r2dr =

∂

∂t

∫ re

ri

γ2βωr2dr + r2
i γ2(ri)ω(ri)β2(ri)− r2

e γ2(re)ω(re)β2(re)+ (C.1.41)

+r2
e

(
γ2(re)− 1

)
ω(re)− r2

i

(
γ2(ri)− 1

)
ω(ri) +

∫ re

ri

∂p
∂r

r2dr =

∂

∂t

∫ re

ri

(
γ2βω

)
r2dr +

∫ re

ri

∂p
∂r

r2dr = 0.
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This leads to

d
dt

∫ re

ri

(
γ2βω

)
r2dr = 2

∫ re

ri

prdr + r2
i p(ri)− r2

e p(re). (C.1.42)

For the radial momentum we have

dPtot

dt
=

d
dt

∫ R(t)

0
4π
(

γ2βω
)

r2dr = 8π
∫ R(t)

0
prdr. (C.1.43)

The left hand side of this equation is the time derivative of the radial mo-
mentum, i.e. the radial ”force”. The right hand side is the integral of pressure
over all shells, so it is clear that unless the pressure in the fireshell is zero, it
experiences self-acceleration due to internal pressure.

C.1.3. Entropy conservation

Yet another relevant equation is entropy conservation which may be obtained
from (C.1.23) by projection on the flow line

Uµ
(
Tµ

ν
)

;ν =
(
UµTµ

ν
)

;ν − Tµ
ν (Uµ) ;ν = (C.1.44)

= − (ρUµ) ;µ −ωUν
(
UµUµ

;ν
)
− pUµ

;µ = 0.

The second term on the last line vanishes since UµUµ = −1, so we have
another conservation equation

−Uµ
(
Tµ

ν
)

;ν = (ρUµ) ;µ + pUµ
;µ = 0. (C.1.45)

This conservation law corresponds to another conserved quantity, the en-
tropy. In fact, equation (C.1.45) can be rewritten as

(ρUµ) ;µ + pUµ
;µ = (ωUµ) ;µ −Uµ p;µ = 0. (C.1.46)

Now using continuity equation (C.1.1) and the identity ωUµ = nUµ
(

ω
n
)

we
find

(ωUµ) ;µ −Uµ p;µ = nUµ

[(ω

n

)
;µ
− 1

n
p;µ

]
= 0. (C.1.47)

But inside the brackets there are scalar functions, and therefore covariant
derivatives can be replaced by usual derivatives. Then we recall the second
law of thermodynamics Landau and Lifshits (1987)

d
(ω

n

)
= Td

(σ

n

)
+

1
n

dp, (C.1.48)
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and finally obtain

nTUµ
(σ

n

)
;µ

= 0, (C.1.49)

which can be rewritten using (C.1.1) as

(σUµ);µ = 0. (C.1.50)

This is continuity equation for the entropy. Since it has exactly the same form
as (C.1.1), all conservation equations such as (C.1.11) and (C.1.8) hold for the
entropy as well,

dσ = 4π (σγ) r2dr ≈ const, (C.1.51)

S =
R(t)∫
0

dσ = const. (C.1.52)

Assuming (C.1.39) we find from (C.1.45) and (C.1.20) the following result

Uµρ;µ + ΓρUµ
;µ =

d ln ρ + Γd ln V = 0, (C.1.53)

〈ρ〉com VΓ = const.

Finally, due to similarity of equations (C.1.11) and (C.1.51), the average
entropy can be defined in the same manner as (C.1.18).

C.1.4. Analogy with a Friedmann Universe

It is easy to show that conservation equations (C.1.11),(C.1.37) and (C.1.51)
imply an analogy between the fireball and the Friedmann Universe, noticed
first by Shemi and Piran Shemi and Piran (1990),Piran et al. (1993). In fact, this
analogy is valid for polytropic equation of state (C.1.39) and ultrarelativistic
expansion condition (C.1.10). First, using (C.1.39) and the integral form of
(C.1.48) we obtain

σ =
ω

T
,

which leads to
ρ ∝ σΓ, (C.1.54)

we rewrite the above mentioned conservation equations using (C.1.39)

nγr2 = const,

ρ
1
Γ γr2 = const, (C.1.55)

ργ2r2 = const.
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From these equations we then easily find

γ ∝ r
2(Γ−1)

2−Γ ,

n ∝ r−
2

2−Γ , (C.1.56)

ρ ∝ r−
2Γ

2−Γ .

Taking ultrarelativistic equation of state with Γ = 4/3 we immediately obtain

γ ∝ r,

n ∝ r−3, (C.1.57)

ρ ∝ r−4,

as opposed to the nonrelativistic equation of state with Γ = 1 with different
scalings

γ = const,

n ∝ r−2, (C.1.58)

ρ ∝ r−2.

Actually, scaling laws (C.1.57) for number and energy densities take place
for the homogeneous isotropic radiation-dominated Universe Shemi and Pi-
ran (1990),Piran et al. (1993). This fact allowed the authors of Piran et al.
(1993) to speak about the frozen-pulse profile for γ � 1 where number,
energy and entropy density is conserved within each differential shell with
thickness dr, although radial distribution of matter and energy can be inho-
mogeneous.

Although for observer inside the radiation-dominated fireshell it looks in-
distinguishable from a portion of radiation-dominated Universe, for the ob-
server outside it looks drastically different. In fact, validity of differential
conservation laws (C.1.11),(C.1.37) and (C.1.51) together with integral ones
(C.1.8),(C.1.36) and (C.1.52) implies constant thickness approximation assumed
in Ruffini et al. (1999),Ruffini et al. (2000).

Clearly, if the condition (C.1.10) is satisfied, also

∆� R(t) (C.1.59)

is valid. Given the scalings (C.1.57) we then find

V = 4π
∫ R(t)

R(t)−∆
γr2dr ' 4π

∫ R(t)

R(t)−∆
δr3dr ' 4πR3, (C.1.60)
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where we put γ = δr, δ is a constant. At the same time,

V = 4π
∫ R(t)

0
r2dr =

4π

3
R3. (C.1.61)

Equality of (C.1.60) and (C.1.61) up to a numerical factor suggests that the
initially homogeneous energy and particle number distribution looks highly
compressed in the lab frame expanding with ultrarelativistic velocity, with
the compression factor γ.

C.2. Self acceleration of the fireshell

For a fireshell which is initially optically thick the total energy conserves.
Assume, that the fireshell consists of relativistic electrons, positrons and pho-
tons, and also some admixture of a plasma in the form of photons and elec-
trons is present, such that the total charge is zero. While electrons are rel-
ativistic, protons are not. Equation of state for pairs and electrons in such
a case is given by that of ultrarelativistic fluid with a good approximation:
pe±,γ = ρe±,γ/3. At the same time for protons we have pp ' 0. Therefore
positrons and electrons together with photons can be considered as one fluid
with pr = ρr/3 as they are strongly coupled since the medium is optically
thick. Instead protons have small pressure and internal energy comparing to
their rest mass energy.

According to (C.1.36) we find

R(t)∫
0

(γ2ω− p)r2dr =
R(t)∫
0

γ2ρpr2dr +
4
3

R(t)∫
0

γ2ρrr2dr. (C.2.1)

These two terms are the rest mass energy of protons MB and energy of the
ultrarelativistic fluid E correspondingly, so we arrive to a simple result, ex-
pressing the total energy of expanding relativistic shell in the lab frame:

γ(E + M) = const, (C.2.2)

which reads simply as E + M = const in the comoving frame taking into
account the conversion of volumes (C.1.16).

For homogeneous distributions of matter, energy density and pressure the
integrals (C.1.7), (C.1.35) and (C.1.42) reduce to

nγV = const,[
γ2 (ρ + p)

]
V = const, (C.2.3)
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while in the comoving frame instead we would have

nV = const, (C.2.4)
ρV = const, (C.2.5)

which means energy and number of particles do not change.
From the above we have

nU0
comV = nV = const = nU0

labV = nγV, (C.2.6)

T00
comV = ρV = const = T00

labV =
[
γ2 (ρ + p)

]
V, (C.2.7)

remembering that all quantities n, ρ, p are always defined as comoving ones.
Energy conservation (C.2.1) for (C.1.10) implies

γ = γ0

√
ρ0

p + Γρ0V0

ρp + ΓρV
. (C.2.8)

Clearly all the equations given above can be written for the average values
of the number and energy densities.
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formation

D.1. The Cosmological Principle

Modern Cosmology is based upon a fundamental principle, the so called cos-
mological principle, that can be stated in the following way:

All positions in the Universe are equivalent.

As long as we look at our ‘neighbour’ Universe, this statement is certainly
false, because the distribution of matter is far from homogeneous: there are
planets, stars, and, going to larger scales, galaxies and clusters of galaxies,
separated by almost empty regions. However, when we average this distri-
bution over a volume large enough to contain thousands of clusters, it ap-
pears to be very close to homogeneous (see fig D.1).
Homogeneous and isotropic solution of Einstein equations of general rela-

tivity was first obtained by Friedmann in 1922. A remarkable property of this
solution is that it describes a non-static Universe. At that time, there were no
observational evidences for the temporal evolution of the whole Universe;
then, many decades passed before the Big Bang model, which is based on
Friedmann solution, became the standard paradigm in cosmology, following
the discovery of cosmic microwave background radiation by Penzias & Wil-
son in 1969.
In effect, one of the strongest predictions of Big Bang model is the presence
of a background microwave radiation, relic of the early Universe. This radia-
tion is highly isotropic, reflecting, through the coupling with matter, the high
isotropy and homogeneity of the primeval plasma. This tells us that the cos-
mological principle, and then Friedmann picture, safely applies to the early
Universe; but what about the present one?
Hubble was the first trying to study the spatial distribution of objects as large
as the galaxies, at that time thought to be the largest self-gravitating systems
to exist. His results, namely Hubble law, imply, that the galaxy distribution is
close to homogenous on the large-scale average. Homogeneity on very large
scales is confirmed by present day observations of, in particular:

• X-ray background
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Figure D.1.: The distribution of galaxies in the 2dFGRS (from Peacock (2002)).

• radio sources

• gamma ray bursts

• galaxies and clusters of galaxies

On the other hand, on smaller scales, distribution of matter is far from ho-
mogeneous: galaxies tend to cluster, forming structures separated by large
voids. These clusters of galaxies are themselves members of even larger
structures, so called superclusters of galaxies. To study such a complicated
distribution of matter, it is necessary to use a statistical approach. In the next
section we will introduce the mathematical tools usually used to study large
scale structure (LSS).

D.2. Two-point Correlation Function

The statistical description of clustering is based upon the concept of correla-
tion, namely, in a more rigorous way, the probability of finding an object in
the vicinity of another one. The standard way to quantify this probability is
to define the two-point correlation function ξ(~x) Peebles (1993).

Let’s consider a distribution of objects in space, described by the number
density function n(~x). The probability that an object is found in an infinites-
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imal volume δV centered around the point ~x is proportional to the volume
itself:

δP ∝ δV. (D.2.1)

In the absence of structure, the joint probability of finding two objects in two
different infinitesimal volumes δV1 and δV2, centered respectively around ~x1
and ~x2 is given by the product of the two probabilities:

δP = δP1δP2 ∝ δV1δV2 (D.2.2)

On the other hand, if objects have a tendence to cluster, we will find an excess
probability:

δP ∝ δV1δV2 · (1 + ξ(~x1,~x2)) (D.2.3)

According to the cosmological principle, we don’t expect the correlation func-
tion to depend on the position neither on the direction, but only on separation
beetween volumes: ξ(~x1,~x2) = ξ(r12), where r12 ≡ |~x1 −~x2|.

An equivalent definition of the two-point correlation function is the follow-
ing:

ξ(r12) =< δ(~x1)δ(~x2) >, (D.2.4)

where < ... > denotes averaging over all pairs of points in space separated
by a distance r12, and δ(~x) ≡ (n(~x)− n̄)/n̄.

D.2.1. Observed Galaxy Distribution

Observational data coming from galactic surveys are usually expressed in the
form of correlation function in redshift space, ξ(π, σ), where π is a separation
along the line of sight and σ is a angular separation on the plane of the sky
between two galaxies. It is then possible to obtain the real-space correlation
function ξ(r); this step is never a trivial one, but we are not going into details
since it is beyond the purpose of this review.

Peebles Peebles (1993) have shown that distribution of galaxies can be de-
scribed by a two point correlation function with a simple power law form:

ξg(r) =
(

r
rg

)−1.77

, r < 10h−1Mpc, (D.2.5)

where h is a Hubble parameter today measured in 100 km
s Mpc . The correlation

length rg determines the typical distance between objects. For galaxies, it was
estimated to be ' 5h−1Mpc.

For clusters of galaxies the same power law was found first by Bahcall
and Soneira Bahcall and Soneira (1983) and Klypin and Kopylov Klypin and
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Kopylov (1983)

ξc(r) =
(

r
rc

)−1.8

, 5h−1 < r < 150h−1Mpc. (D.2.6)

with different correlation length, namely rc ' 25h−1Mpc. Further, Bahcall
and Burgett Bahcall and Burgett (1986) have found correlation function for
superclusters of galaxies with the same power law.

Recent observations support these conclusions. Results from the Sloan Dig-
ital Sky Survey (SDSS) on galaxy clustering Zehavi et al. (2005) for about
200,000 galaxies give a real-space correlation function as

ξg(r) =
(

r
r0

)−1.8

, 0.1h−1 < r < 10h−1Mpc, (D.2.7)

where r0 ' 5.0h−1Mpc, although the brightest subsample of galaxies has a
significantly steeper ξ(r). The geometry of samples in SDSS is quite close to
Las Campanas Redshift Survey Shectman et al. (1996) and the results are very
similar, but with much better resolution.

The 2dF Galaxy Redshift Survey Peacock et al. (2001) (see fig.D.1) consists
of approximately 250,000 galaxies redshifts. Their result is Hawkins et al.
(2003):

ξg =
(

r
r0

)−1.67

, 0.1h−1 < r < 12h−1Mpc, (D.2.8)

with r0 = 5.05h−1Mpc
Their measurements are in agreement with previous surveys. However,

having much smaller statistical errors they were able to find a slight differ-
ence of the power law exponent as well as the correlation length on distances
or redshifts, colors and types of galaxies. For a summary of measurements
of ξ(r) by different surveys other than the ones cited here, see Table 2 of Ref.
Hawkins et al. (2003).

D.2.2. Power Law Clustering and Fractals

It is clear that, once a correlation function is given, the density of objects
around any randomly chosen member of the system is:

n(r) ∝ 1 + ξ(r) (D.2.9)

If the correlation function has a power law behaviour with exponent γ:

ξ(r) ∝ r−γ (D.2.10)
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as for galaxies and clusters of galaxies, where γ ' 1.8, then the number of
objects in a given volume scales in a similar way:

N(r) ∝ r3−γ (D.2.11)

So, for non integer γ, the number of objects scales with a fractional power of
the radius of the volume under consideration. This behaviour is typical of
fractal sets.

A fractal is a set in which ‘mass’ and ‘radius’ are linked by a fractional
power law Mandelbrot (1983):

M(r) ∝ rDF (D.2.12)

where DF is the fractional or Hausdorff dimension of the set. So galaxies
seem to show, at least up to scales of about 100 Mpc, a fractal distribution
with DF ' 1.2.

A crucial characteristic of a fractal distribution is the presence of fluctua-
tions at all length scales and, consequently, impossibility of defining an av-
erage value for the density. It can be stressed that a fractal structure in a
cosmological model, although not spatially homogeneous, is not in conflict
with weaker form of the cosmological principle Mandelbrot (1983): in a ho-
mogeneous fractal set each observer at a matter point belonging to the set
observes the same matter distribution as any other observer belonging to the
set.

The question about fractality in galaxy distribution is still under debate
Coleman and Pietronero (1992),de Bernardis et al. (2002),Kolb and Turner
(1990),Luo and Schramm (1992),de Gouveia dal Pino et al. (1995),Durrer and
Labini (1998),Gaite et al. (1999),Joyce et al. (2005). There are two main prob-
lems that are to be faced with:

1. Most of the matter in the Universe is in the form of dark matter, while
observations are about luminous matter. It is still unclear how (and
even if) light traces mass: this is in particular related to the problem
of matching the clustering of galaxies, that tells us about distribution
of luminous (baryonic) matter, with the CMB anisotropies, that tell us
about distribution of gravitating matter.

2. On the other hand, still little is known about fluctuations on interme-
diate scales between those of local galaxy surveys (∼ 100h−1 Mpc) and
those probed by the observation of CMB anisotropies (∼ 1000h−1 Mpc).
However, this gap is greatly reduced in recent times de Bernardis et al.
(2002),Peacock et al. (2001).

Assuming that the fractal framework is, at least up to some large scale, a
good description of the real matter distribution, a consistent model of struc-
ture formation has been proposed by Ruffini in the eighties (see Ruffini et al.
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(1988) and references therein). In this model fractality arises from successive
fragmentations of primordial structures, so called ‘elementary cells’, formed
via gravitational instability in the neutrino component of the matter in the
Universe. In the following chapter we shall analyse in detail this model. First
we are going to discuss the general idea of gravitational instability.

D.3. Gravitational instability

The gravitational instability is usually considered as the basic mechanism of
structure formation in the Universe (see for example Kolb and Turner (1990)).
It is believed, that small inhomogeneities are already present at some initial
time in the early Universe. Such small perturbations will grow due to grav-
itational attraction, because overdense regions will accrete matter from the
neighbouring regions, raising a density contrast.

One of the simplest examples, showing the process of gravitational insta-
bility is a perfect fluid model. If density distribution in selfgravitating fluid is
slightly nonuniform, i.e. small density perturbations exist, they will tend to
grow. When the density contrast is small, linear approximation can be used.
The main advantage of linear theory is that perturbations on different scales
evolve independently.

It is the main result of this theory, that the growth of perturbations are
damped by the Hubble expansion. It leads to a power law for the time de-
pendence of density perturbations. For instance, in the Einstein-de Sitter
model, that is thought to describe our Universe after recombination pertur-
bations amplitude grow as (1 + z)−1. Only during the nonlinear stage with
large density contrast, the evolution becomes faster. At nonlinear stage, how-
ever, perturbations grow much faster, leading to formation of gravitationally
bound objects.

The theory of linear density perturbations in a homogeneous medium was
first developed by Jeans Jeans (1902),Jeans (1929). His study was motivated
by intention to explain the mechanism of star formation. We descrobe this
theory below. First, however, the validity range i.e. the evolution of cosmo-
logical horizon is discussed.

The linear perturbations in the expanding homogeneous and isotropic Fried-
man Universe were studied by Lifshitz Lishitz (1946) using completely rela-
tivistic treatment. Relativistic theory, however, is necessary only when the
scale of perturbations lays outside the horizon, or when perturbations in ul-
trarelativistic matter are studied. In the most interesting cases, such as pertur-
bations in dark matter well inside the horizon after equivalence epoch (when
energy densities of radiation and other components are equal) it is sufficient
to consider nonrelativistic theory, based on Newtonian gravity. Bonnor Bon-
nor (1957) (see also Heath (1991)) was the first, who studied evolution of
spherically symmetric perturbations in Newtonian cosmology.
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The theory of linear density perturbations in Newtonian treatment is devel-
oped in details in some textbooks, see e.g. Weinberg (1972),Peacock (1999),Pad-
manabhan (1993),Zeldovich and Novikov (1975).

D.3.1. Horizon scale and mass evolution

The Newtonian treatment is only applicable on scales smaller than horizon
scale λH = cH−1. Associated mass scale, defined as the mass contained
within the sphere of a radius λH/2, where H is the Hubble parameter, is
given by

MH =
4
3

πρ

(
λH

2

)3

. (D.3.1)

Beyond this scale events are causally disconnected and thus any correlation
breaks otside horizon. Thus structures cannot form on scales larger than λH.
It monothonically increases with time, because the distance that light travels
increases with time. There are different regimes, separated by the moment of
equivalence in energy densities of radiation and nonrelativistic matter:

MH ∝
{

a3 z > zeq
a3/2 z < zeq.

(D.3.2)

Today the horizon scale is approximately 3000Mpc, that corresponds to a
mass scale M ∼ 1022M� for Ω = 1 Universe. At recombination the total mass
inside the horizon, thus, was approximately (1/zrec)−3/2 ' 1017M�, where
M� = 2 1030 kg is the mass of the sun.

D.3.2. Selfgravitating ideal fluid: linear theory

Fluid equations and background solutions

We consider a perfect fluid with density ρ and pressure p, in the Newtonian
space with Cartesian (”physical”) coordinate system ri

1. We assume that the
fluid has a velocity field vi. A gravitational potential Φ is induced in the
fluid by its own mass density ρ distribution. All these quantities are related
through the continuity, Euler and Poisson equations respectively:

∂ρ

∂t
+ ∂i(ρvi) = 0, (D.3.3)

∂vi

∂t
+ vj∂jvi +

1
ρ

∂i p + ∂iΦ = 0, (D.3.4)

1Greek indices denote comoving coordinates, latin indices denote physical coordinates,
both take values 1,2,3; Einstein summation rule is adopted.
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∂2Φ− 4πGρ = 0, (D.3.5)

where ∂2 = ∂i∂i. The cosmologically relevant solution of the above equations
(D.3.3-D.3.5) is

v0
i = H(t)ri, (D.3.6)

dρ0

dt
+ 3Hρ0 = 0, (D.3.7)

p0(t) = 0, (D.3.8)

Φ0 =
2
3

πGρ0r2, (D.3.9)

dH
dt

+ H2 = −4
3

πGρ0, (D.3.10)

where r2 = riri, and density depends on time only: ρ0 = ρ0(t).
It is interesting to note, that both the Hubble law (D.3.6) and the continuity

equation in expanding space (D.3.7) could be obtained by transition to a new
coordinate system, namely the so called comoving system xα defined by

rα = a(t)xα, (D.3.11)

where a(t) is a scale factor. This transformation implies the relation between
coordinate differences ∆ri and ∆xα in these two systems

d∆rα

dt
= a

d∆xα

dt
+

da
dt

∆xα = a
d∆xα

dt
+ H(t)∆rα, (D.3.12)

where
H(t) =

1
a

da
dt

. (D.3.13)

The same relation holds for velocity fields

vα(rβ, t) = uα(xβ, t) + Hrα = uα(xβ, t) + v0
α. (D.3.14)

Thus the solution (D.3.6-D.3.10) means uniform distribution of the fluid
with zero peculiar velocity u0

α = 0 and zero pressure p0 = 0.
Usually, pressure and density are linked through equation of state p =

p(ρ). The five equations (D.3.3-D.3.5) together with the equation of state form
a complete set, allowing to study the temporal evolution of the density and
velocity distributions as well as pressure and gravitational potential.

Perturbed quantities

As well known, solutions (D.3.6-D.3.10) represent isotropic and homogeneous
distribution of matter. In order to study density perturbations in linear ap-
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proximation suppose, that

ρ(ri, t) = ρ0(t) [1 + δ(ri, t)] , (D.3.15)

vi(rj, t) = v0
i (rj, t) + δvi(rj, t), (D.3.16)

Φ(ri, t) = Φ0(ri, t) + δΦ(ri, t), (D.3.17)

p(ri, t) = δp(ri, t), (D.3.18)

where δ ≡ ρ−ρ0
ρ0

. Here all perturbed quantities δ, δvi, δp and δΦ are assumed
to be much smaller than the background quantities. All zero order values
are given by (D.3.6-D.3.10). It is also assumed that the spatial and temporal
derivatives of perturbed quantities are of the same order of magnitude as the
quantities themselves.

Note that the condition of perturbed quantities smallness is not necessary
to hold in the whole space. In particular, it could be the region in space where
relation |δvi| > |v0

i | takes place Meszaros (1974). In this case the standard
linearization procedure leads to different perturbations equations and, con-
sequently, to different solutions representing density contrast δ(ri, t) time de-
pendence.

Linearized perturbations equations

We rewrite (D.3.3-D.3.5) in comoving coordinates:

∂ρ

∂t
+ 3Hρ +

1
a

ρ∂αuα +
1
a

uα∂αρ = 0, (D.3.19)

d2a
dt2 xα +

∂uα

∂t
+ Huα +

1
a

uβ∂βuα +
1
aρ

∂α p +
1
a

∂αΦ = 0, (D.3.20)

∂2Φ− 4πGa2ρ = 0. (D.3.21)

Here all quantities, except for H2, depend on comoving coordinates xα

and time t. Equations (D.3.19-D.3.21) can be found for example in Meszaros
(1993) written in physical coordinates. One arrives at the above from (D.3.3-
D.3.5) on using the transformation laws (∂/∂t)phys = (∂/∂t)com − Hxα∂α and
(∂α)phys = (1/a)(∂α)com.

With the goal to obtain equations for density contrast δ in linear approxi-
mation we substitute (D.3.15-D.3.18) into equations (D.3.19-D.3.21). Taking
into account that the spatial as well as temporal derivatives of perturbed
quantities have the same order of magnitude as the perturbed quantities

2If one suppose in addition that Hubble parameter also can be disturbed (can have spa-
tial dependence) then the system of equations becomes overdefined. There is another
approach Ellis and Bruni (1989),Ellis (1990), however, where ∂αδ and ∂αH are taken as
independent variables in order to study density perturbations.
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themselves, and using (D.3.6-D.3.10), the perturbations equations read

∂δ

∂t
+

1
a

∂αδuα = 0, (D.3.22)

∂δuα

∂t
+ Hδuα +

1
a

∂αδp +
1
a

∂αδΦ = 0, (D.3.23)

∂2δΦ− 4πGa2ρ0δ = 0, (D.3.24)

where δuα(xβ, t) is a first order quantity, because its unperturbed value is
u0

α(xβ, t) = 0.
The simplest way to find the equation governing density perturbations is

to take the time derivative of equation (D.3.22) and use the divergence of
equation (D.3.23) together with equation (D.3.24). After some calculations
one finds the final expression:

∂2δ

∂t2 + 2H
∂δ

∂t
− v2

s
a2 ∂2δ− 4πGρ0δ = 0, (D.3.25)

where vs denotes the sound speed in the fluid:

v2
s =

dp
dρ

(D.3.26)

The Jeans criterion

Equation (D.3.25) governs dynamics of density perturbations. It is a wave-
like second order partial differential equation. Thus, it is natural to perform
Fourier transformation

δ = ∑
k

h(t)eikαxα (D.3.27)

in order to split perturbations on different scales.
The equation (D.3.25) can be rewritten in k-space, taking into account that

∂αδ→ ikαh:
d2h
dt2 = −2H

dh
dt

+ (4πGρ0 −
v2

s k2

a2 )h, (D.3.28)

where kα is a comoving wavevector and k =
√

kαkα is a corresponding wavenum-
ber. The comoving wavelength of the perturbative mode is given by l =
2π/k, while the proper (physical) wavelength is simply λ = al.

Jeans criterion takes place for (D.3.28)

λJ = vs

√
π

Gρ0
, (D.3.29)

where λJ separates gravitationally stable scales from unstable ones. Fluctu-
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ations on scales well beyond λJ grow via gravitational instability, while on
scales smaller than λJ pressure overwhelms gravity and perturbations do not
grow.

The first term on the right-hand side of (D.3.28) comes from the general
expansion. In the static world, initially considered by Jeans, such term is
absent, leading to exponential growth of perturbations. In expanding space
perturbations grow with time according to a power law.

A very important quantity is usually associated with the Jeans length (D.3.29),
namely the Jeans mass

MJ =
4
3

πρ

(
λJ

2

)3

, (D.3.30)

defined as the mass contained within a sphere of radius λJ/2, where ρ is
density of the perturbed component.

Multi-component system

Perturbations for a given mode in a single component evolve according to
(D.3.28). When several components such as Cold Dark Matter (CDM), Hot
Dark Matter (HDM), baryons and radiation are present simultaneously, it is
possible to generalize (D.3.25). Assuming gravitational interaction between
components only, we arrive at

d2hi

dt2 = −2H
dhi

dt
+ (4πGρ0 ∑

j
εjhj −

(v2
s )ik2

a2 hi), (D.3.31)

where index i refers to the component under consideration, the sum is over
all components and εi = ρi/ ∑j ρj. Notice, that any smoothly distributed
component (like cosmological constant) does not contibute to the right-hand
side of (D.3.31).

D.3.3. Applications

Some important cases of matter content of the Unverse will be considered be-
low. First we discuss perturbations dynamics in the dominant nonrelativistic
component (baryonic or not). Second example is a dark matter perturbations
in the presence of dominant radiation component.

Einstein-de Sitter Universe

First of all, consider the dust dominated Ω = 1 Universe. This condition (Ω
is a density parameter) means flat-type cosmological model. In other words,
curvature parameter k = 0 in Friedman solution of Einstein General Rel-
ativity equations. This model is thought to provide a good description of
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our Universe after recombination. To zero order a ∼ t2/3, H = 2/3t and
ρ0 = 1/6πGt2. For perturbations well inside horizon we have

t2 d2h
dt2 +

4
3

t
dh
dt
− 2

3

[
1−

(
λJ

λ

)2
]

h = 0. (D.3.32)

For modes well inside the horizon and still larger than the Jeans length the
solution is

h(k, t) = h1(k)
(

t
t0

)2/3

+ h2(k)
(

t
t0

)−1

. (D.3.33)

As expected there are two solutions, one growing and one decaying. At late
time, however, only growing mode is important. Perturbations evolve pro-
portionally to the scale factor or as (1 + z)−1, where z is the redshift defined
by:

1 + z =
a0

a(t)
, (D.3.34)

and a0 denotes the value of a scale factor today.
Perturbations on scales smaller than the Jeans length chease to grow and

oscillate with time.

Mixture of radiation and dark matter

Consider the radiation dominated Universe when a ∼ t1/2 and H = 1/2t.
The second component to be considered is a collisionless dark matter with
vDM = 0. We still can use Newtonian treatment on scales much smaller than
the horizon size.

Since the small scale photon distribution is smooth and the energy density
is dominated by the radiation, the equation governing dark matter instability
reduces to

t
d2hDM

dt2 +
dhDM

dt
= 0. (D.3.35)

It possesses the solution

hDM(k, t) = h1(k) log
(

t
t0

)
+ h2(k). (D.3.36)

Perturbations in dark matter component inside the horizon experience a
slow logarithmic growth. This is known as Meszaros effect Meszaros (1974).

D.3.4. Initial spectrum of perturbations

In the first example we have shown, that perturbations on scales between
horizon size and Jeans length λJ � λ � λH grow as δ ∝ (1 + z)−1. In order
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to study perturbations dynamics one have to know, in addition, initial values
of perturbations at some moment in early Universe.

One great possibility provide cosmic microwave background radiation anisotropy
measurements, because density inhomogeneities when photons were cou-
pled to baryons can be extracted from temperature fluctuations observed in
cosmic microwave background radiation. Since δT

T ' 10−5 it is usually as-
sumed that at the moment of recombination δ ' 10−4 Kolb and Turner (1990).

Perturbations amplitudes on different scales are usually represented by a
power spectrum P(k), that is a Furier transform of a previously introduced
correlation function Peacock (1999)

ξ(r) =
V

(2π)3

∫
P(k)

sin kr
kr

4πk2dk. (D.3.37)

There is no evidence, that initial spectrum contained some preferred scales,
thus it should be a featureless power law

P(k) ∝ kn, (D.3.38)

where index n governs the balance between perturbation amplitudes on large
and small scales. The value n = 0 corresponds to a white noise, that have the
same amplitude forevery mass scale. The value n = 1 corresponds to a so-
called Harrison-Zel’dovich scale invariant spectrum. Term ‘scale invariance‘
means that perturbations had the same amplitude at the moment of horizon
crossing.

D.3.5. Damping of Perturbations

In addition to the Jeans scale some other cosmologically important scales ap-
pear in the theory of structure formation. They are related to physical pro-
cesses, that cannot be described within perfect fluid approximation. How-
ever, fortunately, such processes take place on limited scale intervals and out-
side such intervals fluid description is still possible. We are going to discuss
some dissipative effects, such as collisional damping of baryonic perturba-
tions and free streaming of collisionless light particles.

Silk damping

Close to recombination the coupling between photons and baryons makes
possible for the former to erase perturbations on the latter. This is because
at that time the free mean path of photons becomes larger, so they can travel
from overdense into underdense regions dragging baryons with them, thus
smoothing inhomogeneities in primeval plasma. This effect was discovered
by Silk Silk (1967). The physical scale, associated with it is Kolb and Turner
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(1990)
lS ' 3.5(Ωh2)−3/4 Mpc, (D.3.39)

that gives a mass scale

MS ' 6.2 1012(Ωh2)−5/4 M�. (D.3.40)

This scale is close the mass of a typical galaxy 1011M�. However, Silk
damping affects baryonic perturbations only. Moreover, it is important only
around recombination when the coupling is still sufficiently strong to make
photons drag baryons with them.

Free streaming

Another damping process is Landau damping or free streaming, that orig-
inates from free motion of collisionless particles on small scales. They can
travel far if velocity dispersion is large. This is important after particles de-
couple from plasma and until they become nonrelativistic.

Free streaming discovery became a dramatic moment for structure forma-
tion scenarios based upon Hot Dark Matter (HDM) models Bond and Szalay
(1983). Name Hot Dark Matter means that particles, that constitutes such
matter were ultrarelativistic at equivalence. Thus their velocity dispersion
was near the light speed c. The maximum scale travelled by collisionless par-
ticles from decoupling can be estimated as Padmanabhan (1993)

lFS ' 0.5
(mDM

1 keV

)−4/3
(ΩDMh2)1/3 Mpc, (D.3.41)

and a corresponding mass scale has an order of supercluster of galaxies or
even larger if the particle mass is mDM < 30 eV.

Cold thermal relics, that constitutes Cold Dark Matter (CDM) content, are
slow enough to allow to neglect the free streaming on cosmologically impor-
tant scales. Therefore, Landau damping affects only light particles such as
neutrinos with mν ∼ 10 eV, and in the Universe dominated by HDM erase all
perturbations on scales smaller than superclusters of galaxies. At the same
time, after particles become nonrelativistic at znr, their velocity dispersion
becomes small enough, making free streaming negligible.

D.3.6. Structure formation on late times

Nonlinear clustering

In previous sections we dealt with linear evolution of cosmological perturba-
tions. During a long period of time from recombination and even earlier, until
almost recent times such treatment allows to describe the growth of inhomo-
geneity in the Universe, because condition δ � 1 were sutisfied. On recent
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times, say, at z ∼ 10, nonlinear behaviour of perturbations becomes impor-
tant. During nonlinear stage gravitationally bound objects, such as galaxies,
form. Nonlinear evolution is a rapid process, where not only gravitational
effects are important, in particular during formation of galaxy different dissi-
pation and relaxation processes take place Peacock (1999).

We are not going into details of galaxy formation here. The LSS forma-
tion is the subject of this section. Here the main interaction remains gravity.
However, theoretical description, based on linear equations for ideal fluid
becomes inadequate.

Usually N-body simulations are implemented in order to study nonlinear
clustering Peacock (1999). However, some useful simplified models are still
possible even on nonlinear stage, because numerical simulations provide lim-
ited physical insight into the physics of gravitational clustering. Among non-
linear approximations, the most famous are Zel’dovich approximation Zel-
dovich (1970) and spherical collapse model (see for example Peebles (1993)).

The key point in Zel’dovich model is that during collapse in amlost spher-
ically symmetric overdense region gravitational interaction amplifies asym-
metry. Therefore, final structure aquires a preferred direction and finally col-
lapsed body will look like a ‘pancake‘.

In the spherical collapse model, on the contrary, it is assumed, that spheri-
cal symmetry preserves during the whole period of collapse. It allows to split
the spherical overdensity region into concentric shells and study evolution of
each shell separately, that sufficiently simplifies a problem. This model will
be described in detail in the next chapter.

Structure formation scenarios

Historically two different pictures of structure formation were considered,
namely HDM (see Primack and Murdin (2002)) and CDM models (see Pri-
mack (2003)). We will discuss them briefly below.

HDM models

The neutrino dominated Universe with mν ∼ 10 eV is a typical HDM model.
The HDM model is associated with so-called ”top-down” scenario, where
structures form on large scales first. This is so, because the Jeans mass for
HDM is of the order of supercluster mass or even higher. At the same time,
free streaming erase perturbations on smaller scales. Thus, only when pertur-
bations reach nonlinear regime on large scales they can induce fragmentation
on smaller scales.

Usually it is assumed, that large scale perturbations become non-spherical
according to the Zel’dovich model and thus LSS look like a ”net” of density
condensations separated by huge voids. Simulations agree with such picture.
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The HDM model is in a good agreement with observational data on scales
larger than 10 Mpc. On smaller scales, however, HDM simulations can agree
with observed correlation function of galaxies only if the epoch of pancaking
takes place at z ' 1 or less, which is too late, because we can see galaxies and
quasars with much greater z.

The crucial cosmological property of HDM with neutrinos, as was men-
tioned above, is the damping of perturbations on small scales due to free
streaming. Neutrino dominated models (Ων ∼ 1) alone could not describe
the real Universe because on scales smaller than ∼ 100 Mpc no structure ap-
pears at all.

One important prediction of HDM models with neutrinos is existence of
large smooth halos around galaxies. At the end of collapse, during formation
of the galaxy, baryonic component can dissipate its energy via collisions, but
the neutrino component cannot. Thus, neutrinos remain less condensed than
baryons, forming a large galactic halos.

CDM models

CDM models do not have troubles with free streaming, because its particles
have negligible velocities at decoupling. Moreover, the Jeans mass for typical
CDM model lays well below 106M�. Thus, perturbations start to develop on
small scales simultaneously with perturbations on large scales.

In the CDM models the important feature is the weak growth experienced
by perturbations between horizon crossing and equivalence (see §D.3.3). It
means, that the density contrast increases when we move to smaller scales,
or that the perturbations spectrum has more small-scale power.

After collapse first structures in CDM models virialize through violent re-
laxation Lynden-Bell (1967),Shu (1978) into gravitationally bound objects that
form galactic halos. Structures form in self-similar manner from small to large
scales, in other words according to a ‘bottom-up‘ scenario.

A pure CDM models, however, fail to predict the observed correlation
function for galaxies on large scales. If one wants to retain the CDM hy-
pothesis, the simplest way is to reduce the matter density. This shifts matter-
radiation equivalence to a later epoch, resulting in redistibution of power in
the spectrum of perturbations in favour of larger scales.

Today ΛCDM model with Ωtot = 1 and ΩΛ = 0.7 is considered as the best
fit to the full set of observational data.
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In Appendix D we have described the evolution of perturbations, and we
saw that the nature of dark matter particles is crucial in determining the way
structure formation goes. In spite of the fact that a lot of candidates for CDM
particles are being considered (see Ref. Bertone et al. (2005) for a review,
there are no experimental detections of such particles at present. From the
other hand, neutrinos are the only candidates for DM known to exist.

‘Light’ neutrinos (mν � 1 MeV) Dolgov (2002), namely neutrinos that de-
couple while still in their ultrarelativistic regime (see below), may provide a
significant contribution to the energy density of the Universe (Ων ∼ 1). Mod-
els with light neutrinos were extensively studied in the eighties; a large liter-
ature exists on this subject Bisnovatyi-Kogan and Novikov (1980),Zeldovich
and Syunyaev (1980),Doroshkevich and Khlopov (1981),Peebles (1982).

The key prediction of the cosmological model with neutrinos is a cellu-
lar structure on large scales (see Fig.3.1). The qualitative drawing of cellular
structure of the Universe is represented at Fig.D.1.

Ruffini and collaborators have studied such models with particular atten-
tion to the problem of clustering on large scales and its relation to the fractal
distribution of matter. In the following, we are going to describe their works
in detail.

E.1. Neutrino decoupling

The cosmological evolution of a gas of particles can be split in two very dif-
ferent regimes. At early times, the particles are in thermal equilibrium with
the cosmological plasma; this corresponds to the situation in which the rate
Γ =< σvn > of the reactions supposed to mantain the equilibrium (such as
νe + ν̄e ↔ e+ + e− ↔ 2γ in the case of electronic neutrinos) is much greater
than the expansion rate, given by the Hubble parameter. The gas evolves
then through a sequence of thermodynamic equilibrium states, described by
the usual Fermi-Dirac statistics:

f (p) =
1

exp [(E(p)− µ)/kBT] + 1
, (E.1.1)
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where p, µ and T are the momentum, chemical potential and temperature of
neutrinos respectively, and kB is a Boltzmann constant.

However, as the Universe expands and cools, the collision rate Γ becomes
lower than the expansion rate; this means that the mean free path is greater
than the Hubble radius, thus we can consider the gas as expanding without
collisions. It is customary to describe the transition beetween the two regimes
by saying that the gas has decoupled from the cosmological plasma.

E.2. The redshifted statistics

Since in a spatially homegeneous and isotropic Universe, described by the
Robertson-Walker metric, the product of the three-momentum p(t) of a free
particle times the scale factor a(t) is a constant of the motion:

p(t) · a(t) = const, (E.2.1)

each particle in the gas changes its momentum according to this relation. This
fact, together with Liouville’s theorem, implies that the distribuition function
after the decoupling time td (defined as the time at which Γ = H) is given by
Ruffini et al. (1983):

f (p, t > td) = f
(

a(t)
ad

p, td

)
=

1

exp
[
(E
(

a(t)
ad

p
)
− µd)/kBTd

]
+ 1

(E.2.2)

where the subscript d denotes quantities evaluated at the decoupling time.
Now let’s turn our attention to the special case of neutrinos with mν .

10 eV. The ratio Γ/H, as a function of the cosmological temperature, can be
evaluated using quantum field theory Kolb and Turner (1990)

Γ
H
'
(

T
1 MeV

)3

(E.2.3)

as long as T � m.
Therefore, neutrinos decouple from the cosmological plasma, when T =

Td ' 1 MeV. Since kTd � mc2, many of the particles obey pc � mc2 and
then, when performing integration over the distribution function (E.2.2), we
can safely approximate:

f (p, t > td) = f
(

a(t)
ad

p, td

)
' 1

exp
[(

a(t)
ad

pc− µd

)
/kBTd

]
+ 1

, (E.2.4)

since the tail of the distribution function for which mc2 � pc gives little
contribution.
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In the following, we will need to compute the mean value of physical quan-
tities over this distribution. It will be useful to consider two limiting regimes,
namely the nonrelativistic one and the ultrarelativistic one. They correspond
to two approximations for the single particle energy Ruffini et al. (1983):

E ' mc2 kT � mc2 NR
E ' pc kT � mc2 UR

We stress the fact that this substitution has to be performed only in the func-
tion to be integrated, and not on the distribution function. The approxima-
tion (E.2.4) depends only on the fact that the particles are ultrarelativistic at
the time of decoupling, and then it is valid even when kT � mc2.

Then, with a suitable substitution of variables, all the relevant integrals can
be recast in a very simple, dimensionless form:

In(ξ) ≡
∫ ∞

0

yndy
exp [(y− ξ)] + 1

, (E.2.5)

where ξ ≡ µd/kTd is the dimensionless chemical potential, or degeneracy
parameter. These integrals can be expressed using Riemann zeta and related
functions.

E.3. Energy density of neutrinos

The present density parameter of neutrinos can be easily evaluated using the
method outlined in the previous section. The energy density is given by:

ρν+ν̄(t0) =
g

h3
P

∫ ∞

0
E(p) f (p, t0) d3p (E.3.1)

where g is the number of helicity states and hP is the Planck constant. By
normalization with respect to the critical density ρc = 1.054 h2 · 104 eV

cm3 , we
obtain Ruffini and Song (1986),Ruffini et al. (1988):

Ων+ν̄h2 ' 1.10 · 10−1 g
m

10 eV
A(ξ), (E.3.2)

where A(ξ) is defined as follows

A(ξ) ≡ I2(ξ) + I2(−ξ)
2I2(0)

=
1

4η(3)

[
1
3
|ξ|3 + 4η(2)|ξ|+ 4

∞

∑
k=1

(−1)k+1 e−k|ξ|

k3

]
,

(E.3.3)
and η(n) is the Riemann eta function of index n.

The term I2(−ξ) appears because we have to take into consideration the
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presence of antiparticles, for which the relation ξ ν̄ = −ξν holds. This result
follows from the fact that, if we consider a reaction such as

ν + ν̄←→ ...←→ γ + γ (E.3.4)

we get that, since the chemical potentials of the initial and final states have to
be equal, and the chemical potential of the latter is equal to zero, it follows,
that ξ ν̄ = −ξν.

E.3.1. Neutrino mass

We now know from neutrino oscillation experiments that neutrino do have
mass (see Ref. Maltoni et al. (2004) for a review). It is a remarkable fact that
neutrino flavour and mass eigenstates do not coincide, but are instead related
by a rotation in flavour space:

|να〉 =
3

∑
i=1

Uαi|νi〉 (E.3.5)

where α = e, µ, τ labels flavour eigenstates, while i = 1, 2, 3 labels mass
eigenstates. The “rotation” matrix Uαi is called the neutrino mixing matrix.
A great deal of effort is presently being put now in measuring the elements
of the mixing matrix and the mass differences, which are the parameters ac-
tually probed in oscillation experiments. On the other hand, this kind of ex-
periments do not give any information on the absolute scale of the neutrino
mass. In this regard, useful information can be obtained by 1. tritium beta
decay experiments, 2. neutrinoless beta decay experiments, 3. cosmological
observations.

The tritium β decay experiments are sensitive to the “electron neutrino
mass” (this is actually a misnomer since the electron neutrino is not a mass
eigenstate and thus does not possess a well definite mass) me:

me =

(
3

∑
i=1
|Uei|2 m2

i

)1/2

. (E.3.6)

The present 95% CL bounds are:

me < 2.05 eV Troitsk experiment Lobashev (2003)
me < 2.3 eV Mainz experiment Krauset al. (2005) (E.3.7)

The upcoming KATRIN experiment KATRIN collaboration (2001) is ex-
pected to improve this bounds by nearly an order of magnitude, reaching
a discovery potential for 0.3-0.35 eV masses.

At the same time, no direct measurements or constraints on muonic and
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tauonic neutrino masses exist, although we know from oscillation experi-
ments that the difference between masses should in the sub-eV range. More-
over, it is still unknown, whether neutrinos are Majorana or Dirac particles.

Experiments on neutrinoless double β decay (Aalseth et al. (1999),Klapdor-
Kleingrothaus et al. (2001),Arnaboldi et al. (2005)) are instead sensitive to the
“Majorana mass” mββ:

mββ =

∣∣∣∣∣ 3

∑
i=1

U2
eimi

∣∣∣∣∣ (E.3.8)

A recent paper Strumia and Vissani (2005) gives the following upper bound
at 99% CL:

|mββ| . 0.6eV. (E.3.9)

Cosmology is mainly sensitive, at least to leading order, to the sum of neu-
trino masses Mν:

Mν =
3

∑
i=1

mi (E.3.10)

We should stress that there is no single limit that can be obtained on Mν by
means of cosmological observables, since the exact result depends of several
factor, like the datasets considered, and the theoretical assumptions that are
made (“priors”). However, we can summarize the present status as follows:

Mν . 0.2− 2.3eV (E.3.11)

where of course the largest value should be taken as the most conservative
one, i.e., the one that is obtained by using only the more robust pieces of data
(basically the CMB spectrum) and without making any assumption other
than the standard FRW cosmological model. It is worth noting that these
bounds are competitive with the ones coming from particle physics experi-
ments. They are also expected to improve by an order of magnitude with the
next generation of cosmological observations. For a review on the current
limits on neutrino mass from cosmology, and how these will be improved in
the future, we refer the reader to the work of Lesgourgues and Pastor Les-
gourgues and Pastor (2006).

E.3.2. Chemical potential

First constraints on neutrino degeneracy parameter from BBN were obtained
in Doroshkevich et al. (1971),Beaudet and Goret (1976). It was shown later
Bianconi et al. (1991) that a small value of ξe and large values of |ξµ,τ| simulta-
neously, can lead to BBN abundances which are consistent with observations.
It is found in particular that

0 ≤ ξe . 1.5, (E.3.12)
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with the additional constraint F(ξµ) + F(ξτ) ≈ F(10ξe), where F(ξ) ≡ ξ2 +
ξ4/2π2. This, in particular, implies |ξµ, τ| . 10ξe.

Recent data both from BBN and CMBR Orito et al. (2001),Kneller et al.
(2001),Hansen et al. (2002),Orito et al. (2002),Hansen et al. (2002) strongly con-
strain neutrino degeneracy parameters. In the paper Orito et al. (2001) these
constraints are surprisingly wide, ξe < 1.4 and |ξµ,τ| < 40. Other papers give
essentially stronger constraints using additional assumptions,

ξe < 0.3
|ξµ,τ| < 2.6. (E.3.13)

Recently, a very robust albeit less stringent limit has been obtained by the
analysis of CMB data Lattanzi et al. (2005):

|ξ| ≤ 1.1 (E.3.14)

where the same limit holds for every flavour.

E.3.3. Neutrino oscillations

When one consider different chemical potentials for all neutrino flavors at
the epoch prior to BBN, neutrino oscillations equalize chemical potentials
Savage et al. (1991), if there is enough time to relaxation process Abazajian
et al. (2002). On the basis of large mixing angle solution of the solar neutrino
problem,which is favored by recent data Ahmad et al. (2001), the BBN con-
sideration constrains degeneracy parameters of all neutrino flavors Dolgov
et al. (2002):

|ξ| ≤ 0.07. (E.3.15)

However the situation when flavor equilibrium is not achieved before BBN
is also possible. Thus in the following we consider quite high values of the
degeneracy parameter and assume it is positive without loss of generality.

The main result that comes from oscillations consideration is that masses
of different neutrino species are nearly equal: mνe ' mνµ ' mντ .

E.4. The Jeans mass of neutrinos

In neutrino dominated Universe the first possible structure occurs when these
particles become nonrelativistic, since at earlier times free streaming erases all
perturbations. At this epoch the cosmological redshift has the value Ruffini
et al. (1988)

1 + znr = 1.698 104
( mν

10eV

)
A(ξ)

1
2 B(ξ)−

1
2 , (E.4.1)
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where

B(ξ) ≡ I3(ξ) + I3(−ξ)
I3(0)

=

=
1

48ηR(5)

[
1
5

ξ5 + 8ηR(2)ξ3 + 48ηR(4)ξ + 48
∞

∑
n=1

(−1)n+1 e−nξ

n5

]
. (E.4.2)

The basic mechanism of fragmentation of the initial inhomogeneities in an
expanding Universe is the Jeans instability described in the previous section.

However, in the calculation of Jeans’ length of nonrelativistic collisionless
neutrinos, we cannot use the velocity of sound obtained by the classical for-
mula (D.3.26). In fact, since particles are collisionless, their effective pressure
is zero and this would lead to a vanishing Jeans length, meaning that even the
smallest perturbation would be unstable. This is not the case, since, in the ab-
sence of pressure, another mechanism works against gravitational collapse,
namely the free streaming of particles (see §D.3.5). The characteristic velocity
associated with this process is simply the dispersion velocity

√
< v2 > /3,

where the factor 3 comes from averaging over spatial directions. Thus, we
have to make the substitution v2

s →< v2 > /3 Ruffini and Song (1986). The
correct expression for < v2 > can be obtained using the method described
above:

< v2 >=

{
c2 z > znr

12ηR(5)
ηR(3)

(
kTν0
mν

)2 B(ξ)
A(ξ) z < znr,

(E.4.3)

where Tν0 = 1.97 K is the present temperature of neutrinos.
As a result, the Jeans mass grows in UR regime and decreases in NR regime

Bond et al. (1980). The evolution of Jeans mass of neutrinos for mν = 2.5 eV
and ξ = 2.5 with redshift z is represented at fig.E.1. It is clear, that for such
values of neutrino mass the peak of Jeans mass lay above 1017 M� and the
corresponding comoving Jeans length is λ0 > 100 Mpc. From the other hand,
Jeans mass today is still larger, than the mass of massive galaxy 1012 M�.

Finally, the maximum value of Jeans mass at the moment (E.4.1) is Ruffini
and Song (1986)

MJ(znr) = 1.475 1017M�g−
1
2

ν N−
1
2

ν

( mν

10eV

)−2
A(ξ)−

5
4 B(ξ)

3
4 . (E.4.4)

The peak of Jeans mass depending on degeneracy parameter for different
fixed values of energy density as well as with constant mass mν = 2.5 eV is
shown at Fig.E.2.

By comparing different curves with fixed value of ξ one can find the well
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Figure E.1.: The Jeans mass dependence on redshift for neutrinos with mass
mν = 2.5eV and degeneracy parameter ξ = 2.5.
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Figure E.2.: The Jeans mass dependence on degeneracy parameter with fixed
value of energy density, curves (1-4). Curve (1) corresponds to energy density
Ων = 0.11. Curve (2) corresponds to Ων = 0.3. Curve (3) represents neutrino
energy density Ων = 0.5 and, finally, curve (4) gives Jeans mass for Ων = 1.
The dashed line represents Jeans mass dependence on degeneracy parameter
with fixed neutrino mass mν = 2.5 eV.
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known result, that the Jeans mass increases with decreasing of neutrino mass.
With growth of degeneracy parameter, however, neutrino mass decreases in
the beginning, and its different values correspond to different points at the
same curve.

The space above the dashed line at Fig.E.2 represents the region in which
the neutrino mass is less than 2.5 eV. It is interesting to note, that this value of
mν is still sufficient to obtain Ων = 1 with ξ ≈ 4.
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